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Introduction

NATURE OF THE BOOK

This is an advanced book in the science and art of valuing privately held
businesses. In order to read this book, you must already have read at
least one introductory book such as Valuing A Business (Pratt, Reilly, and
Schweihs 1996). Without such a background, you will be lost.

I have written this book with the professional business appraiser as
my primary intended audience, though I think this book is also appro-
priate for attorneys who are very experienced in valuation matters, in-
vestment bankers, venture capitalists, financial analysts, and MBA stu-
dents.

Uniqueness of This Book

This is a rigorous book, and it is not easy reading. However, the following
unique attributes of this book make reading it worth the effort:

1. It emphasizes regression analysis of empirical data. Chapter 7,
adjusting for control and marketability, contains the first
regression analysis of the data related to restricted stock
discounts. Chapter 9, a sample fractional interest discount study,
contains a regression analysis of the Partnership Profiles
database related to secondary limited partnership market trades.
In both cases we found very significant results. We now know
much of what drives (a) restricted stock discounts and (b)
discounts from net asset values of the publicly registered/
privately traded limited partnerships. You will also see much
empirical work in Chapter 4, ‘‘Discount Rates as a Function of
Log Size,’’ and Chapter 11, ‘‘Empirical Testing of Abrams’
Valuation Theory.’’

2. It emphasizes quantitative skills. Chapter 2 focuses on using
regression analysis in business valuation. Chapter 3, ‘‘Annuity
Discount Factors and the Gordon Model,’’ is the most
comprehensive treatment of ADFs in print. For anyone wishing
to use the Mercer quantitative marketability discount model,
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Chapter 4 contains the ADF with constant growth not included
in the Mercer text. ADFs crop up in many valuation contexts. I
invented several new ADFs that appear in Chapter 3 that are
useful in many valuation contexts. Chapter 11 contains the first
treatise on how much statistical uncertainty we have in our
valuations and how value is affected when the appraiser makes
various errors.

3. It emphasizes putting all the pieces of the puzzle together to
present a comprehensive, unified approach to valuation that can
be empirically tested and whose principles work for the
valuation of billion-dollar firms and ma and pa firms alike.
While this book contains more mathematics—a worm’s eye
view, if you will—than other valuation texts, it also has more of
a bird’s eye view as well.

HOW TO READ THIS BOOK

I have tried to provide paths through this book to make it easier to follow.
Chapters 4 and 13 both contain a shortcut version of the chapter at the
end for those who want the bottom line without all the detail. In general,
I have moved most of the heaviest mathematics to appendices in order
to leave the bodies of the chapters more readable. Where that was not
optimal, I have given instructions on which material can be safely
skipped.

How to read this book depends on your quantitative skills and how
much time you have available. For the reader with strong quantitative
skills and abundant time, the ideal path is to read the book in its exact
order, as there is a logical sequence. The first three parts to this book
follow the chronological sequence of performing a valuation: (1) forecast
cash flows, (2) discount to present value, and (3) adjust for control and
marketability. The fourth part is a bird’s eye view in order to test empir-
ically whether my methodology works. Additionally, we explore (1) con-
fidence intervals around valuation estimates and (2) what happens to the
valuation when appraisers make mistakes. Part 5, on special topics, is the
place for everything else. Each of parts of the book has an introduction
preceding it that will preview the upcoming material in greater depth
than we cover here.

Because most professionals do not have abundant time, I want to
suggest another path geared for the maximum benefit from the least in-
vestment in time. The heart of the book is Chapters 4 and 7, on log size
and on adjusting for control and marketability, respectively. I recommend
the time-pressed reader follow this order:

1. Chapter 7 (discounts for lack of control and lack of
marketability)

2. Chapter 8 (this is an application of Chapter 7—a sample
restricted stock report)

3. Chapter 9 (this is an application of Chapter 7—a sample
fractional ownership interest discount report)
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4. Chapter 4 (the log size model for calculating discount rates)
5. Chapter 3—the following sections: from the beginning through

the section titled ‘‘A Brief Summary’’; ‘‘Periodic Perpetuity
Factors: Perpetuities for Periodic Cash Flows’’; and
‘‘Relationship of Gordon Model Multiple to the Price/Earnings
Ratio.’’ Some readers may want to read this chapter after
Chapter 7, though it will be somewhat helpful, but definitely
not necessary, to have read Chapter 3 before 4 and 7.

6. Chapter 10 (this empirically tests Chapters 4 and 7, the heart of
the book)

7. Chapter 2 (some readers may want to start with Chapter 2 first,
as the material on using regression analysis may help reading
all of the other chapters).

After these chapters, you can read the remainder of the book in any
order, though it is best to read Chapter 14 immediately after Chapter 13.

This book has close to 125 tables, many of them being two or three
pages long. To facilitate your reading, it will help you to copy tables
whose commentary in the text is extensive and sit with the separate tables
next to you. Otherwise, you will spend an inordinate amount of time
flipping pages back and forth. Note: readers with low blood pressure may
wish to ignore that advice.

BIBLIOGRAPHY

Mercer, Z. Christopher. 1997. Quantifying Marketability Discounts: Developing and Supporting
Marketability Discounts in the Appraisal of Closely Held Business Interests. Memphis,
Tenn.: Peabody.

Pratt, Shannon P., Robert F. Reilly, and Robert P. Schweihs. 1996. Valuing a Business:
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1

P A R T O N E

Forecasting Cash Flows

Part 1 of this book focuses on forecasting cash flows, the initial step in
the valuation process. In order to forecast cash flows, it is important to:

● Precisely define the components of cash flow.
● Develop statistical tools to aid in forecasting cash flows.
● Analyze different types of annuities, which are structured series
of cash flows.

In Chapter 1, we mathematically derive the cash flow statement as
the result of creating and manipulating a series of accounting equations
and identities. This should give the appraiser a much greater depth of
understanding of how cash flows derive from and relate to the balance
sheet and income statement. It may help eliminate errors made by ap-
praisers who perform discounted cash flow analysis using shortcut or
even incorrect definitions of cash flow.

In Chapter 2, we demonstrate in detail:

● How appraisers can use regression analysis to forecast sales and
expenses, the latter by far being the more important use of
regression.

● When and why the common practice of not using more than five
years of historical data to prevent using stale data may be
wrong.

● How to use regression analysis in valuation using publicly
traded guideline companies information. While this is not related
to forecasting sales and expenses, it fits in with our other
discussions about using regression analysis.

When using publicly traded guideline companies of widely varying
sizes, ordinary least squares (OLS) regression will usually fail, as statis-
tical error is generally proportional to the market value (size) of the
guideline company. However, there are simple transformations the ap-
praiser can make to the data that will (1) enable him or her to minimize
the negative impact of differences in size and (2) still preserve the very
important benefit we derive from the variation in size of the publicly

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.



2 PART 1 Forecasting Cash Flows

traded guideline companies, as we discuss in the chapter. The final result
is valuations that are more reliable, realistic, and objective.

Most electronic spreadsheets provide a least squares regression that
is adequate for most appraisal needs. I am familiar with the regression
tools in both Microsoft Excel and Lotus 123. Excel does a better job of
presentation and offers much more comprehensive statistical feedback.
Lotus has one significant advantage: it can provide multiple regression
analysis for a virtually unlimited number of variables, while Excel is lim-
ited to 16 independent variables.

In Chapter 3, we discuss annuity discount factors (ADFs). Histori-
cally, ADFs have not been used much in business valuation and thus,
have had relatively little importance. Their importance is growing, how-
ever, for several reasons. They can be used in:

● Calculating the present value of annuities, including those with
constant growth. This application has become far more important
since the Mercer Quantitative Marketability Discount Model
requires an ADF with growth.

● Valuing periodic expenses such as moving expenses, losses from
lawsuits, etc.

● Calculating the present value of periodic capital expenditures
with growth, e.g., what is the PV of keeping one airplane of a
certain class in service perpetually.

● Calculating loan payments.
● Calculating loan principal amortization.
● Calculating the present value of a loan. This is important in
calculating the cash equivalency selling price of a business, as
seller financing typically takes place at less-than-market rates.
The present value of a loan is also important in ESOP valuations.

Among my colleagues in the office, I unofficially titled Chapter 3,
‘‘The Chapter That Would Not Die!!!’’ I edited and rewrote this chapter
close to 40 times striving for perfection, the elusive and unattainable goal.
It was quite a task to decide what belongs in the body of the chapter and
what should be relegated to the appendix. In an effort to maximize read-
ability, the most practical formulas appear in the body of chapter 3 and
the least useful and most mathematical work appears in the appendix.
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C H A P T E R 1

Cash Flow: A Mathematical
Derivation1

INTRODUCTION
THE MATHEMATICAL MODEL

A Preliminary Explanation of Cash Flows
Analyzing Property, Plant, and Equipment Transactions
An Explanation of Cash Flows with More Detail for Equity
Transactions

Considering the Components of Required Working Capital
Adjusting for Required Cash

COMPARISON TO OTHER CASH FLOW DEFINITIONS
CONCLUSION

1. This chapter was coauthored with Donald Shannon, School of Accountancy, DePaul University.
The mathematical model was published in Abrams (1997).
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4 PART 1 Forecasting Cash Flows

INTRODUCTION

In 1987, the Financial Accounting Standards Board (FASB) issued State-
ment of Financial Accounting Standards No. 95, ‘‘Statement of Cash
Flows.’’ This standard stipulates that a statement of cash flows is required
as part of a full set of financial statements for almost all business enter-
prises.

This chapter, which discusses the Statement of Cash Flows, is in-
tended for readers who already have a basic knowledge of accounting.
Much of what follows will involve alternating between accrual and cash
reporting, which can be very challenging material. Also, a parsimonious
style has been used to keep the chapter to a reasonable length. Accord-
ingly, certain sections and derivations may require more than one reading.

The primary purpose of a statement of cash flows is to provide rel-
evant information about the cash receipts and cash payments of an en-
terprise. These receipts and payments must be classified according to
three basic types of activities: operating, investing, and financing.

Operating activities involve those transactions that enter into the de-
termination of net income. Examples of these activities are sales of goods
or services, purchases of component materials, and compensation of em-
ployees. Net income reports these activities when they are earned or in-
curred. Cash flows from operations reports these activities only when they
are collected or paid. For example, net income is increased when a sale
is made even though no cash is collected. Cash flows from operations
would reflect the increase only at the time the cash is collected. Also, net
income is decreased when, say, insurance expense is incurred even
though no payment is made. Cash flows from operations would reflect
the decrease only at the time the payment is made.

Of course, companies engage in numerous transactions involving
cash but having no impact on the income statement. These transactions
are classified as investing or financing activities. Investing activities in-
clude the acquisition of long-lived assets as well as their disposition when
no gains or losses are involved.2 Financing activities include obtaining
and repaying funds from debt and equity holders and providing the own-
ers with a return on their investment.

Either the direct or the indirect method may be used as a basis for
reporting cash flows from operating activities. Under the direct method
the enterprise lists its major categories of cash receipts from operations
(such as receipts from product sales and receipts from consulting services)
and cash disbursements for operations (such as payments for inventory,
wages, interest, and taxes). The difference between these receipts and dis-
bursements is the net cash flow from operations.

Under the indirect method, net cash flow from operations is found
by adjusting net income for changes in related asset and liability accounts.
For example, an increase in accounts receivable indicates that cash receipts
from sales are less than reported revenues. Receivables increase as a result

2. This introductory comment presumes the long-lived assets are sold for their net book values. Of
course, when gains or losses on disposition are involved they do appear in the income
statement. The treatment of these gains and losses is addressed later in the chapter.
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of failing to collect all revenues reported. Therefore, the amount of the
increase in accounts receivable would have to be subtracted from net
income to arrive at net cash flow from operations. Likewise, a decrease
in wages payable would indicate that cash payments for wages were
greater than the expenses shown in the income statement. Payables de-
crease when payments exceed the amount of expenses reported. There-
fore, the amount of the decrease in wages payable also would have to be
subtracted from net income to arrive at net cash flow from operations.

Usually it is easy to follow the logic of the adjustment required to
infer the cash flow associated with any single reported revenue or expense.
However, most statements of cash flows require a number of such ad-
justments, which often result in confusing entanglements.

Many business and real estate appraisers spend a significant part of
their careers forecasting cash flows. The objective of this chapter is to
improve their understanding of the cash flow statement and its interre-
lationship with the balance sheet and the income statement. Appraisers
who read this chapter will, we hope, be able to understand better the
cash flow logic and distinguish true cash flows from shortcut approxi-
mations thereof.

To achieve this result, this chapter provides a mathematical deriva-
tion of the cash flow statement using the indirect method. A realistic
numerical example and an intuitive explanation accompany the mathe-
matical derivation.3

THE MATHEMATICAL MODEL

In what follows, be careful to distinguish between equations and tables,
as they both have the same numbering system to describe them. Equa-
tions always have some algebraic expression at the top, even if there are
numbers below that serve as specific examples of the equations.

A Preliminary Explanation of Cash Flows

The following is a list of the symbols that will be used in this chapter.

Balance Sheet
C � cash

OCA � other current assets
GPPE � gross property, plant, and equipment
AD � accumulated depreciation

NPPE � net property, plant, and equipment
A � total assets

CL � current liabilities
LTD � long-term debt

3. Surely it would be possible to examine in detail every conceivable type of accounting
transaction and its relation to cash flow. Here, certain transactions such as recapitalizations,
the effects of accounting changes, and inventory write-downs have not been considered. The
authors feel the additional complication of their inclusion would more than offset any
benefits.
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L � total liabilities
CAP � total stockholder’s equity

Property, plant, and Equipment
CAPEX � capital expenditures
DEPR � depreciation expense

RETGBV � gross book value of retired property, plant and equip-
ment

RETAD � accumulated depreciation on retired assets
SALESFA � selling price of property, plant and equipment disposed

of or retired
Stockholders’ Equity

NI � net income
DIV � dividends paid

SALSTK � sale of stock
TRSTK � purchase of stock

OET � other equity transactions
AET � additional equity transactions

Required Working Capital
RWC � required working capital
CReq � required cash

The balance sheets for Feathers R Us for 1999 and 2000 are presented
in Table 1-1. The changes in the balance sheet accounts from one year to
the next are shown in the right column. On the far left the symbols used
later to refer to these accounts in mathematical expressions have been
repeated.

The balance sheet for the current year (t � 2000) is in balance. The
total assets equal $3,150,000, total liabilities equal $1,085,000, and the total
liabilities and equity also equal $3,150,000. This can be shown as:

A � L � CAPt t t (1-1)
3,150,000 � 1,085,000 � 2,065,000

Likewise, the balance sheet for the preceding year (t � 1 � 1999) is in
balance.

A � L � CAPt�1 t�1 t�1 (1-2)
2,800,000 � 1,075,000 � 1,725,000

Subtracting the beginning balance sheet from the ending balance sheet
shows that the changes from one year to the next are also in balance.

�A � �L � �CAP (1-3)
350,000 � 10,000 � 340,000

Greater detail can be shown for each of the terms in equation (1-3).
The change in total assets (�A) consists of the change in cash (�C), the
change in other current assets (�OCA), and the change in net property,
plant, and equipment. Net property, plant, and equipment (NPPE) is
gross property, plant, and equipment (GPPE) less the accumulated de-
preciation (AD) on these assets. As shown in Table 1-3 below, the change
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T A B L E 1-1

Feathers R Us
ABBREVIATED BALANCE SHEETS

For Calendar Years

Symbols ASSETS: 1999 2000
Increase
(Decrease)

C Cash 1,125,000 1,500,000 375,000
OCA Other current assets 875,000 790,000 (85,000)

Total current assets 2,000,000 2,290,000 290,000

GPPE Gross property, plant, & equipment 830,000 900,000 70,000
AD Accumulated depreciation 30,000 40,000 10,000

NPPE Net property, plant, & equipment 800,000 860,000 60,000

A Total assets 2,800,000 3,150,000 350,000

LIABILITIES

Current liabilities 325,000 360,000 35,000
LTD Long-term debt 750,000 725,000 (25,000)

L Total liabilities 1,075,000 1,085,000 10,000

STOCKHOLDERS’ EQUITY

Capital stock 100,000 150,000 50,000
Additional paid in capital 200,000 500,000 300,000
Retained earnings 1,425,000 1,465,000 40,000
Treasury stock 0 50,000 50,000

CAP Total stockholders’ equity 1,725,000 2,065,000 340,000

Total liabilities & equity 2,800,000 3,150,000 350,000

in net property, plant, and equipment (�NPPE) can be found by subtract-
ing the change in accumulated depreciation from the change in gross
property, plant, and equipment (�GPPE � �AD).4

�A � �C � �OCA � (�GPPE � �AD) (1-4)
350,000 � 375,000 � (85,000) � (70,000 � 10,000)

The change in total liabilities (�L) consists of the change in current lia-
bilities (�CL) and the change in long-term debt (�LTD).

�L � �CL � �LTD (1-5)
10,000 � 35,000 � (25,000)

To explain the change in stockholder’s equity, the analyst would have
to know the company’s net income, provided in Table 1-2.

This income statement shows that Feathers R Us had net income after
tax (NI) of $90,000. This explains only a portion of the change in the

4. Other long-lived assets, such as intangibles and certain investments, are treated the same as
property, plant, and equipment.
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T A B L E 1-2

Feathers R Us
INCOME STATEMENT
For Calendar Year

2000

Sales 1,000,000
Cost of sales 600,000

Gross profit 400,000
Sales expense 100,000
General & administrative expense 150,000
Depreciation 30,000

Total expense 280,000

Operating income 120,000
Gain on sale of assets 30,000

Net income before taxes 150,000
60,000

Net Income 90,000

stockholder’s equity. The total change in stockholder’s equity (�CAP) is
equal to net income (NI) and other equity transactions (OET) (definition
is given below equation [1-6]).

�CAP � NI � OET (1-6)
340,000 � 90,000 � 250,000

The other equity transactions consist of the purchase and sale of the
company’s stock and the payment of cash dividends.5 A detailed descrip-
tion of these transactions will be provided later in the chapter (refer to
Table 1-4).

Substituting equations (1-4), (1-5), and (1-6) into equation (1-3) results
in:6

�C � �OCA � (�GPPE � �AD)
� �CL � �LTD � NI � OET (1-7)

375,000 � (85,000) � (70,000 � 10,000)
� 35,000 � (25,000) � 90,000 � 250,000

Equation (1-7) can be rearranged to satisfy the objective of the statement
of cash flows—providing an explanation of the change in the cash bal-
ance.

5. Here it is assumed that all dividends declared are paid.
6. For the reader’s convenience certain equations are repeated in the footnotes.

Equation (1-3): �A � �L + �CAP
Equation (1-4): �A � �C + �OCA + (�GPPE � �AD)
Equation (1-5): �L � �CL + �LTD
Equation (1-6): �CAP � NI + �OET
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T A B L E 1-3

Feathers R Us
ANALYSIS OF PROPERTY, PLANT,

& EQUIPMENT
For Calendar Year 2000

Symbols

GPPE

Gross Prop,
Plant & Equip

AD

Accumulated
Depreciation

NPPE

Net Prop,
Plant & Equp

Balance, 1999 830,000 30,000 800,000
CAPEXP Capital expenditures 175,000 175,000
DEPR Depreciation expense 30,000 30,000

Retirements
RETGBV Gross book value 105,000 105,000
RETAD Accumulated depreciation 20,000 20,000

Balance, 2000 900,000 40,000 860,000
Change in the balance 70,000 10,000 60,000

�C � NI � �OCA � �CL
� (�GPPE � �AD)
� �LTD � OET (1-8)

375,000 � 90,000 � (85,000) � 35,000
� (70,000 � 10,000)
� (25,000) � 250,000

Equation (1-8) does provide an explanation of the $375,000 increase
in the cash balance from 1999 to 2000, but it is still somewhat preliminary.
Discussion of this explanation is best deferred until more details have
been incorporated into the model.
Analyzing Property, Plant, and Equipment Transactions

The balance sheets in Table 1-1 show that the net property, plant, and
equipment increased by $60,000. The analyst will want to obtain a more
detailed understanding of this change. This can be accomplished by re-
viewing an analysis of property, plant, and equipment such as the one
shown in Table 1-3.

This analysis shows that gross property, plant, and equipment are
increased by capital expenditures (CAPEXP) and decreased by original
book value of any assets retired (RETGBV). This relationship is restated
as equation (1-9).

�GPPE � CAPEXP � RETGBV (1-9)
70,000 � 175,000 � 105,000

Likewise, accumulated depreciation is increased by depreciation ex-
pense and decreased by the accumulated depreciation on any assets re-
tired. This relationship is restated as equation (1-10).
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�AD � DEPR � RETAD (1-10)
10,000 � 30,000 � 20,000

Substituting equations (1-9) and (1-10) into equation (1-8) and rearranging
the terms results in equation (1-11):7

�C � NI � DEPR � �OCA � �CL
� CAPEXP � RETGBV � RETAD
� �LTD � OET (1-11)

375,000 � 90,000 � 30,000 � (85,000) � 35,000
� 175,000 � 105,000 � 20,000
� (25,000) � 250,000

The bold symbols in equation (1-11) are the symbols that have been
changed by the substitutions described. For example DEPR, CAPEXP,
RETGBV, and RETAD in equation (1-11) did not appear in equation
(1-8).

To this point, only the book value of any assets retired has been
considered. Most often, the retirement or disposition of assets involves a
gain or a loss (a ‘‘negative’’ gain). This gain is the difference between the
selling price of the property, plant, and equipment (SALESFA) and their
net book values (RETGBV � RETAD). The assets in this illustration were
sold for $115,000, producing a gain of $30,000. This is shown in equation
(1-12).

GAIN � SALESFA � (RETGBV � RETAD) (1-12)
30,000 � 115,000 � (105,000 � 20,000)

Equation (1-13) below is simply a rearrangement of equation (1-12).

RETGBV � SALESFA � GAIN � RETAD (1-13)
105,000 � 115,000 � 30,000 � 20,000

Substituting equation (1-13) into equation (1-11) results in:8

�C � NI � DEPR � �OCA � �CL
� CAPEXP � SALESFA � GAIN � RETAD � RETAD
� �LTD � OET

375,000 � 90,000 � 30,000 � (85,000) � 35,000
� 175,000 � 115,000 � 30,000 � 20,000 � 20,000
� (25,000) � 250,000

(1-14)

7. Equation (1-8): �C � NI � �OCA + �CL � (�GPPE � �AD) + �LTD + OET
Equation (1-9): �GPPE � CAPEXP � RETGBV

8. Equation (1-11): �C � NI + DEPR � �OCA + �CL � CAPEXP + RETGBV � RETAD + �LTD +
OET
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After canceling the � RETAD and � RETAD terms and rearranging,
equation (1-14) simplifies to Equation (1-15):9

�C � NI � GAIN � DEPR � �OCA � �CL
� CAPEXP � SALESFA
� �LTD � OET (1-15)

375,000 � 90,000 � 30,000 � 30,000 � (85,000) � 35,000
� 175,000 � 115,000
� (25,000) � 250,000

The first line of equation (1-15) represents cash flows from operating
activities, which is found by making certain adjustments to net income
such as adding back depreciation and other noncash expenses, subtract-
ing changes in other current assets, and adding changes in current lia-
bilities. These adjustments will be explained in more detail later in the
chapter. The second line in the equation represents cash flows from in-
vesting activities, and the third line represents a preliminary version of
cash flows from financing activities.

An Explanation of Cash Flows with More Detail for Equity
Transactions

Frequently the details of the other equity transactions (OET), referred to
in equation (1-6), are also important. In this example the statement of
stockholder equity included three common types of equity transactions:
(DIV) issuing cash dividends, (SALSTK) selling stock, and (TRSTK) pur-
chasing treasury stock. These are shown in Table 1-4 below.

During the year the company paid cash dividends of $50,000, sold
some additional shares of stock for $350,000, and bought back some stock
for $50,000. The net effect of these three transactions (OET) is a $250,000
increase in stockholder’s equity. This is summarized in equation (1-16).
The term AET has been added to equation (1-16) to represent additional
equity transactions.10

OET � SALSTK � TRSTK � DIV � AET (1-16)
250,000 � 350,000 � 50,000 � 50,000 � 0

Substituting this last expression into equation (1-15) results in equation
(1-17) below.11

9. Equation (1-14): �C � NI � DEPR � �OCA � �CL � CAPEXP � SALESFA � GAIN �
RETAD � RETAD � �LTD � OET

10. The term additional equity transactions was used to describe equity transactions other than the
sale or purchase of the company’s stock and the payment of dividends. One example of an
additional equity transaction would be the contribution of property to the company in
exchange for an equity interest. For analytical purposes, the increase in equity could be
treated as a source of cash from financing activities. The corresponding increase in assets
could be treated as a use of cash from investing activities. The net result would be overall
zero effect on cash. Normally, noncash transactions of this nature are not incorporated in
formal statements of cash flows but are appended in a separate schedule.

11. Equation (1-15): �C � NI � GAIN + DEPR � �OCA + �CL � CAPEXP + SALESFA + �LTD +
OET
Equation (1-16): OET � SALESTK � TRSTK � DIV + AET
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T A B L E 1-4

Feathers R Us
STATEMENT OF STOCKHOLDERS’ EQUITY

For Calendar Year 2000

Symbols
Capital
Stock

Additional
Paid in
Capital

Retained
Earnings

Treasury
Stock

Total
Shareholder

Equity

Balance, 1999 100,000 200,000 1,425,000 0 1,725,000

NI Net income 90,000 90,000
Other equity

transactions
DIV Dividends 50,000 50,000
SALSTK Sales of stock 50,000 300,000 350,000
TRSTK Purchase of stock 50,000 50,000

Subtotal OET 50,000 300,000 50,000 50,000 250,000

Balance, 2000 150,000 500,000 1,465,000 50,000 2,065,000

�C � NI � GAIN � DEPR � �OCA � �CL
� CAPEXP � SALESFA
�LTD � SALSTK � TRSTK � DIV � AET (1-17)

375,000 � 90,000 � 30,000 � 30,000 � (85,000) � 35,000
� 175,000 � 115,000
� (25,000) � 350,000 � 50,000 � 50,000 � 0

Equation (1-17) can be simplified to the more familiar form:

�C � Cash flows from operating activities
� Cash flows from investing activities
� Cash flows from financing activities (1-18)

375,000 � 210,000
� (60,000)
� 225,000

Equations (1-17) and (1-18) describe the conventional Statement of
Cash Flows shown in Table 1-5.

For the moment we will define the required change in working capital
as the change in current assets other than cash, less the change in current
liabilities, as shown in equation (1-19).12

�RWC � �OCA � �CL (1-19)
(120,000) � (85,000) � 35,000

This illustration is somewhat unusual. Here working capital is being
reduced. This reduction is a source of the cash from operating activities.

12. The definition in equation (1-19) will be modified later in the chapter.
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T A B L E 1-5

Symbols

Feathers R Us
ABBREVIATED
STATEMENT OF
CASH FLOWS
For Calendar
Year 2000

Cash flows from operating activities
NI Net income 90,000

Adjustments to reconcile net income to net
cash provided by operating activities:

GAIN Gain on sale of property, plant, & equipment (30,000)
DEPR Depreciation expense 30,000
�OCA Decrease in current assets 85,000
�CL Increase in current liabilities 35,000 120,000

Net cash provided by operating activities 210,000

Cash flows from investing activities
CAPEXP Purchase of property, plant, & equipment (175,000)
SALESFA Sale of property, plant, & equipment 115,000

Net cash used by investing activities (60,000)

Cash flows from financing activities
�LTD Increase in long term debt (25,000)
SALSTK Sale of stock 350,000
TRSTK Purchase of treasury stock (50,000)
DIV Payment of dividends (50,000)

Net cash provided by financing activities 225,000

Net increase in cash 375,000
Cash, January 1, 2000 1,125,000

Cash, December 31, 2000 1,500,000

(In the typical case working capital is being increased. This is usually true
when sales are growing. In these cases, the increase in working capital
represents a use of cash.)

Substituting equation (1-19) into equation (1-17) shows that 13

�C � NI � GAIN � DEPR � �RWC
� CAPEXP � SALESFA
� �LTD � SALSTK � TRSTK � DIV � AET (1-20)

375,000 � 90,000 � 30,000 � 30,000 � (120,000)
� 175,000 � 115,000
� (25,000) � 350,000 � 50,000 � 50,000 � 0

The first line of equation (1-20) can be rephrased in the following
way:

13. Equation (1-17): �C � NI � GAIN + DEPR � �OCA + �CL � CAPEXP + SALESFA + �LTD +
SALSTK � TRSTK � DIV + AET
Equation (1-19): �RWC � �OCA � �CL
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Activity Symbol Description

Operating NI � Net income
GAIN � Gains (� losses) on the sale of property, plant, and equipment
DEPR � Depreciation and other noncash charges
�RWC � Increases (� decreases) in required working capital

When deriving the cash flows from operating activities, we subtract
the gain (or add the loss) on the sale of property, plant, and equipment
for several reasons. First, these gains and losses simply are not the result
of ‘‘operating’’ activities. They are the result of ‘‘investing’’ activities.
These gains and losses arise when property, plant, and equipment are
sold for more or less than their net book value. Furthermore, the full
amount received for such sales (SALESFA) is included as part of the cash
flows from investing activities. To show these gains or losses again as part
of cash flows from operating activities would erroneously double count
their impact.

Depreciation and other noncash expenses do reduce net income, but
they do not involve any payments during the current period. Therefore,
when the indirect method is used and net income is the starting point for
arriving at a firm’s net cash flow, these noncash expenses must be added
back.

The rationale for subtracting required increases (or adding decreases)
in working capital will be discussed at some length in the next section
after introducing the components of the other current assets (�OCA) and
the current liabilities (�CL).

To complete the summary of equations (1-17), (1-18), and (1-20), the
second and third lines consist of 14

Activity Symbol Description

Investing CAPEXP � Capital expenditures
SALESFA � Selling price of property, plant, and equipment disposed of or retired

Financing �LTD � Increases (� decreases) in long-term debt
SALSTK � Proceeds received from the sale of stock
TRSTK � Payments for treasury stock
DIV � Dividends
AET � Additional equity transactions

Considering the Components of Required Working Capital

Before discussing required working capital further, it will be helpful to
break down changes in (�OCA) other current assets and (�CL) current
liabilities into some typical component parts. Table 1-6 is a restatement
of Table 1-1 with this additional detail provided in the boxed sections.

14. The second line of both equations (1-17) and (1-20) is: � CAPEXP + SALESFA
The third line of both equations (1-17) and (1-20) is: �LTD + SALSTK � TRSTK � DIV +
AET
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T A B L E 1-6

Feathers R Us
BALANCE SHEETS
For Calendar Years

Symbols ASSETS: 1999 2000
Increase
(Decrease)

C Cash 1,125,000 1,500,000 375,000

Accounts receivable 100,000 150,000 50,000
Inventory 750,000 600,000 (150,000)
Additional current assets 25,000 40,000 15,000

Total current assets 2,000,000 2,290,000 290,000

GPPE Gross property, plant, & equipment 830,000 900,000 70,000
AD Accumulated depreciation 30,000 40,000 10,000

NPPE Net property, plant, & equipment 800,000 860,000 60,000

A Total assets 2,800,000 3,150,000 350,000

LIABILITIES

Accounts payable 200,000 225,000 25,000
Short-term notes payable 50,000 35,000 (15,000)
Accrued expenses 75,000 100,000 25,000

CL Current liabilities 325,000 360,000 35,000

LTD Long-term debt 750,000 725,000 (25,000)

L Total liabilities 1,075,000 1,085,000 10,000

STOCKHOLDERS’ EQUITY

Capital stock 100,000 150,000 50,000
Additional paid in capital 200,000 500,000 300,000
Retained earnings 1,425,000 1,465,000 40,000
Treasury stock 0 50,000 50,000

CAP Total stockholders’ equity 1,725,000 2,065,000 340,000

Total liabilities & equity 2,800,000 3,150,000 350,000

Here, other current assets consist of accounts receivable, inventory,
and additional current assets. Current liabilities include accounts payable,
short-term notes payable, and accrued expenses.

Accounts receivable, inventory, and additional current assets should
all be treated in the same way that other current assets was treated. When
using the indirect method, increases (decreases) in these component ac-
counts should be subtracted from (added to) net income to arrive at net
cash provided by operating activities.

Likewise, accounts payable, short-term notes payable, and accrued
expenses should all be treated in the same way that current liabilities was
treated. When using the indirect method, increases (decreases) in these
component accounts should be added to (subtracted from) net income to
arrive at net cash provided by operating activities.

Applying the procedures outlined in the two preceding paragraphs
results in the Statement of Cash Flows shown in Table 1-7 which is simply
a restatement of Table 1-5 with the boxed detail added.
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T A B L E 1-7

Symbols

Feathers R Us
STATEMENT OF CASH

FLOWS
For Calendar Year 2000

Cash flows from operating activities
NI Net Income 90,000

Adjustments to reconcile net income to net
cash provided by operating activities:

GAIN Gain on sale of property, plant, &
equipment

(30,000)

DEPR Depreciation expense 30,000

� Increase in accounts receivable (50,000)
� Decrease in inventory 150,000
� Increase in additional current assets (15,000)

� Increase in accounts payable 25,000
� Decrease in short-term notes payable (15,000)
� Increase in accrued expenses 25,000 120,000

Net cash provided by operating activities 210,000

Cash flows from investing activities
CAPEXP Purchase of property, plant, & equipment (175,000)
SALESFA Sale of property, plant, & equipment 115,000

Net cash used by investing activities (60,000)

Cash flows from financing activities
�LTD Decrease in long term debt (25,000)
SALSTK Sale of stock 350,000
TRSTK Purchase of treasury stock (50,000)
DIV Payment of dividends (50,000)

Net cash provided by financing activities 225,000

Net increase in cash 375,000
Cash, January 1, 2000 1,125,000

Cash, December 31, 2000 1,500,000

In many cases it is quite apparent why increases in current assets
should be subtracted from net income to arrive at net cash provided by
operating activities. Increases in inventories and other current assets (such
as supplies) do require the use of cash.

However, accounts receivable can be troublesome to think through.
Why should an increase in accounts receivable be subtracted from net
income to arrive at net cash provided by operating activities? Before an-
swering this question, it is helpful to consider why accounts receivable
increase in the first place. They increase because the company has failed
to collect cash. Its collections have been less than its reported revenues.

When applying the indirect method, the first source of cash from
operating activities is net income. This implies that each of the components
of net income represents a cash flow. The full amount of reported sales, for
example, is implicitly being treated as a cash inflow. When net accounts
receivable have increased over the period, collections must have been less
than reported revenues. Therefore, it is necessary to subtract the increase
in accounts receivable from net income to arrive at the true figure for cash
provided from operations.
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Also, it is usually apparent why increases in current liabilities should
be added to net income to arrive at net cash provided by operating ac-
tivities. Increases (decreases) in short-term notes payable do provide (use)
cash.

To understand the treatment of accounts payable, again it is helpful
to begin by considering why accounts payable increase. They increase
because the company has not paid these bills yet. Its disbursements have
been less than its reported expenses.

Again, under the indirect method, the full amount of a reported ex-
pense is implicitly being treated as a cash outflow. When accounts pay-
able has increased over the period, payments must have been less than
that reported expense. Therefore, it is necessary to add the increase in
accounts payable back to net income when trying to arrive at the true
figure for cash provided from operations.

Likewise, when accrued expenses increase, it means the company has
disbursed less cash than indicated by one of its reported expenses. Again
it is necessary to add the increase in accrued expenses back to net income
when trying to arrive at the true figure for cash provided from operations.

This discussion of the treatment of the components of working cap-
ital calls to mind a major difference between the income statement and
the statement of cash flows. Both do serve as a reconciling link between
the beginning and ending balance sheets. However, the income statement
in an accrual-based partial reconciliation between the beginning and end-
ing balances in retained earnings. (The complete reconciliation requires
consideration of dividends, and occasionally certain other items.) The
statement of cash flows is a cash-based reconciliation between the begin-
ning and ending cash balances. Much of the immediate discussion has
simply been a recital of the differences between accrual and cash account-
ing.

Recall that cash flows from operating activities are the cash equiva-
lent of the accrual-based income statement. Again, to complete the rec-
onciliation between the beginning and ending cash balances, the state-
ment of cash flows (as illustrated above) must also include cash from
investing or financing activities.

Adjusting for Required Cash
For valuation purposes, it is important to recognize that all firms require
a certain amount of cash be kept on hand; otherwise checks would con-
stantly bounce. Therefore, the amount of required cash (CReq) will not be
available for dividend payments.

In equation (1-19), the required change in working capital was de-
fined simply as the change in current assets other than cash, less the
change in current liabilities. We will now modify that definition, as shown
in equation (1-21) below, to include the changes in the cash balance the
firm will be required to keep on hand ($20,000 in this illustration).15

�RWC � �OCA � �CL � �CReq (1-21)
(100,000) � (85,000) � 35,000 � 20,000

15. Typically appraisers forecast required cash as a percentage of sales. Required cash increases
(decreases) by that percentage multiplied by the increase (decrease) in sales.
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Previously (in equation [1-19]), the $85,000 decrease in other current
assets and the $35,000 increase in current liabilities gave rise to a reduc-
tion in required working capital of $120,000. After taking into consider-
ation the $20,000 additional cash which will be required, the reduction in
required working capital falls to $100,000, i.e., the net addition to cash
flow from the reduction in required net working capital is $20,000 less.

Using this modified definition for �RWC lowers the resulting cash
flow to $355,000 (from the $375,000 originally shown in equation [1-20]).16

�C* � NI � GAIN � DEPR � �RWC
� CAPEXP � SALESFA
� �LTD � SALSTK � TRSTK � DIV � AET (1-20a)

355,000 � 90,000 � 30,000 � 30,000 � (100,000)
� 175,000 � 115,000
� (25,000) � 350,000 � 50,000 � 50,000 � 0

This $355,000 amount represents the net cash flow available for dividend
payments in excess of the dividends already considered ($50,000).

Alternatively, DIV could be added to both sides of equation (1-20a)
to show the total amount of net cash flow available for distribution to stock-
holders. That amount is $405,000, as shown in equation (1-20b).

�C* � DIV � NI � GAIN � DEPR � �RWC
� CAPEXP � SALESFA
� �LTD � SALSTK � TRSTK � AET (1-20b)

405,000 � 90,000 � 30,000 � 30,000 � (100,000)
� 175,000 � 115,000
� (25,000) � 350,000 � 50,000 � 0

COMPARISON TO OTHER CASH FLOW DEFINITIONS

The definition of net cash flow available for distribution to stockholders
in equation (1-20b) can be summarized in the following way:

Activity Symbol Description

Operating NI � Net income
GAIN � Gains (� losses) on the sale of property, plant, and equipment
DEPR � Depreciation and other noncash charges
�RWC � Increases (� decreases) in required working capital*

Investing CAPEXP � Capital expenditures
SALESFA � Selling price of property, plant, and equipment disposed of or retired

Financing �LTD � Increases (� decreases) in long-term debt
SALSTK � Proceeds received from the sale of stock
TRSTK � Payments for treasury stock
AET � Additional equity transactions

*After adjusting for required cash.

This is easily compared to other definitions that have been provided
in the authoritative literature. For example, one group of authors (Pratt,

16. �C* � �C � �CReq
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Reilly, and Schweihs 1996) have proposed the following definition of net
cash flow available for distribution to stockholders in their Formula 9-3
(at 156–157):

Description

� Net income
� Depreciation and other non-cash charges
� Increases (� decreases) in required working capital
� Capital expenditures
� Selling price of property, plant, and equipment disposed of or retired
� Increases (� decreases) in long term debt

Implicitly, this definition assumes that gains and losses on the sale
of property, plant, and equipment and the selling price of property, plant,
and equipment disposed of or retired are immaterial. Likewise, this def-
inition assumes that the proceeds from the sale of stock, payments made
for treasury stock, and additional equity transactions are also immaterial.

These assumptions are quite reasonable and can safely be made in a
large number of cases.17 However, it is important for the analyst to realize
that these assumptions are being made.

It is well known that when calculating value by capitalizing a single
initial cash flow, the consequences of making adjustments to the initial
cash flow are magnified considerably. It is important for the analyst to
understand how these hidden assumptions might influence the amount
of initial cash flow being capitalized. Perhaps it is even more important
for the analyst to take into account how these assumptions might impact
the future cash flows available for distribution to stockholders.

For example, if a company were to routinely to sell its equipment
for significant sums, the analyst would be remiss if he or she overlooked
the cash flows from these sales.

CONCLUSION

Careful consideration of mathematics in this chapter should enhance the
analyst’s understanding of important accounting relationships and the
‘‘whys’’ of the Statement of Cash Flows. It should also make the analyst
aware of the simplifying assumptions embedded in abbreviated defini-
tions of cash flow available for distribution to stockholders. Hopefully,
this awareness will result in superior valuations in those instances where
the making of these simplifying assumptions is unwarranted.
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INTRODUCTION

Regression analysis is a statistical technique that estimates the mathe-
matical relationship between causal variables, known as independent var-
iables, and a dependent variable. The most common uses of regression
analysis in business valuation are:

1. Forecasting sales in a discounted cash flow analysis
2. Forecasting costs and expenses in a discounted cash flow

analysis
3. Measuring the relationship between market capitalization (fair

market value) as the dependent variable and several possible
independent variables for a publicly traded guideline company
valuation approach. Typical independent variables that are
candidates to affect the fair market value are net income
(including nonlinear transformations such as its square, square
root, and logarithm), book value, the debt-to-equity ratio, and so
on.

This chapter is written to provide the appraiser with some statistical
theory, but it is primarily focused on how to apply regression analysis to
real-life appraisal assignments using standard spreadsheet regression
tools. We have not attempted to provide a rigorous, exhaustive treatment
on statistics and have put as much of the technical background discussion
as possible in the appendix to keep the body of the chapter as simple as
possible. Those who want a comprehensive refresher should consult a
statistics text, such as Bhattacharyya and Johnson (1977) and Wonnacott
and Wonnacott (1981). We present only bits and pieces of statistics that
are necessary to facilitate our discussion of the important practical issues.

Even though you may not be familiar with using regression analysis
at all, let alone with nonlinear transformations of the data, the material
in this chapter is not that difficult and can be very useful in your day-to-
day valuation practice. We will explain all the basics you need to use this
very important tool on a daily basis and will lead you step-by-step
through an example, so you can use this chapter as a guide to get ‘‘hands-
on’’ experience.

For those who are unfamiliar with the mechanical procedures to per-
form regression analysis using spreadsheets, we explain that step-by-step
in the section on using regression to forecast sales.

FORECASTING COSTS AND EXPENSES

In performing a discounted cash flow analysis, an analyst should forecast
sales, expenses, and changes in balance sheet accounts that affect cash
flows. Frequently analysts base their forecasts of future costs on historical
averages of, or trends in, the ratio of costs as a percentage of sales.

One significant weakness of this methodology is that it ignores fixed
costs, leading to undervaluation in good times and possible overvaluation
in bad times. If the analyst treats all costs as variable, in good times when
he or she forecasts rapid sales growth, the fixed costs should stay constant
(or possibly increase with inflation, depending on the nature of the costs),
but the analyst will forecast those fixed costs to rise in proportion to sales.
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That leads to forecasting expenses too high and income too low in good
times, which ultimately causes an undervaluation of the firm. In bad
times, if sales are forecasted flat, then costs will be accidentally forecasted
correctly. If sales are expected to decline, then treating all costs as variable
will lead to forecasting expenses too low and net income too high, leading
to overvaluation.

Ordinary least squares (OLS) regression analysis is an excellent tool
to forecast adjusted costs and expenses (which for simplicity we will call
‘‘adjusted costs’’ or ‘‘costs’’) based on their historical relationship to sales.
OLS produces a statistical estimate of both fixed and variable costs, which
is useful in planning as well as in forecasting. Furthermore, the regression
statistics produce feedback used to judge the robustness of the relation-
ship between sales and costs.

Adjustments to Expenses

Prior to performing regression analysis, we should analyze historical in-
come statements to ascertain if various expenses have maintained a con-
sistent pattern or if there has been a shift in the structure of a particular
expense. When past data is not likely to be representative of future ex-
pectations, we make pro forma adjustments to historical results to model
how the Company would have looked if its operations in the past had
conformed to the way we expect them to behave in the future. The pur-
pose of these adjustments is to examine longstanding financial trends
without the interference of obsolete information from the past. For ex-
ample, if the cost of advertising was 10% of sales for the first two years
of our historical analysis, decreased to 5% for the next five years, and is
expected to remain at 5% in the future, we may add back the excess 5%
to net income in the first two years to reflect our future expectations. We
may make similar adjustments to other expenses that have changed dur-
ing the historical period or that we expect to change in the future to arrive
at adjusted net income.

Table 2-1A: Calculating Adjusted Costs and Expenses

Table 2-1A shows summary income statements for the years 1988 to 1997.
Adjustments to pretax net income appear in Rows 15–20. The first ad-
justment, which appears in Rows 15–18, converts actual salary paid—
along with bonuses and pension payments—to an arm’s length salary.
This type of adjustment is standard in all valuations of privately held
companies.

The second type of adjustment is for a one-time event that is unlikely
to repeat in the future. In our example, the Company wrote off a discon-
tinued operation in 1994. As such, we add back the write-off to income
(H19) because it is not expected to recur in the future.

The third type of adjustment is for a periodic expense. We use a
company move as an example, since we expect a move to occur about
every 10 years.1 In our example, the company moved in 1993, 4 years

1. Losses from litigation are another type of expense that often has a periodic pattern.
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T A B L E 2-1A

Adjustments to Historical Costs and Expenses

A B C D E F G H I J K

4 Summary Income Statements

6 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997

7 Sales $250,000 $500,000 $750,000 $1,000,000 $1,060,000 $1,123,600 $1,191,016 $1,262,477 $1,338,226 $1,415,000
8 Cost of sales 100,000 250,000 375,000 500,000 490,000 505,000 520,000 535,000 550,000 600,000
9 S, G & A expenses 100,000 150,000 250,000 335,000 335,000 360,000 370,000 405,000 435,000 450,000
10 Operating expenses 58,000 68,000 78,000 88,000 83,000 110,000 112,000 117,000 122,000 132,000
11 Other expense 5,000 15,000 20,000 25,000 20,000 43,000 100,000 50,000 50,000 50,000
12 Pretax income �$13,000 $17,000 $27,000 $52,000 $132,000 $105,600 $89,016 $155,477 $181,226 $183,000
13 Pre-tax profit margin �5.20% 3.40% 3.60% 5.20% 12.45% 9.40% 7.47% 12.32% 13.54% 12.93%

14 Adjustments:
15 � Actual salary 75,000 80,000 85,000 130,000 100,000 100,000 105,000 107,000 109,000 111,000
16 � Bonus 3,000 4,000 4,000 20,000 5,000 5,000 5,000 7,000 9,000 10,000
17 � Pension 1,000 1,000 1,500 2,000 2,000 2,000 2,000 2,000 2,000 2,000
18 � Arms length salary [1] (58,015) (60,916) (63,961) (67,159) (70,517) (74,043) (77,745) (81,633) (85,714) (90,000)
19 Discontinued operations [2] 55,000
20 Moving expense [3] 20,000
21 Adjusted pretax income $7,985 $41,084 $53,539 $136,841 $168,483 $158,557 $178,271 $189,844 $215,511 $216,000
22 Adjusted pretax profit margin 3.19% 8.22% 7.14% 13.68% 15.89% 14.11% 14.97% 15.04% 16.10% 15.27%

24
Calculation of adjusted costs
and expenses

25 Sales $250,000 $500,000 $750,000 $1,000,000 $1,060,000 $1,123,600 $1,191,016 $1,262,477 $1,338,226 $1,415,000
26 Adjusted pretax net income $7,985 $41,084 $53,539 $136,841 $168,483 $158,557 $178,271 $189,844 $215,511 $216,000
27 Adjusted costs and

expenses
$242,015 $458,916 $696,461 $863,159 $891,517 $965,043 $1,012,745 $1,072,633 $1,122,714 $1,199,000

[1] Arms length salary includes bonus and pension
[2] A write-off for discontinued operations was an unusual a one-time expense already included in other expense. We reverse it our here.
[3] Moving expense is a periodic expense which occurs approximately every 10 years. For the 1993 move, we add back the $20,000 cost to pre-tax income, and use a Periodic Perpetuity Factor to calculate an adjustment to FMV, which we
apply later in the valuation process (see Chapter 3).
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ago. We add back the $20,000 cost of the move in the adjustment section
(G20) and treat the cost separately as a periodic perpetuity.

In Chapter 3, we develop two periodic perpetuity factors (PPFs)2 for
periodic cash flows occurring every j years, growing at a constant rate of
g, discounted to present value at the rate r, where the last cash flow
occurred b years ago. Those formulas are:

b(1 � r)
PPF � PPF—end-of-year (3-18a)j j(1 � r) � (1 � g)

b�1 � r (1 � r)
PPF � PPF—midyear (3-19a)j j(1 � r) � (1 � g)

We assume the move occurs at the end of the year and use equation
(3-18a), the end-of-year PPF. We also assume a discount rate of r � 20%,
moves occur every j � 10 years, the last move occurred b � 4 years ago,
and the cost of moving grows at g � 5% per year. The cost of the next
move, which is forecast in Year 6, is $20,000 � 1.210 � $20,000 � 1.62889
� $32,577.89. We multiply this by the PPF, which is:

41.2
PPF � � 0.4544510 101.2 � 1.05

(see Table 3-9, cell A20), which results in a present value of $14,805.14.
Assuming a 40% tax rate, the after-tax present value of moving costs

is $14,805.14 � (1 � 40%) � $8,883. Since this is an expense, we must
remember to subtract it from—not add it to—the FMV of the firm before
moving expenses. For example, if we calculate a marketable minority in-
terest FMV of $1,008,883 before moving expenses, then the marketable
minority FMV would be $1 million after moving expenses.

The other possible treatment for the periodic expense, which is
slightly less accurate but avoids the complex PPF, is to allocate the peri-
odic expense over the applicable years—10 in this example. The appraiser
who chooses this method must allocate expenses from the prior move to
the years before 1993. This approach causes the regression R2 to be arti-
ficially high, as the appraiser has created what appears to be a perfect
fixed cost. For example, suppose we allocated $2,000 per year moving
costs to the years 1993–1998. If we run a regression on those years only,
R2 will be overstated, as the perfect fixed cost of $2,000 per year is merely
an allocation, not the real cash flow. Other regression measures will also
be exaggerated. If the numbers being allocated are small, however, the
overstatement is also likely to be small.

Adjusted pretax income appears in Row 21. Note that as a result of
these adjustments, the adjusted pretax profit margin in Row 22 is sub-
stantially higher than the unadjusted pretax margin in Row 13.

2. This is a term to describe the present value of a periodic cash flow that runs in perpetuity. To
my knowledge, these formulas are my own invention and PPF is my own name for it. As
mentioned in Chapter 3, where we develop this, it is in essence the same as a Gordon
model, but for a periodic, noncontiguous cash flow. As noted in Chapter 3, when sales
occur every year, j � 1 and formulas (3-18a) and (3-19a) simplify to the familiar Gordon
model multiples.
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We repeat sales (Row 7) in Row 25 and adjusted pretax income (Row
21) in Row 26. Subtracting Row 26 from Row 25, we arrive at adjusted
costs and expenses in Row 27. These adjusted costs and expenses are
what is used in forecasting future costs and expenses regression analysis.

PERFORMING REGRESSION ANALYSIS

Ordinary least squares regression analysis measures the linear relation-
ship between a dependent variable and an independent variable. Its
mathematical form is y � � � � x, where:

y � the dependent variable (in this case, adjusted costs).
x � the independent variable (in this case, sales).
� � the true (and unobservable) y-intercept value, i.e., fixed costs.
� � the true (and unobservable) slope of the line, i.e., variable
costs.

Both � and �, the true fixed and variable costs of the Company, are
unobservable. In performing the regression, we are estimating � and �
from our historical analysis, and we will call our estimates:

a � the estimated y-intercept value (estimated fixed costs).
b � the estimated slope of the line (estimated variable costs).3

OLS estimates fixed and variable costs (the y-intercept and slope) by
calculating the best fit line through the data points.4 In our case, the de-
pendent variable (y) is adjusted costs and the independent variable (x) is
sales. Sales, which is in Table 2-1A, Row 7, appears in Table 2-1B as B6
to B15. Adjusted costs and expenses, Table 2-1A, Row 27, appears in Table
2-1B as C6 to C15. Table 2-1B shows the regression analysis of these var-
iables using all 10 years of data. The resulting regression yields an inter-
cept value of $56,770 (B33) and a (rounded) slope coefficient of $0.80
(B34). Using these results, the equation of the line becomes:

Adjusted Costs and Expenses � $56,770 � ($0.80 � Sales)

The y-intercept, $56,770, represents the fixed costs of operation, or
the cost of operating the business at a zero sales volume. The slope co-
efficient, $0.80, is the variable cost per dollar of sales. This means that for
every dollar of sales, there are directly related costs and expenses of $0.80.
We show this relationship graphically at the bottom of the table. The
diamonds are actual data points, and the line passing through them is
the regression estimate. Note how close all of the data points are to the
regression line, which indicates there is a strong relationship between
sales and costs.5

3. The regression parameters a and b are often shown in statistical literature as � and � with a
circumflex ( ) over each letter.ˆ

4. The interested reader should consult a statistics text for the multivariate calculus involved in
calculating a and b. Mathematically, OLS calculates the line that minimizes the sum of the
squared deviations between the actual data points and the regression estimate.

5. We will discuss the second page of Table 2-1B later in the chapter.
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T A B L E 2-1B

Regression Analysis 1988–1997

A B C D E F G

4

5 Year

Actual

Sales � X [1] Adj. Costs � Y [2]

6 1988 $250,000 $242,015
7 1989 $500,000 $458,916
8 1990 $750,000 $696,461
9 1991 $1,000,000 $863,159
10 1992 $1,060,000 $891,517
11 1993 $1,123,600 $965,043
12 1994 $1,191,016 $1,012,745
13 1995 $1,262,477 $1,072,633
14 1996 $1,338,226 $1,122,714
15 1997 $1,415,000 $1,199,000

17 SUMMARY OUTPUT

19 Regression Statistics

20 Multiple R 99.88%
21 R square 99.75%
22 Adjusted R square 99.72%
23 Standard error 16,014
24 Observations 10

26 ANOVA

27 df SS MS F Significance F

28 Regression 1 8.31E�11 8.31E�11 3.24E�03 1.00E�11
29 Residual 8 2.05E�09 2.56E�08
30 Total 9 8.33E�11

32 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

33 Intercept [3] 56,770 14,863 3.82 5.09E-03 22,496 91,045
34 Sales [4] 0.80 0.01 56.94 1.00E-11 0.77 0.84

[1] From Table 2-1A, Row 7
[2] From Table 2-1A, Row 27
[3] Regression estimate of fixed costs
[4] Regression estimate of variable costs

Regression Plot

y = 0.8045x + 56770

R2 = 0.9975
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T A B L E 2-1B (continued)

Calculation of 95% Confidence Intervals for Forecast 1998 Costs

A B C D E F

4

5 Year

Actual

Sales � X [1] Adj. Costs � Y [2] x x2 x21998 /Sum x2

6 1988 $250,000 $242,015 �739,032 5.5E�11
7 1989 $500,000 $458,916 �489,032 2.4E�11
8 1990 $750,000 $696,461 �239,032 5.7E�10
9 1991 $1,000,000 $863,159 10,968 1.2E�08
10 1992 $1,060,000 $891,517 70,968 5.0E�09
11 1993 $1,123,600 $965,043 134,568 1.8E�10
12 1994 $1,191,016 $1,012,745 201,984 4.1E�10
13 1995 $1,262,477 $1,072,633 273,445 7.5E�10
14 1996 $1,338,226 $1,122,714 349,194 1.2E�11
15 1997 $1,415,000 $1,199,000 425,968 1.8E�11
16 Average/Total $989,032 $ 0 1.28E�12
17 Forecast 1998 $1,600,000 $1,343,928 610,968 3.7E�11 0.2905650

21 Confidence Interval � �t0.025s �t0.025s
2 21 x 1 xo o� � � 1
2 2� �n x n x� �i i

24 Confidence Intervals For: Mean Specific Year

25 t0.025 � [t-statistic for 8 degrees of freedom] 2.306 2.306
26 s � [From Table 2-1B, B23] $16,014 $16,014
27 1/n � 0.1 0.1
28 x0

2 / Sum (Xi
2) � [F17] 0.2905650 0.2905650

29 Add 0 for mean, 1 for specific year’s exp. 0.0000000 1.0000000
30 Add rows 27 To 29 0.3905650 1.3905650
31 Square root of row 30 0.6249520 1.1792222
32 Confid interval � row 25 * row 26 * row 31 $23,078 $43,547
33 Confid interval / forecast 1998 costs row 32 / C17 1.7% 3.2%

35 Regression Coefficients Coefficients
36 Intercept [From Table 2-1B, B33] 56,770
37 Sales [From Table 2-1B, B34] 0.80

We can use this regression equation to calculate future costs once we
generate a future sales forecast. Of course, to be useful, the regression
equation should make common sense. For example, a negative y-intercept
in this context would imply negative fixed costs, which makes no sense
whatsoever (although in regressions involving other variables it may well
make sense). Normally one should not use a result like that, despite oth-
erwise impressive regression statistics.

If the regression forecasts variable costs above $1.00, one should be
suspicious. If true, either the Company must anticipate a significant de-
crease in its cost structure in the near future—which would invalidate
applicability of the regression analysis to the future—or the Company
will be out of business soon. The analyst should also consider the pos-
sibility that the regression failed, perhaps because of either insufficient or
incorrect data, and it may be unwise to use the results in the valuation.
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USE OF REGRESSION STATISTICS TO TEST THE
ROBUSTNESS OF THE RELATIONSHIP

Having determined the equation of the line, we use regression statistics
to determine the strength of the relationship between the dependent and
independent variable(s). We give only a brief verbal description of re-
gression statistics below. For a more in-depth explanation, the reader
should refer to a book on statistics.

In an OLS regression, the ‘‘goodness of fit’’ of the line is measured
by the degree of correlation between the dependent and independent
variable, referred to as the r value. An r value of 1 indicates a perfect
direct relationship, where the independent variable explains all of the
variation of the dependent variable. A value of �1 indicates a perfect
inverse relationship. Most r values fall between 1 and �1, but the closer
to 1 (or �1), the better the relationship. An r value of zero indicates no
relationship between the variables.

In a multivariable regression equation, the multiple R measures how
well the dependent variable is correlated to all of the independent vari-
ables in the regression equation. Multiple R measures the total amount
of variation in the dependent variable that is explained by the indepen-
dent variables. In our case, the value of 99.88% (B20) is very close to 1,
indicating that almost all of the variation in adjusted costs is explained
by sales.6

The square of the single or multiple R value, referred to as R-square
(or R2), measures the percentage of the variation in the dependent vari-
able explained by the independent variable. It is the main measure of the
goodness of fit. We obtain an R2 of 99.75% (B21), which means that sales
explains 99.75% of the variation in adjusted costs.

Adding more independent variables to the regression equation usu-
ally adds to R2, even when there is no true causality. In statistics, this is
called ‘‘spurious correlation.’’ The adjusted R2, which is 99.72% in our
example (B22), removes the expected spurious correlation in the ‘‘gross’’
R2.

k n � 12 2Adj R � R �� � � �n � 1 n � k � 1

where n is the number of observations and k is the number of indepen-
dent variables (also known as regressors).

Although the data in Table 2-1A are fictitious, in practice I have
found that regressions of adjusted costs versus sales usually give rise to
R2 values of 98% or better.7

Standard Error of the y-Estimate

The standard error of the y-estimate is another important regression sta-
tistic that gives us information about the reliability of the regression es-

6. Although the spreadsheet labels this statistic Multiple R, because our example is an OLS
regression, it is simply R.

7. This obviously does not apply to start-ups.



30 PART 1 Forecasting Cash Flows

timate. We can multiply the standard error of $16,014 (B23) by two to
calculate an approximate 95% confidence interval for the regression es-
timate. Thus, we are 95% sure that the true adjusted costs are within
�$32,028 of the regression estimate of total adjusted costs.8 Dividing
$64,000 by the mean of adjusted costs (approximately $1 million) leads
to a 95% confidence interval that varies by about �3%, or 6% total. Later
in the chapter we will calculate precise confidence intervals.

The Mean of a and b

Because a and b are specific numbers that we calculate in a regression
analysis, it is easy to lose sight of the fact that they are not simply num-
bers, but rather random variables. Remember that we are trying to esti-
mate � and �, the true fixed and variable cost, which we will never know.
If we had 20 years of financial history for our Subject Company, we could
take any number of combinations of years for our regression analysis.
Suppose we had data for 1978–1997. We could use only the last five years,
1993–1997, or choose 1992–1995 and 1997, still keeping five years of data,
but excluding 1996—although there is no good reason to do so. We could
use 5, 6, 7, or more years of data. There are a large number of different
samples we can draw out of 20 years of data. Each different sample would
lead to a different calculation of a and b in our attempt to estimate � and
�, which is why a and b are random variables. Of course, we will never
be exactly correct in our estimate, and even if we were, there would be
no way to know it!

Equations (2-1) and (2-2) state that a and b are unbiased estimators
of � and �, which means that their expected values equal � and �. The
capital E is the expected value operator.

E (a) � � the mean of a is alpha (2-1)

E (b) � � the mean of b is beta (2-2)

The Variance of a and b

We want to do everything we can to minimize the variances of a and b
in order to improve their reliability as estimators of � and �. If their
variances are high, we cannot place much reliability on our regression
estimate of costs—something we would like to avoid.

Equations (2-3) and (2-4) below for the variance of a and b give us
important insights into deciding how many years of financial data to
gather and analyze. Common practice is that an appraisal should encom-
pass five years of data. Most appraisers consider anything older than five
years to be stale data, and anything less than five years insufficient. You
will see that the common practice may be wrong.

The mathematical definition for the variance of a is:

8. This is true at the sample mean of X, and the confidence interval widens as we move away
from that.
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T A B L E 2-2

OLS Regression: Example of Deviation from Mean

A B C D E F

5

6

7
8 Observation Year

Variable

Y

Expenses

X

Sales

x

Deviation
From Mean

x2

Squared Dev.
From Mean

9 1 1994 $ 80,000 $100,000 $(66,667) 4,444,444,444
10 2 1996 $115,000 $150,000 $(16,667) 277,777,778
11 3 1997 $195,000 $250,000 $ 83,333 6,9444,444,444
12 Total $500,000 $ - 11,666,666,667
13 Average $166,667

2�
Var (a) � (2-3)

n

where � 2 is the true and unobservable population variance around the
true regression line and n � number of observations.9 Therefore, the var-
iance of our estimate of fixed costs decreases with n, the number of years
of data. If n � 10, the variance of our estimate of � is 1⁄2 of its variance
if we use a sample of five years of data. The standard deviation of a,
which is the square root of its variance, decreases somewhat less dra-
matically than the variance, but significantly nonetheless. Having 10 years
of data reduces the standard deviation of our estimate of fixed costs by
29% vis-à-vis five years of data. Thus, having more years of data may
increase the reliability of our statistical estimate of fixed costs if the data
are not ‘‘stale,’’ that is, out of date due to changes in the business, all else
being constant.

The variance of b is equal to the population variance divided by the
sum of the squared deviations from the mean of the independent variable,
or:

2�
Var (b) � (2-4)n

2x� i
i�1

where xi � Xi � , the deviation of the independent variable of eachX
observation, Xi, from the mean, , of all its observations. In this context,X
it is each year’s sales minus the average of sales in the period of analysis.
Since we have no control over the numerator—indeed, we cannot even
know it—the denominator is the only portion where we can affect the
variance of b. Let’s take a further look at the denominator.

Table 2-2 is a simple example to illustrate the meaning of x versus
X. Expenses (Column C) is our Y (dependent) variable, and sales (Column

9. Technically this is true only when the y-axis is placed through the mean of x. The following
arguments are valid, however, in either case.
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D) is our X (independent) variable. The three years sales total $500,000
(cell D12), which averages to $166,667 (D13) per year, which is . ColumnX
E shows x, the deviation of each X observation from the sample mean,
, of $166,667. In 1995, x1 � $100,000 � $166,667 � �$66,667. In 1996, x2X

� $150,000 � $166,667 � �$16,667. Finally in 1997, x3 � $250,000 �
$166,667 � $83,333. The sum of all deviations is always zero, or

3

x � 0� i
i�1

Finally, Column F shows x2, the square of Column E. The sum of the
squared deviations,

3
2x � $11,666,666,667.� i

i�1

This squared term appears in several OLS formulas and is particularly
important in calculating the variance of b.

When we use relatively fewer years of data, there tends to be less
variation in sales. If sales are confined to a fairly narrow range, the
squared deviations in the denominator are relatively small, which makes
the variance of b large. The opposite is true when we use more years of
data. A countervailing consideration is that using more years of data may
lead to a higher sample variance, which is the regression estimate of � 2.
Thus, it is difficult to say in advance how many years of data are optimal.

This means that the common practice in the industry of using only
five years of data so as not to corrupt our analysis with stale data may
be incorrect if there are no significant structural changes in the competi-
tive environment. The number of years of available data that gives the
best overall statistical output for the regression equation is the most de-
sirable. Ideally, the analyst should experiment with different numbers of
years of data and let the regression statistics—the adjusted R2, t-statistics,
and standard error of the y-estimate—provide the feedback to making
the optimal choice of how many years of data to use.

Sometimes prior data can truly be stale. For example, if the number
of competitors in the Company’s geographic area doubled, this would
tend to drive down prices relative to costs, resulting in a decreased con-
tribution margin and an increase in variable costs per dollar of sales. In
this case, using the old data without adjustment would distort the re-
gression results. Nevertheless, it may be advisable in some circumstances
to use some of the old data—with adjustments—in order to have enough
data points for analysis. In the example of more competition in later years,
it is possible to reduce the sales in the years prior to the competitive
change on a pro forma basis, keeping the costs the same. The regression
on this adjusted data is often likely to be more accurate than ‘‘winging
it’’ with only two or three years of fresh data.

Of course, the company’s management has its view of the future. It
is important for the appraiser to understand that view and consider it in
his or her statistical work.
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Confidence Intervals

Constructing confidence intervals around the regression estimates a and
b is another important step in using regression analysis. We would like
to be able to make a statement that we are 95% sure that the true variable
(either � or �) is within a specific range of numbers, with our regression
estimate (a or b) at the midpoint. To calculate the range, we must use the
Student’s t-distribution, which we define in equation (2-6).

We begin with a standardized normal (Z) distribution. A standard-
ized normal distribution of b—our estimate of �—is constructed by sub-
tracting the mean of b, which is �, and dividing by its standard deviation.

b � �
Z � (2-5)

2�/ x� i� i

Since we do not know �, the population standard deviation, the best
we can do is estimate it with s, the sample standard deviation. The result
is the Student’s t-distribution, or simply the t-distribution. Figure 2-1
shows a z-distribution and a t-distribution. The t-distribution is very sim-
ilar to the normal (Z) distribution, with t being slightly more spread out.
The equation for the t-distribution is:

b � �
t � (2-6)

2s/ x� i� i

where the denominator is the standard error of b, commonly denoted as
sb (the standard error of a is sa).

Since � is unobservable, we have to make an assumption about it in
order to calculate a t-distribution for it. The usual procedure is to test for
the probability that, regardless of the regression’s estimate of �—which
is our b—the true � is really zero. In statistics, this is known as the ‘‘null
hypothesis.’’ The magnitude of the t-statistic is indicative of our ability
to reject the null hypothesis for an individual variable in the regression
equation. When we reject the null hypothesis, we are saying that our
regression estimate of � is statistically significant.

We can construct 95% confidence intervals around our estimate, b, of
the unknown �. This means that we are 95% sure the correct value of �
is in the interval described in equation (2-7).

� � b � t s (2-7)0.025 b

Formula for 95% confidence interval for the slope

Figure 2-2 shows a graph of the confidence interval. The graph is a
t-distribution, with its center at b, our regression estimate of �. The mark-
ings on the x-axis are the number of standard errors below or above b.
As mentioned before, we denote the standard error of b as sb. The lower
boundary of the 95% confidence interval is b � t0.025 sb, and the upper
boundary of boundary of the 95% confidence interval is b � t0.025 sb. The
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F I G U R E 2-1
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F I G U R E 2-2

t-distribution of B around the Estimate b
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T A B L E 2-3

Abbreviated Table of T-Statistics

A B C D

4 Selected t Statistics

5 d.f.\Pr. 0.050 0.025 0.010
6 3 2.353 3.182 4.541
7 8 1.860 2.306 2.896
8 12 1.782 2.179 2.681
9 120 1.658 1.980 2.358
10 Infinity 1.645 1.960 2.326

area under the curve for any given interval is the probability that � will
be in that interval.

The t-distribution values are found in standard tables in most statis-
tics books. It is very important to use the 0.025 probability column in the
tables for a 95% confidence interval, not the 0.05 column. The 0.025 col-
umn tells us that for the given degrees of freedom there is a 21⁄2% prob-
ability that the true and unobservable � is higher than the upper end of
the 95% confidence interval and a 21⁄2% probability that the true and
unobservable � is lower than the lower end of the 95% confidence interval
(see Figure 2-2). The degrees of freedom is equal to n � k � 1, where n
is the number of observations and k is the number of independent vari-
ables.

Table 2-3 is an excerpt from a t-distribution table. We use the 0.025
column for a 95% confidence interval. To select the appropriate row in
the table, we need to know the number of degrees of freedom. Assuming
n � 10 observations and k � one independent variable, there are eight
degrees of freedom (10 � 1 � 1). The t-statistic in Table 2-3 is 2.306 (C7).
That means that we must go 2.306 standard errors below and above our
regression estimate to achieve a 95% confidence interval for �. The re-
gression itself will provide us with the standard error of �. As n, the
number of observations, goes to infinity, the t-distribution becomes a z-
distribution. When n is large—over 100—the t-distribution is very close
to a standardized normal distribution. You can see this in Table 2-3 in
that the standard errors in Row 9 are very close to those in Row 10, the
latter of which is equivalent to a standardized normal distribution.

The t-statistics for our regression in Table 2-1B are 3.82 (D33) and
56.94 (D34). The P-value, also known as the probability (or prob) value,
represents the level at which we can reject the null hypothesis. One minus
the P-value is the level of statistical significance of the y-intercept and
independent variable(s). The P-values of 0.005 (E33) and 10�11 (E34) mean
that the y-intercept and slope coefficients are significant at the 99.5% and
99.9%� levels, respectively, which means we are 99.5% sure that the true
y-intercept is not zero and 99.9% sure that the true slope is not zero.10

10. For spreadsheets that do not provide P-values, another way of calculating the statistical
significance is to look up the t-statistics in a Student’s t-distribution table and find the level
of statistical significance that corresponds to the t-statistic obtained in the regression.
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The F test is another method of testing the null hypothesis. In mul-
tivariable regressions, the F-statistic measures whether the independent
variables as a group explain a statistically significant portion of the var-
iation in Y.

We interpret the confidence intervals as follows: there is a 95% prob-
ability that true fixed costs (the y-intercept) fall between $22,496 (F33) and
$91,045 (G33); similarly, there is a 95% probability that the true variable
cost (the slope coefficient) falls between $0.77 (F34) and $0.84 (G34).

The denominator of equation (2-6) is called the standard error of b,
or sb. The standard error of the Y-estimate, which is defined as

n1 2ˆs � (Y � Y )� i i�n � 2 i�1

is $16,014 (B23). The larger the amount of scatter of the points around
the regression line, the greater the standard error.11

Precise Confidence Intervals12

Earlier in the chapter, we estimated 95% confidence intervals by subtract-
ing and adding two standard errors of the y-estimate around the regres-
sion estimate. In this section, we demonstrate how to calculate precise
95% confidence intervals around the regression estimate using the equa-
tions:

21 xo�t s � (2-8)0.25 2�n x� i

95% confidence interval for the mean forecast

21 xo�t s � � 1 (2-9)0.025 2�n x� i

95% confidence interval for a specific year’s forecast

In the context of forecasting adjusted costs as a function of sales,
equation (2-8) is the formula for the 95% confidence interval for the mean
adjusted cost, while equation (2-9) is the 95% confidence interval for the
costs in a particular year. We will explain what that means at the end of
this section, after we present some material that illustrates this in Table
2-1B, page 2.

Note that these confidence intervals are different than those in equa-
tion (2-7), which was around the forecast slope only, i.e., b. In this section,

11. This standard error of the Y-estimate applies to the mean of our estimate of costs, i.e., the
average error if we estimate adjusted costs and expenses many times. This is appropriate in
valuation, as a valuation is a forecast of net income and/or cash flows for an infinite
number of years. The standard error—and hence 95% confidence interval—for a single
year’s costs is higher.

12. This section is optional, as the material is somewhat advanced, and it is not necessary to
understand this in order to be able to use regression analysis in business valuation.
Nevertheless, it will enhance your understanding should you choose to read it.
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we are calculating confidence intervals around the entire regression fore-
cast.

The first 15 rows of Table 2-1B, page 2, are identical to the first page
and require no explanation. The $989,032 in B16 is the average of the 10
years of sales in B6–B15.

Column D is the deviation of each observation from the mean, which
is the sales in Column B minus the mean sales in B16. For example, D6
(�$739,032) is equal to B6 ($250,000) minus B16 ($989,032). D7
(�$489,032) equals B7 ($500,000) minus B16 ($989,032). The total of all
deviations from the mean must always equal zero, which it does (D16).
Column E is the squared deviations, i.e., the square of Column D. In
statistics, the independent variable(s) is known as X, while the deviations
from the mean are known as x, which explains the column labels in B5
and D5. The sum of squared deviations,

1997
2x� i

i�1988

equals 1.28 � 1012 (E16).
The next step is to compute the squared deviations for our sample

forecast year. We assume that forecast sales for 1997 is $1.6 million (B17).
We repeat the coefficients from the regression formula from the first page
of the table in B36 and B37. Applying the regression equation, we would
then forecast expenses at $1,343,928 (C17).

In order to compute a 95% confidence interval around the expense
forecast of $1,343,928, we apply equations (2-8) and (2-9). 1998 forecast
sales are $610,968 (D17 � B17 � B16) above the mean of the historical
period. That is the x0 in (3-8) and (3-9). We square the term to get 3.73 �
1011 (E17). Then we divide that by the sum of the squared deviations in
the historical period 1.28 � 1012 (E16) to get 0.2905650 (F17), which we
repeat below in Row 28.

In Row 25, we insert the t-statistic of 2.306, which one can find in a
table for a 95% confidence level (the 0.025 column in a two-tailed distri-
bution) and eight degrees of freedom (n � 10 observations � 1 indepen-
dent variable � 1). In Row 26 we show the standard error of the y-
estimate of $16,014, which came from Table 2-1B, B23. Row 27 is 1/n �
1/10 � 0.1, where n is the number of observations.

Row 28 is a repetition of F17, the ratio of the squared deviation of
the forecast to the sum of the squared deviations of the independent
variables from their mean.

In B29 we add zero, and in C29 we add 1, according to equations
(2-8) and (2-9), respectively. We will explain the difference in the two
formulas shortly.

In Row 30 we add Rows 27 to 29, which are the terms in the square
root sign in the equations. Obviously, C30 � B30 � 1. In Row 31 we take
the square root of Row 30.

Finally, we are able to calculate our 95% confidence intervals as Row
25 � Row 26 � Row 31. The 95% confidence interval for the mean is
2.306 � $16,014 � 0.6249520 � $23,078 (B32), approximately 1.44 times
the size of the standard error of the y-estimate. The 95% confidence in-
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terval for the specific year’s cost forecast is $43,547 (C32), approximately
2.72 times the size of the standard error of the y-estimate. The 95% con-
fidence intervals are 1.7% (B33) and 3.2% (C33) of the forecast costs for
the mean and the specific year’s forecast, respectively.

You can see that both the calculation of 95% confidence interval for
the mean and the specific year’s forecast cost is roughly two times the
standard error of the y-estimate. Statisticians often loosely approximate
the 95% confidence intervals as two standard errors below and above the
regression estimate. Equations (2-8) and (2-9) are more precise.

Now we will discuss the difference between equations (2-8) and
(2-9). We forecast sales to be $1.6 million in 1998, which means that our
forecast of adjusted costs for that year according to the regression equa-
tion is $1,343,928. Of course, the actual expenses will not equal that num-
ber, even if actual sales by some miracle will equal forecast sales. The
95% confidence interval for the mean tells us that if we add and subtract
$23,078 to our forecast of $1,343,928, then we are 95% sure that the true
regression line at sales of $1.6 million should have been between
$1,320,850 and $1,367,006. If we would experience sales of $1.6 million
many times—say 1,000 times—we would be 95% sure that the average
cost would fall in our confidence interval.13 Equation (2-8) is the equation
describing this confidence interval.

That does not mean that we are 95% sure that costs would be be-
tween $1,320,850 and $1,367,006 in any particular year when sales is $1.6
million. We need a wider confidence interval to be 95% sure of costs in
a particular year, given a particular level of sales. Equation (2-9) describes
the confidence interval for a particular year.

Thus, the $23,078 confidence interval—meaning that we add and
subtract that number from forecast costs—appropriately quantifies our
long-run expectation of the confidence interval around forecast costs,
given the level of sales. In business valuation we are not very concerned
that every individual year conform to our forecasts. Rather, we are con-
cerned with the long-run accuracy of the regression equation. Thus, equa-
tion (2-8) is the relevant equation for 95% confidence intervals for valu-
ation analysts. Remember that the confidence interval expands the further
we move away from the mean of the historical period. Therefore, if we
forecast the costs to go with a forecast sales of, say, $5 million in the year
2005, the confidence interval around the cost estimate is wider than the
1.7% (B33) around 1998 forecast.

Selecting the Data Set and Regression Equation

Table 2-4 is otherwise identical to Table 2-1B, except that instead of all 10
years of data, it only contains the last 5 years. The regression equation
for the 5 years of data is (Table 2-4, B27 and B28)

Adjusted costs � $71,252 � ($0.79 � Sales)

Examining the regression statistics, we find that the adjusted R2 is

13. This ignores the need to recompute the regression equation with new data.
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T A B L E 2-4

Regression Analysis 1993–1997

A B C D E F G

4 Year Sales Adjusted Costs

5 1993 $1,123,600 $965,043
6 1994 $1,191,016 $1,012,745
7 1995 $1,262,477 $1,072,633
8 1996 $1,338,226 $1,122,714
9 1997 $1,415,000 $1,199,000

11 SUMMARY OUTPUT

13 Regression Statistics

14 Multiple R 99.79%
15 R square 99.58%
16 Adjusted R square 99.44%
17 Standard error 6,840
18 Observations 5

20 ANOVA

21 df SS MS F Significance F

22 Regression 1 3.35E�10 3.35E�10 716 1.15E�04
23 Residual 3 1.40E�08 4.68E�07
24 Total 4 3.36E�10

26 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

27 Intercept [1] 71,252 37,624 1.89 0.15 (48,485) 190,989
28 Sales [2] 0.79 0.03 26.75 0.00 0.70 0.89

[1] This is the regression estimate of fixed costs
[2] This is the regression estimate of variable costs

Regression Plot

y = 0.7924x + 71252

R2 = 0.9958
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99.44% (B16), still indicating an excellent relationship. We do see a dif-
ference in the t-statistics for the two regressions.

The t-statistic for the intercept is now 1.89 (D27), indicating it is no
longer significant at the 95% level, whereas it was 3.82 in Table 2-1B.
Another effect of fewer data is that the 95% confidence interval for the
intercept value is �$48,485 (F27) to $190,989 (G27), a range of $239,475.
In addition, the t-statistic for the slope coefficient, while still significant,
has fallen from 56.94 (Table 2-1B, D34) to 26.75 (D28). The 95% confidence
interval for the slope now becomes $0.70 (F28) to $0.89 (G28), a range
that is 31⁄2 times greater than that in Table 2-1B and indicates much more
uncertainty in the variable cost than we obtain using 10 years of data.

The standard error of the Y-estimate, however, decreases from
$16,014 (Table 2-1B, B23) to $6,840. This indicates that decreasing the
number of data points improves the Y-estimate, an opposite result from
all of the preceding. Why?

Earlier, we pointed out that using only a small range for the inde-
pendent variable leads to a small denominator in the variance of b, i.e.,

2�
n

2x� i
i�1

which leads to larger confidence intervals. However, larger data sets (us-
ing more years of data) tend to lead to a larger standard error of the y-
estimate, s. As we mentioned earlier,

n1 2ˆs � (Y � Y )� i i�n � 2 i�1

where i are the forecast (regression fitted) costs, Yi are the historicalŶ
costs, and n is the number of observations.14 Thus, we often have a trade-
off in deciding how many years of data to include in the regression. More
years of data leads to better confidence intervals, but fewer years may
lead to smaller standard errors of the y-estimate.

Table 2-4 was constructed to demonstrate that you should evaluate
all of the regression statistics carefully to determine if the relationship is
sufficiently strong to merit using it and which data set is best to use.
Simply looking at the adjusted R2 value is insufficient; all the regression
statistics should be evaluated in their entirety, as an improvement in one
may be counterbalanced by a deterioration in another. Therefore, it is best
to test different data sets and compare all of the regression statistics to
select the regression equation that represents the best overall relationship
between the variables.

14. We divide by n � 2 instead of n because it takes two points to determine a line. If we only had
two years of historical data, we could determine a regression line, but we would know
absolutely nothing about the variance around the line. It takes a minimum of three years of
data to be able to say anything at all about how well the regression line fits the data, and
three years is usually insufficient. It is much better to have at least five years of data,
though four years can often suffice.
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PROBLEMS WITH USING REGRESSION ANALYSIS FOR
FORECASTING COSTS

Although regression analysis is a powerful tool, its blind application can
lead to serious errors. Various problems can be encountered, and one
should be cognizant of the limitations of this technique. Aside from the
obvious problems of poor fit and insufficient data, structural changes in
the company can also invalidate the historical relationship of sales and
costs.

Insufficient Data

Insufficient data leads to increased error in the regression, which in turn
will lead to increased error in the forecast data. As mentioned previously,
to optimize the regression equation it is best to examine overlapping data
sets to determine which gives the best results.

Substantial Changes in Competition or Product/Service

Although regression analysis is applicable in most situations, substantial
structural changes in a business may render it inappropriate. As men-
tioned previously, the appraiser can often compensate for changes in the
competitive environment by making pro forma adjustments to historical
sales, keeping costs the same. However, when a company changes its
business, the past is less likely to be a good indicator of what may occur
in the future, depending on the significance of the change.

USING REGRESSION ANALYSIS TO FORECAST SALES

Table 2-5 is an example of using regression techniques to forecast sales.
In order to do this, it must be reasonable to assume that past performance
is a reasonable indicator of future expectations. If there are fundamental
changes in the industry that render the past a poor indicator of the future,
then regression may useless and even quite misleading. As cautioned by
Pratt, Reilly, and, Schweihs (1996), blind application of regression, where
past performance is the sole indicator of future sales, can be misleading
and incorrect. Instead, careful analysis is required to determine whether
past income generating forces will be duplicated in the future. Neverthe-
less, regression analysis is often useful as a benchmark in forecasting.

In our example in Table 2-5, the primary independent variable is
gross domestic product (GDP), which we show for the years 1988–1998
in billions of dollars in cells B5:B15 (the cell references separated by a
colon will be our way to indicate contiguous spreadsheet ranges). In C5:
C15, we show the square of GDP in billions of dollars, which is our
second potential independent variable.15 Our dependent variable is sales,
which appears in D5:D15.

15. Another variation of this procedure is to substitute the square root of GDP for its square.
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T A B L E 2-5

Regression Analysis of Sales as a Function of GDP [1]

A B C D E F G H I

4 Year GDP GDP2 Sales

5 1988 5,049.6 25,498,460.2 $1,000,000
6 1989 5,438.7 29,579,457.7 $1,090,000
7 1990 5,743.0 32,982,049.0 $1,177,200
8 1991 5,916.7 35,007,338.9 $1,259,604
9 1992 6,244.4 38,992,531.4 $1,341,478
10 1993 6,558.1 43,008,675.6 $1,442,089
11 1994 6,947.0 48,260,809.0 $1,528,614
12 1995 7,269.6 52,847,084.2 $1,617,274
13 1996 7,661.6 58,700,114.6 $1,706,224
14 1997 8,110.9 65,786,698.8 $1,812,010
15 1998 8,510.7 72,432,014.5 $1,929,791

17 SUMMARY OUTPUT

19 Regression Statistics

20 Multiple R 0.999156207
21 R square 0.998313125
22 Adjusted R square 0.997891407
23 Standard error 13893.80997
24 Observations 11

26 ANOVA

27 df SS MS F Significance F

28 Regression 2 9.13938E�11 4.5697E�11 2367.24925 8.0971E�12
29 Residual 8 1544303643 193037955.4
30 Total 10 9.15482E�11

32 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% Lower 95.0% Upper 95.0%

33 Intercept �824833.1304 182213.8131 �4.526732175 0.001932674 �1245019.209 �404647.0522 �1245019.209 �404647.0522
34 GDP 412.8368996 54.65310215 7.553768832 6.5848E-05 286.8065386 538.8672622 286.8065386 538.8672607
35 GDP2 �0.010625314 0.004016833 �2.64519663 0.029474667 �0.019888154 �0.001362473 �0.019888154 �0.001362473

[1] GDP, Gross Domestic Product, is in billions of dollars. GDP is a proxy for the overall economy.
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Spreadsheet Procedures to Perform Regression

It is mandatory to put the variables in columns and the time periods in
rows. Electronic spreadsheets will not permit you to perform regression
analysis with time in columns and the variables in rows. In other words,
we cannot transpose the data in Table 2-5, cells A4:D15 and still perform
a regression analysis.

Another requirement is that all cells must contain numeric data. You
cannot perform regression with blank cells or cells with alphanumeric
data in them. Also, you will receive an error message if one of your
independent variables is a multiple of another. For example, if each cell
in C5:C15 is three times the corresponding cell in B5:B15, then the x var-
iables are perfectly collinear and the regression produce an error message.

We will explain regression procedures in Microsoft Excel first, then
in Lotus 123.

In Excel, the procedure to perform the regression analysis is as fol-
lows:

1. Select Tools�Data Analysis�Regression. This will bring up a
dialog box and automatically places the cursor in Input Y
Range.16

2. For the Y range (which is the dependent variable, sales in our
example), click on the range icon with the red arrow
immediately to the right. Doing so minimizes the dialog box
and enables you to highlight the cell range D4:D15 with your
mouse.17 Note that we have included the label Sales in D4 in
this range. Click again on the range icon again to return to the
dialog box.

3. For the X range, which are the independent variables GDP and
GDP2 in our case, repeat the procedure in (2) and highlight the
range B4:C15.

4. Click on the box Labels, which will put a check mark in the
box.

5. Click on Output Range. Click on the box to the right, click on
the range icon with the red arrow, and then click on cell A17.
This tells the spreadsheet to begin the regression output at that
cell.

6. Click OK.

Excel now calculates the regression and outputs the data as shown
in the bottom half of Table 2-5.

The instructions for Lotus 123 are almost identical. The only differ-
ences are:

1. The command is Range�Analyze�Regression.
2. The ranges for the dependent and independent variables should

not include the label in Row 4. Thus they are D5:D15 and B5:
C15, respectively.

16. If Data Analysis is not yet enabled in Excel, you must select add-ins and then select
Analysis�ToolPak.

17. Excel actually shows the range with dollar signs, e.g., $D$4:$D$15
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3. Lotus 123 does not compute t-statistics for you.18 You will have
to do that manually by creating a formula. Divide the regression
coefficient by its standard error. Unfortunately, Lotus 123 does
not calculate the p-values either. You will have to look up your
results in a standard table of t-statistics. We will cover that later.

Examining the Regression Statistics

Once again, we look at the statistical measures resulting from the regres-
sion to determine how strong is the relationship between sales and time.
Adjusted R2 is 99.8% (B22), a near-perfect relationship. The t-statistics for
the independent variables, GDP and GDP2, are 7.55 (D34) and –2.65
(D35), both statistically significant. The easiest way to determine the level
of statistical significance is through the p-value. One minus the p-value
is the level of statistical significance. For GDP, the p-value is 6.5848 � 10�5

(E34), which is much less than 0.1%. Thus GNP is statistically significant
at a level greater than 100% � 0.1% � 99.9%. The square of GDP has a
p-value of 0.029 (E35), which indicates statistical significance at the 97.1%
level. We normally accept any regressor with significance greater than or
equal to 95%, and we may consider accepting a regressor that is signifi-
cant at the 90% to 95% level.

The standard error of the y-estimate, i.e., sales, is $13,894 (B23). Our
approximate 95% confidence interval is � two standard errors � �
$27,788, which is less than � 2% of the mean of sales.

In actual practice, adjusted R2 for a regression of sales of mature
firms is often above 90% and frequently around 98%.

Adding Industry-Specific Independent Variables

One should also consider adding industry-specific independent variables.
For example, when valuing a jeweler, we should try adding the price of
gold and silver (and the nonlinear transformations, i.e., squares, square
roots, and logarithms) as independent variables. When valuing a firm in
the oil industry, we should try using the price of a barrel of oil (and its
nonlinear transformations).

When valuing a coffee producer, we would want to have not only
the average price of coffee as an independent variable, but also the price
of tea and perhaps even sugar. The analyst should look to the prices of
the product itself, complements, and substitutes.

Once again, it is important to examine the statistical validity of the
relationship and use professional judgment to determine the usefulness
of the equation. Sales forecasts obtained from regression analysis can
serve as a benchmark from which adjustments can be made based on
qualitative factors that may influence future sales.

One should also keep in mind that just because a less quantitative
method of forecasting sales does not have an embarrassingly low R2 star-
ing the analyst in the face does not mean that it is superior to the re-

18. That is true of version 5, which is already at least four years old. If Lotus has added that
feature in a later version, I would not be aware of that.
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gression. It means we have no clue as to the reliability of the forecast. We
should always be uncomfortable with our ignorance.

Try All Combinations of Potential Independent Variables

It is important to try all combinations of independent variables. With a
statistics package, this is done automatically in using automated forward
or backward regression. However, statistics packages have their draw-
backs. They are not very user friendly in communicating with spread-
sheet programs, which most appraisers use in valuation analysis. Most
appraisers will find the spreadsheet regression capabilities more than ad-
equate.

Therefore, it is important to try all combinations of potential inde-
pendent variables in the regression process. For example, in regressing
sales against both GDP and GDP2, it is not at all unusual to find both
independent variables statistically insignificant when regressed together,
i.e., p-values greater than 0.05. However, they still may be statistically
significant when regressed individually. So it is important to regress sales
against GDP and perform a second regression against GDP2. This process
becomes more complicated with additional candidates for independent
variables.

APPLICATION OF REGRESSION ANALYSIS TO THE
GUIDELINE COMPANY METHOD

Valuation using the guideline company method involves the use of ratios
of stock price to: earnings (P/E multiples), cash flow (P/CF or P/EBIT
multiples), book value (P/BV multiples), sales (P/Sales), or other mea-
sures of income, cash flow, or value. The stock prices typically are those
of public companies in the same or similar business as the company.
Consideration is therefore given to the opinion of the informed investor
and what he or she is willing to pay for the stock of comparative public
companies adjusted for the specific circumstances of the company being
valued. While the use of ratios is common in valuation, regression anal-
ysis is more sophisticated and informative because it provides us with
statistical feedback on the strength of the relationship. Pratt, Reilly, and
Schweihs (1996) present a comprehensive chapter on use of the guideline
company method, so we will only discuss it within the context of regres-
sion analysis.

Table 2-6: Regression Analysis of Guideline Companies

Table 2-6 shows data from an actual guideline company analysis, with
the company names disguised in Column A. Column B contains the fair
market values (FMVs) (market capitalization) for 11 companies, ranging
from slightly over $3 million (B5) to over $150 million (B15). The average
FMV is $41.3 million (B16), with a standard deviation of $44.6 million
(B17). Net income (Column C) averages about $5.1 million (C16), with a
range of $600,000 to $16.9 million. We had to exclude companies A and
B, which were outliers with price earnings (PE) ratios over 60.
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T A B L E 2-6

Regression Analysis of Guideline Companies

A B C D E F G H I

4 Company FMV Net Income ln FMV ln NI 1/g g PE Ratio

5 C 3,165,958 602,465 14.9680 13.3088 20.0000 0.0500 5.2550
6 D 6,250,000 659,931 15.6481 13.3999 10.0000 0.1000 9.4707
7 E 12,698,131 1,375,000 16.3570 14.1340 10.5263 0.0950 9.2350
8 F 24,062,948 2,325,000 16.9962 14.6592 9.0909 0.1100 10.3497
9 G 23,210,578 2,673,415 16.9601 14.7989 12.1951 0.0820 8.6820
10 H 16,683,567 2,982,582 16.6299 14.9083 20.0000 0.0500 5.5937
11 I 37,545,523 4,369,808 17.4411 15.2902 12.5000 0.0800 8.5920
12 J 46,314,262 4,438,000 17.6510 15.3057 9.3023 0.1075 10.4358
13 K 36,068,550 7,384,000 17.4009 15.8148 20.8333 0.0480 4.8847
14 L 97,482,000 12,679,000 18.3952 16.3555 9.5238 0.1050 7.6885
15 M 150,388,518 16,865,443 18.8287 16.6408 9.0909 0.1100 8.9170
16 Average 41,260,912 5,123,149 17.0251 14.9651 13.0057 0.0852 8.1004
17 Standard deviation 44,558,275 5,233,919 1.1212 1.0814 4.8135 0.0252 1.9954

20 SUMMARY OUTPUT

22 Regression Statistics

23 Multiple R 0.997820486
24 R square 0.995645723
25 Adjusted R square 0.994557153
26 Standard error 0.082720079
27 Observations 11

29 ANOVA

30 df SS MS F Significance F

31 Regression 2 12.51701011 6.258505055 914.6369206 3.59471E-10
32 Residual 8 0.054740892 0.006842611
33 Total 10 12.571751

35 Coefficients Standard
Error

t Stat P-value Lower 95% Upper 95% Lower 95.0% Upper
95.0%

36 Intercept 3.430881701 0.390158993 8.79354767 2.19714E-05 2.531172869 4.330590533 2.531172869 4.330590533
37 ln NI 0.957081978 0.024655341 38.81844378 2.13125E-10 0.900226622 1.013937333 0.900226622 1.013937333
38 1/g �0.056021702 0.005538834 �10.11434967 7.79687E-06 �0.068794284 �0.04324912 �0.068794284 �0.04324912
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T A B L E 2-6 (continued)

Regression Analysis of Guideline Companies

A B C D E F G H I

40 Valuation

41 NI 100,000 200,000 300,000 400,000 500,000 1,000,000
42 In NI 11.5129 12.2061 12.6115 12.8992 13.1224 13.8155
43 X coefficient-NI 0.957081978 0.957081978 0.957081978 0.957081978 0.957081978 0.957081978
44 In NI � X coefficient 11.01881347 11.68221215 12.07027549 12.34561082 12.55917749 13.22257672
45 g 0.05 0.055 0.06 0.065 0.07 0.075
46 1/g 20 18.18181818 16.66666667 15.38461538 14.28571429 13.33333333
47 X coefficient-1 /g �0.056021702 �0.056021702 �0.056021702 �0.056021702 �0.056021702 �0.0560217
48 1/g � X coefficient �1.120434033 �1.018576394 �0.933695028 �0.861872333 �0.800310024 �0.746956022
49 Add intercept 3.430881701 3.430881701 3.43088176 3.430881701 3.430881701 3.430881702
50 Total � ln FMV 13.329261101 14.09451745 14.56746217 14.91462019 15.18974917 15.90650185
51 FMV $614,928 $1,321,816 $2,121,136 $3,001,492 $3,952,067 $8,092,934
52 PE Ratio 6.149284138 6.609082291 7.070452024 7.50373099 7.904133036 8.09293361

54 95% Confidence Intervals

55 2 Standard errors 0.165440158
56 e2 Std Err 1.179912352
57 e-2 Std Err 0.847520579
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First we will briefly describe the regression results for the regression
of FMV against net income. The regression yields an adjusted R2 of 94.6%
and a t-statistic for the x-coefficient of 12.4, which seems to indicate a
successful regression. The regression equation obtained for the complete
data set is:

FMV � �$1,272,335 � (8.3 � Net Income)

If we were to use to value a firm with net income of $100,000, the re-
gression would produce a value of �$442,000. Something is wrong!

The problem is that the full regression equation is:

FMV � a � b � Net Income � u (2-10)i

where ui is an error term, assumed to be normally distributed with an
expected value of zero. Our specific regression equation is:

�$1,272,335 � (8.3 � Net Income) � u (2-11)i

The problem is that this error term is additive and likely to be cor-
related to the size of the firm. When that occurs, we have a problem called
‘‘heteroscedasticity.’’

There are two possible solutions to the problem. The first is to use
weighted least squares (WLS) instead of ordinary least squares regression.
In WLS, we weight the extreme values less than the more mainstream
values. This usually will not produce a usable solution for a privately
held firm that is much smaller than the publicly traded guideline com-
panies.

The second possible solution is to use a log–log specification. In do-
ing so, we regress the natural logarithm of market capitalization as a
function of the natural logarithm of net income. Its form is:

ln FMV � a � b ln NI � u , i � guideline company 1, 2, 3, . . . ni i i

(2-12)

When we take antilogs, the original equation is:
bFMV � A NI v (2-13)i i i

where A � ea, vi � is Euler’s constant, and the expected value ofuie
vi � 1.

In equation (2-13), the regression equation x-coefficient, bi, from equa-
tion (2-12) for net income thus becomes an exponent to net income. If
b � 1, then size has no scaling effect on the FMV, and we would expect
price earnings ratios to be uncorrelated to size, all other things being
constant. If b � 1, then the price earnings multiple should rise with net
income, and the opposite is true of b � 1. Relating this to the log size
model in Chapter 4, we would thus expect to find b � 1 because over
long periods of time large firms have lower discount rates than small
firms, which means larger values relative to earnings.

Using equation (2-13), consider two identical errors of 20% for firms
i and j, where firm i has net income of $100,000 and firm j has net income
of $200,000. In other words, the error terms vi and vj are both 1.2.19 For

19. This means the error terms ui and uj in equation (2-12) are equal to ln (1.2) � 0.182.
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simplicity, suppose that b � 1 for both firms. The same statistical error in
the log of the fair market value of both firms produces an error in fair
market value that is twice as large in firm j as in firm i. This is a desirable
property, as it corresponds to our intuition that large firms will tend to
have larger absolute deviations from the regression determined values.
Thus, this form of regression is likely to be more successful than equation
(2-10) for valuing small firms.

Equation (2-10) is probably fine for valuing firms of the same size as
the guideline companies. When we apply equation (2–10) to various lev-
els of net income, we find the forecast FMVs are �$442,000, $0 (rounded),
$2.9 million, and $7.0 million for net incomes of $100,000, $154,000,
$500,000, and $1 million. Obviously equation (3-10) works poorly at the
low end. We would also have a similar, but opposite, scaling problem
forecasting value for a firm with net income of $5 billion. The additive
error term restricts the applicability of equation (2-10) to subject compa-
nies of similar size to the guideline companies.

There is an important possible enhancement to the regression equa-
tion, and that is the introduction of forecast growth as an independent
variable. The emergence of the Internet makes it easier to obtain growth
forecasts, although frequently there are no such estimates for smaller pub-
licly traded firms.

For a firm with constant forecast growth, a midyear Gordon model
is its proper valuation equation.

�1 � r
FMV � CF (2-14)t�1 r � g

In Chapter 4, we show that New York Stock Exchange returns are nega-
tively related to the natural logarithm of market capitalization (which can
also be referred to as fair market value or size), which means that there
is a nonlinear relationship between return and size. Therefore, the dis-
count rate, r, in equation (2-14) impounds a nonlinear size effect. To the
extent that there is a nonlinear size effect in equation (2-13), we should
hopefully pick that up in the b coefficient.

Note that in equation (2-14) there is a growth term, g, which appears
in the denominator of the Gordon model multiple. Thus, it is reasonable
to try 1/g as an additional independent variable in equation (2-13).

Continuing our description of Table 2-6, Column C is net income and
Columns D and E are the natural logarithms of FMV and net income.
These are actual data from a real valuation. Column G shows a growth
rate, and it is not actual data (which were unavailable). Column F is the
inverse of Column G, i.e., 1/g. Thus, Column D is our dependent variable
and Columns E and F are our independent variables.20

Adjusted R2 is 99.5% (B25), an excellent result. The standard error of
the y-estimate is 0.08272 (B26). The y-intercept is 3.43 (B36) and the x-
coefficients for ln NI and 1/g are 0.95708 and –0.05602 (B37, B38), re-
spectively.

20. Electronic spreadsheets require that the independent variables be in contiguous columns.
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On page 2 of Table 2-6, we show valuations for subject companies
with differing levels of net income and expected growth. Row 41 shows
firms with net incomes ranging from $100,000 to $1 million. Row 42 is
the natural log of net income.21 We multiply that by the x-coefficient for
net income in Row 43, which produces a subtotal in Row 44.

Row 45 contains our forecast of constant growth for the various sub-
ject companies. We are assuming growth of 5% per year for the $100,000
net income firm in Column B, and we increase the growth estimate by
0.5% for each firm. Row 46 is one divided by forecast growth.

In Row 47 we repeat the x-coefficient for 1/g from the regression,
and we multiply Row 46 � Row 47 � Row 48, which is another subtotal.

In Row 49 we repeat the y-intercept from the regression. In Row 50
we add Rows 44, 48, and 49, which is the natural logarithm of the forecast
FMV (at the marketable minority interest level). We must then exponen-
tiate that result, i.e., take the antilog. The Excel formula for B51 is �
EXP(B50).22 Finally, we calculate the P/E ratio in Row 52 as Row 51 di-
vided by Row 41.

The P/E ratio rises because of the increase in the forecast growth rate
across the columns. If all cells in Row 45 were equal to 0.05, then the PE
ratios in Row 52 would actually decline going to the right across the
columns. The reason for this is that the x-coefficient for ln NI is 0.95708
(page 1, B37) � 1. This is contrary to our expectations. If B38 were greater
than 1, then P/E ratios would rise with firm size, holding forecast growth
constant. Does this disprove the log size model? No. While all the rest of
the data are real, these growth rates are not actual. They are made up.
Also, one small sample of one industry at one point in time does not
generalize to all firms at all times.

In the absence of the made-up growth rates, the actual regression
yielded an adjusted R2 of 93.3% and a standard error of 0.2896 (not
shown).

95% Confidence Intervals
We multiply the standard error in B26 by 2 � 0.16544 (B55). To convert
the standard error of ln FMV to the standard error of FMV, we have to
exponentiate the two standard errors. In B56 we raise e, Euler’s constant,
to the power of B55. Thus, e0.16544 � 1.1799, which means the high side of
our 95% confidence interval is 18% higher than our estimate.23 To calcu-
late the low side of our 95% confidence interval, we raise e to the power
of two standard errors below the regression estimate. Thus B57 � e�0.16544

� 0.8475, which is approximately 15% below the regression estimate.
Thus our 95% confidence interval is the regression estimate �18% and
�15%. Using only the actual data that were available at the time, the
same regression without 1/g yielded confidence intervals of the regres-

21. The Excel formula for cell B42, for example, is � ln(B41). The Lotus 123 formula would be
@ln(B41).

22. In Lotus 123 the formula would be @exp(B50)
23. The Excel formula for cell B56 is �EXP(B55) and the Lotus 123 formula is @EXP(B55).

Similarly, the Excel formula for B57 is �EXP(�B55), and the Lotus 123 formula is
@EXP(�B55).
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sion estimate �78% and �56%. Obviously, growth can make a huge dif-
ference. Also, without growth, the x-coefficient for ln NI was slightly
above one, indicating increasing P/E multiples with size.

SUMMARY

Regression analysis is a powerful tool for use in forecasting future costs,
expenses, and sales and estimating fair market value. We should take care
in evaluating and selecting the input data, however, to arrive at mean-
ingful answer. Similarly, we should carefully scrutinize the regression out-
put to determine the significance of the variables and the amount of error
in the Y-estimate to determine if the overall relationship is meaningful.
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APPENDIX
The ANOVA table (Rows 28–32)

We have already discussed the importance of variance in regression anal-
ysis. The center section of Table A2-1, which is an extension of Table
2-1B, contains an analysis of variance (ANOVA) automatically generated
by the spreadsheet. We calculate the components of ANOVA in the top
portion of the table to ‘‘open up the black box’’ and show the reader
where the numbers come from.

First, we calculate the regression estimate of adjusted costs in Col-
umn D using the regression equation:

Costs � $56,770 � (0.80 � Sales) (B35, B36)

Next, we subtract the average actual adjusted cost of $852,420 (C18) from
the calculated costs in Column D to arrive at the deviation from the mean
in Column E. Note that the sum of the deviations is zero in cell E17, as
expected.

In Column F we square each deviation term in Column E and total
them in F17. The total, 831,414,202,481, is known as the sum of squares
and measures the amount of variation explained by the regression. In the
absence of a regression, our best estimate of costs for any year during the
1988–1997 period would be , the mean costs. Therefore, the differenceY
between the historical mean and the regression estimate (Column E) is
the absolute deviation explained by the regression. The square of that
(Column F) is the variance explained by the regression. This term appears
in the ANOVA table in C30 under SS (sum of squares).

The next term to the right in the ANOVA table is the mean squared
error (MS), which measures the variance explained by the regression. In
our case, the number is identical to the SS term (D30 � C30). This occurs
because we have only one independent variable, sales, and thus one de-
gree of freedom (B30) in the regression.

In Column G we calculate the difference between the each actual cost
and the calculated cost (the regression estimate) by subtracting the values
in Column D from Column C. Again, the sum of the deviations is zero.
We square the deviations and sum them to arrive at a value of
2,051,637,107 (H17). This second sum of squares, which appears in the
ANOVA table in cell C31, is the unexplained variation. We calculate the
corresponding mean square error term in Column I by dividing the val-
ues in Column H by 8, the number of degrees of freedom (B30). The sum
is 256,454,638 (I17), which appears in the ANOVA table in D31. This num-
ber represents the unexplained variance. Finally, we calculate the F-
statistic of 3,241 (E30) by dividing the explained variance (D30) by the
unexplained variance (D31).

The explained variation plus the unexplained equals the total vari-
ation. The correlation coefficient is

Explained Variation of Y
2R �

Total Variation of Y

In our case, the explained variation (C30) divided by the total variation
(C32) is equal to 99.75%, as seen in B23.
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T A B L E A2-1

Regression Analysis 1988–1997

A B C D E F G H I

4 Actual Calculated Deviation of
Calc.

Sum of Squares
[5]

Deviation of
Actual

Deviation from
Actual

Mean
Square [7]

5 Costs � [3]Ŷ from Mean
[4]

from Calc.
[6]

Squared [5]

6 Year Sales � X [1] Adj. Costs � Y [2] ˆ� Y � Y 2ˆ� (Y � Y) � Y � Ŷ � (Y � 2Y) � (Y � 2Ŷ) /8

7 1988 $250,000 $242,015 $257,889 �$594,532 353,467,822,773.69 �$15,874 251,983,658 31,497,957
8 1989 $500,000 $458,916 $459,007 -$393,413 154,773,949,895.09 �$92 8,399 1,050
9 1990 $750,000 $696,461 $660,126 �$192,295 36,977,294,181.16 $36,336 1,320,285,654 165,035,707
10 1991 $1,000,000 $863,159 $861,244 $8,824 77,855,631.91 $1,915 3,668,783 458,598
11 1992 $1,060,000 $891,517 $909,512 $57,092 3,259,496,294.19 -$17,995 323,821,415 40,477,677
12 1993 $1,123,600 $965,043 $960,677 $108,257 11,719,473,702.15 $4,366 19,064,659 2,383,082
13 1994 $1,191,016 $1,012,745 $1,014,911 $162,491 26,403,295,435.15 �$2,166 4,691,209 586,401
14 1995 $1,262,477 $1,072,633 $1,072,400 $219,979 48,390,920,118.80 $233 54,240 6,780
15 1996 $1,338,226 $1,122,714 $1,133,338 $280,917 78,914,430,752.87 �$10,623 112,853,095 14,106,637
16 1997 $1,415,000 $1,199,000 $1,195,101 $342,680 117,429,663,696.32 $3,899 15,205,993 1,900,749
17 Total $0 831,414,202,481 $0 2,051,637,107 256,454,638

18 $852,420 � Average Actual Adjusted Costs (Y)
19 SUMMARY OUTPUT

21 Regression Statistics

22 Multiple R 0.998768455
23 R square 0.997538427
24 Adjusted R square 0.99723073
25 Standard error 16014.20115
26 Observations 10
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28 ANOVA

29 df SS MS F Significance F

30 Regression 1 8.31414E�11 8.31414E�11 3241.954241 1.00493E-11
31 Residual 8 2051637107 256454638.3
32 Total 9 8.33466E�11

34 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% Lower 95.0% Upper 95.0%

35 Intercept 56770.40117 14863.25124 3.819514334 0.005093239 22495.66018 91045.14216 22495.66018 91045.14216
36 Sales � X [1] 0.804473578 0.0141289 56.93816156 1.00493E-11 0.771892255 0.8370549 0.771892255 0.8370549

[a] This sheet is an extension of Table 2-1B.
[1] from Table 2-1A, Row 7
[2] from Table 2-1A, Row 27
[3] Calculated costs using Costs � 0.80 � Sales � $56,806 with sales figures in Column B
[4] Deviation of calculated costs from average actual costs (Column D � C17) � Ŷ � Y
[5] Deviations squared
[6] Deviation of actual costs from calculated costs (Column C � Column D)
[7] Deviations squared / 8 (degrees of freedom)
[8] Regression estimate of fixed costs
[9] Regression estimate of variable costs
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INTRODUCTION

This chapter describes the derivation of annuity discount factors (ADFs)
and the Gordon model (Gordon and Shapiro 1956).1 The ADF is the pres-
ent value of a finite stream of cash flows (CF) with constant or zero
growth, assuming the first cash flow $1.00. Thus, the actual first year’s
cash flow times the ADF is the present value as of time zero of the stream
of cash flows from years 1 to n. Growth rates in cash flows may be pos-
itive, zero, or negative, the latter being a decline in cash flows.

The Gordon model is identical to the ADF, except that it produces
the present value of a perpetuity for each $1.00 of initial cash flow. The
resulting present value is known as the Gordon model multiple. When
using the Gordon model multiple, the discount rate must be larger than
the constant growth rate, which is not true of the ADF.

There are several varieties of ADFs, depending on whether the cash
flows:

● Are constant or grow/decline.
● Occur midyear or at the end of the year.
● Begin in the first year or at some other time.
● Occur every year or at regular, skipped intervals.
● Finish on a whole year or a fractional year.

This chapter begins with the derivation of the ADF and later shows
that the Gordon model, which is the present value of a perpetual annuity
with constant growth, is simply a special case of the ADF. We will dem-
onstrate that an ADF is actually the difference of two perpetuities.

There are several uses of ADFs, including:

● Calculating the present value of annuities. This application has
become far more important since the quantitative marketability
discount model (Mercer 1997) requires an ADF with growth (see
Chapter 8). While Mercer’s book has an approximation of the
ADF (at 276) that appears to be fairly accurate, this chapter
contains the exact formulas.

● Valuing periodic cash flows such as moving expenses, losses
from lawsuits, etc. This requires a specialized ADF called a
periodic perpetuity factor (PPF), which we develop later in the
chapter. Additionally, PPFs are useful for decisions in buying
new versus used income-producing equipment (such as CAT
scans, ships, or taxicabs) and for calculating the value of used
equipment.

● Calculating loan payments.
● Calculating loan principal amortization.
● Calculating the present value of a loan. This is important in
calculating the correct selling price of a business, as seller
financing typically takes place at less-than-market rates. The
present value of a loan is also important in ESOP valuation.

1. Gordon and Shapiro were preceded by Williams (1938). See also Gordon (1962).
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At first glance this chapter appears mathematically very intensive
and daunting in its use of geometric sequences. However, because the
primary concepts appear in equations (3-1) through (3-9), once you un-
derstand those equations, the remainder are merely special cases or slight
variations on the original theme and can easily be comprehended. While
the formulas look complex, we decompose them into units that behave
as modular building blocks, each of which has an intuitive explanation.
You will benefit from understanding the math in the body of the chapter,
as this material is useful in several areas of business valuation. Addition-
ally, you will also gain a much better understanding of the Gordon model,
which appraisers often use in discounted future net income or discounted
cash flow valuation.

ADFs are an area that many practitioners find difficult, leading to
many mistakes. Timing errors in ADFs frequently result from the fact that
the guideline company method uses the most recent historical earnings
for calculating P/E multiples, whereas the Gordon model uses the first
future period (forecast) cash flow as its earnings base. Many practitioners
confuse the two and use historical rather than forecast earnings as their
base in a discounted cash flow or discounted future net income approach.
Another common error is the use of end-of-year multiples when midyear
Gordon model multiples are appropriate.

The ADF formulas given within the chapter apply only to cash flow
streams that have a whole number of years associated with them. If the
cash flow stream ends in a fractional year, you should use the formulas
in the appendix for ADFs with stub periods.

Unless otherwise specified, all ADF formulas are for cash flows with
constant growth. At specific points in the chapter, we make the simpli-
fying assumption that growth is zero and clearly state when that is the
case. Otherwise the reader may assume growth is constant and non-zero.

Definitions

Let us initially consider an ADF with constant growth in cash flows,
where the last cash flow occurs in period n. We will use the following
definitions:

r � discount rate
g � annual growth rate in cash flows
ADF � annuity discount factor
PV � present value
CF � cash flow
LHS � left-hand side of the equation
RHS � right-hand side of the equation
n � terminal year of the cash flows
t � time (which can refer to a point in time or a year)

Denoting Time

Timing is frequently a source of confusion. Time t denotes the time period
under discussion. It generally refers to a specific year.2 Time t refers to

2. In the context of loan amortization, periods are usually months.
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the entire year, except for two contexts that we discuss in the paragraph
below. Thus, time t is a span of time, not a point in time.

There are two contexts in which time t means a point in time. The
first occurs with the statement t � 0, which means the beginning of the
period t � 1, i.e., usually the beginning of the first year of cash flows.
For example, if t � 1 represents the calendar year 2000, then t � 0 means
January 1, 2000, the first day of t � 1. Usually, but not always, t � 0 is
the valuation date. The other context in which t means a point in time is
when we specify either the beginning, midpoint, or end of t.

In business valuation, we generally assume that cash flows occur
approximately evenly throughout time t. In present value terms, that is
equivalent to assuming they occur at the midpoint of time t. Occasionally
it is appropriate to assume that cash flows occur at the end of the year,
which can be the case with annuities, royalties, etc. The former is com-
monly known as the midyear assumption, while the latter is known as the
end-of-year (or end year) assumption.

Another important concept related to time that can be confusing is
the valuation date, the point in time to which we discount the cash flows.
The valuation date is rarely the same as the first cash flow. The most
common valuation date in this chapter is as of time zero, i.e., t � 0. The
cash flows usually, but not always, either begin during Year 1 or occur at
the end of Year 1.

ADF WITH END-OF-YEAR CASH FLOWS

The ADF is the present value of a series of cash flows over n years with
constant growth, beginning with $1 of cash flow in Year 1. We multiply
by the first year’s forecast cash flow by the ADF to arrive at the PV of
the cash flow stream. For example, if the ADF is 9.367 and the first year’s
cash flow is $10,000, then the PV of the annuity is 9.367 � $10,000 �
$93,670.

We begin the calculation of the ADF by defining the cash flows and
discounting them to their present value. Initially, for simplicity, we as-
sume end-of-year cash flows. The PV of an annuity of $1, paid at the end
of the year for each of n years, is:

n�1$1 � (1 � g) $1 � (1 � g)$1
PV � � � � � � � (3-1)1 2 n(1 � r) (1 � r) (1 � r)

Factoring out the $1:
n�1(1 � g) (1 � g)1

PV � $1 � � � � � � � (3-1a)� �1 2 n(1 � r) (1 � r) (1 � r)

The ADF is the PV of the constant growth cash flows per $1 of starting
year cash flow. Dividing both sides of equation (3-1a) by $1, the left-hand
side becomes PV/$1, which equals the ADF. Thus, equation (3-1a) sim-
plifies to:

n�1(1 � g) (1 � g)1
ADF � � � � � � � (3-1b)1 2 n(1 � r) (1 � r) (1 � r)

The numerators in equation (3-1b) are the forecast cash flows them-
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selves, and the denominators are the present value factors for each cash
flow. As mentioned previously, the first year’s cash flow in an ADF cal-
culation is always defined as $1. With constant growth in cash flow, each
successive year is (1 � g) times the previous year’s cash flow, which
means that the cash flow in period n is (1 � g)n�1. The cash flow is not
(1 � g)n, because the first year’s cash flow is $1.00, not 1 � g. For example,
if g � 10%, the first year’s cash flow is, by definition, $1.00. The second
year’s cash flow is 1.1 � $1.00 � $1.10. The third year’s cash flow is 1.1
� $1.10 � 1.12 � $1.00 � 1.21. The fourth year’s cash flow is 1.13 � $1.00
� $1.331, etc. The denominators in equation (3-1b) discount the cash
flows in the numerator to their present value.

Next, we begin a series of algebraic manipulations which will ulti-
mately enable us to solve for the ADF and specify it in a formula. Mul-
tiplying equation (3-1b) by (1 � g)/(1 � r), we get:

n�1 n(1 � g) (1 � g) (1 � g) (1 � g)
ADF � � � � � � � (3-2)2 n�1(1 � r) (1 � r) (1 � r) (1 � r)n

Notice that most of the terms in equation (3-2) are identical to equation
(3-1b). We next subtract equation (3-2) from equation (3-1b). All of the
terms in the middle of the equation are identical and thus drop out. The
only terms that remain on the RHS after the subtraction are the first term
on the RHS of equation (3-1b) and the last term on the RHS of equation
(3-2).

n1 � g (1 � g)1
ADF � ADF � � (3-3)n�11 � r 1 � r (1 � r)

Next, we wish to simplify only the left-hand side of equation (3-3):

1 � g 1 � g
ADF � ADF � ADF 1 � (3-3a)� �1 � r 1 � r

Multiplying the 1 in the square brackets on the RHS of the equation
by (1 � r)/(1 � r), we get:

1 � g 1 � g1 � r
ADF 1 � � ADF �� � � �1 � r 1 � r 1 � r

(1 � r) � (1 � g) r � g
� ADF � ADF (3-3b)

1 � r 1 � r

Substituting the last expression of equation (3-3b) into the left-hand
side of equation (3-3), we get:

n(r � g) (1 � g)1
ADF � � (3-4)� �n�1(1 � r) (1 � r) (1 � r)

Multiplying both sides of the equation by (1 � r)/(r � g), we obtain:
n(1 � g)(1 � r) 1

ADF � � (3-5)� �n�1(r � g) (1 � r) (1 � r)

After canceling out the (1 � r), this simplifies to:
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n1 � g1 1
ADF � (3-6)�� � �r � g 1 � r r � g

ADF with growth and end-of-year cash flows
There are three alternative ways to regroup the terms in equation

(3-6) that will prove useful, which we label as equations (3-6a), (3-6b),
and (3-6c). In the first alternative expression for equation (3-6), we split
up the first term in the square brackets into two separate terms, placing
the denominator at the far right.

1 1 1nADF � (1 � g)� �nr � g r � g (1 � r) (3-6a)
first alternative expression for (3-6)

We derive the second alternative expression by simply factoring out
the 1/(r � g) from equation (3-6) and restate the equation as equation
(3-6b). It has the advantage of being more compact than equation (3-6).

n1 � g1
ADF � 1 �� � � �r � g 1 � r (3-6b)

second alternative expression for (3-6)

After we develop some additional results, we will be able to explain
equations (3-6) through (3-6b) intuitively. In the meantime, we will make
some substitutions in equation (3-6b) that will greatly simplify its form
and eventually make the ADF much more intuitive.

Note that the first term on the right-hand-side of equation (3-6b) is
the classical Gordon model multiple, 1/(r � g). Let’s denote it GM. The
next substitution that will simplify the expression is to let x � (1 � g)/
(1 � r). Then we can restate equation (3-6b) as:

nADF � GM (1 � x ) third alternative expression for (3-6) (3-6c)

Behavior of the ADF with Growth

The ADF is inversely related to r and directly related to g, i.e., an increase
in the discount rate decreases the ADF and vice-versa, while an increase
in the growth rate causes an increase in the ADF, and vice-versa.

Special Case of ADF when g � 0: The Ordinary Annuity

When g � 0, there is no growth in cash flows, and equation (3-6) sim-
plifies to equation (3-6d), the formula for an ordinary annuity.

1
1 � n1 1 1 (1 � r)

ADF � � , or ADF � (3-6d)nr (1 � r) r r

1/r is the PV of a perpetuity that is constant in nominal dollars, or a
Gordon model with g � 0.
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Special Case when n → � and r � g: The Gordon Model

The Gordon model is a financial formula that every business appraiser
knows—at least in the end-of-year form. It is the formula necessary to
calculate the present value of the perpetuity with constant growth in cash
flows in the terminal period (also known as the residual or reversion
period), i.e., from years n � 1 to infinity (after discounting the first n
years of cash flows or net income). To be valid, the growth rate must be
less than the discount rate.

What few practitioners know, however, is that the Gordon model is
merely a special case of the ADF. The Gordon model contains two ad-
ditional assumptions that the ADF in equation (3-6) does not have.

● The time horizon is infinite, which means that we assume cash
flows will grow at the constant rate of g forever. This means that
n, the terminal year of the cash flows, equals infinity.

● The discount rate is greater than the growth rate, i.e., r � g.

Since r � g,

n1 � g� �1 � r

goes to zero as n goes to infinity. Therefore, the entire term in square
brackets in equation (3-6) goes to zero, which simplifies to:

1
ADF � Gordon model multiple, end-of-year cash flows (3-7)

r � g

Equation (3-7) is the end-of-year Gordon model multiple. In other
words, the Gordon model multiple is just a special case of the ADF when
n equals infinity. Using this multiple, we obtain the Gordon model, with
end-of-year cash flows:

CF
PV � (3-8)

(r � g)

Another way of expressing equation (3-8) is rewriting it as:

1
PV � CF � (3-9)� �(r � g)

Thus, the present value of a perpetuity with growth contains two terms
conceptually:

● CF, the starting year’s forecast cash flow.3

● 1/(r � g), the Gordon model multiple, which when multiplied
by the first year’s forecast cash flow gives us the present value of
the perpetuity.

3. Note that you do not use historical cash flow (or earnings).
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Intuitively Understanding Equations (3-6) and (3-6a)

Now that we understand the Gordon model, we can gain deeper insight
into equation (3-6). The ADF is the difference of two perpetuities. The
first term, 1/(r � g), is the PV as of t � 0 of a perpetuity with cash flows
going from t � 1 to infinity. The second term is the PV as of t � 0 of a
perpetuity going from t � n � 1 to infinity, which is explained in the
next paragraph. The difference of the two is the PV as of t � 0 of the
annuity from t � 1 to n.

Let’s give an intuitive explanation of equation (3-6a). The (1 � g)n

is the forecast cash flow4 for Year (n � 1), which we then multiply by
1/(r � g), our familiar Gordon model multiple. The result is the PV as
of t � n of the forecast cash flows from n � 1 to infinity. Dividing by
(1 � r)n transforms the PV as of t � n to the PV as of t � 0.

Relationship between the ADF and the Gordon Model

The relationship between the ADF and Gordon model is so intimate that
we can derive the Gordon model from the ADF and vice-versa. The ADF
is the difference of two Gordon models, as illustrated graphically below
in Figure 3-1.

In graphical terms, the top line represents the Gordon model with
cash flows from t � 1 to infinity (our valuation date is actually time zero,
which is not shown on the graph). The cash flows in the second Gordon
model begin at t � n � 1 and continue to infinity. The difference between
these two Gordon models is simply the ADF from t � 1 to n.

F I G U R E 3-1

Timeline of the ADF and Gordon Model

  Gordon
1→∞

Minus

  Gordon
n+ →∞1

Equals

 ADF
1→n

 1            n        n+1          ∞

Table 3-1: Proof of ADF Equations (3-6) through (3-6b)

Table 3-1 is the valuation of a 10-year annuity, with a discount rate of
15% and an annual growth rate of 5.1%. All assumptions appear in cells

4. The first year’s cash flow is 1, or (1 + g)0. The second year’s cash flow is (1 + g)1. In general,
cash flow in Year t (1 + g)t�1.
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T A B L E 3-1

ADF: End-of-Year Formula

A B C D E F

4 t (Yrs) Cash Flow (CF) Growth in CF (1 � g)t�1 PV Factor NPV

5 1 1.00000 0.00000 1.00000 0.86957 0.86957
6 2 1.05100 0.05100 1.05100 0.75614 0.79471
7 3 1.10460 0.05360 1.10460 0.65752 0.72629
8 4 1.16094 0.05633 1.16094 0.57175 0.66377
9 5 1.22014 0.05921 1.22014 0.49718 0.60663
10 6 1.28237 0.06223 1.28237 0.43233 0.55440
11 7 1.34777 0.06540 1.34777 0.37594 0.50668
12 8 1.41651 0.06874 1.41651 0.32690 0.46306
13 9 1.48875 0.07224 1.48875 0.28426 0.42320
14 10 1.56468 0.07593 1.56468 0.24718 0.38676

15 Totals 5.99506

17 Calculation of NPV by formulas:

18 Grand
19 Time 1 to Infinity �(n � 1) to Infinity �1 to n Total

20 NPV 10.10101 �4.10595 5.99506 5.99506

22 Assumptions:

24 n � Number of years of cash flows 10
24 r � Discount rate 15.0%
26 g � Growth rate in net inc/cash flow 5.1%
27 x � (1 � g)/(1 � r) 0.9139
28 Gordon model multiple � GM � 1/(r � g) 10.101010

30 Spreadsheet formulas:

32 B20: GM � 1/(r � g)
33 C20: � GM*x	n
34 D20 B20 � C20
35 E20 GM * (1 � x	n) This is equation (3-6c)

F24 to F28. Recall that we define x � (1 � g)/(1 � r) � 0.9139 (F27).5 If
this were a perpetuity, the Gordon model multiple would be 10.101010
(F28).

We begin with a cash flow of $1.00 at the end of Year 1 (B5). Column
C shows the annual growth in cash flows at 5.1%.6 The cash flow in
Column B is always equal to the previous cash flow plus the growth in
the current period, where Cash Flowt � Cash Flowt�1 � Growtht. Column
D replicates the cash flow in Column C using the formula Cash Flow �
(1�g)t�1, which thus provides us with a general formula for the cash
flows. We multiply the cash flows in Column C by the end-of-year present
value factor in Column E to arrive at the present value of the cash flows

5. As mentioned in a previous footnote, we use i synonymously with r.
6. We can use the same formulas for other time periods, e.g., months instead of years. Then we

must use the monthly growth rate of 5.1%/12 � 0.4267% instead of the annual.
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in Column F. The sum of the present values of the 10 years of cash flows
is 5.99506 in F15. This is the ‘‘brute force’’ method of calculating the an-
nuity.

As we will demonstrate, equation (3-6) is a more compact and ele-
gant solution. Cell B20 contains the end-of-year Gordon multiple results
of the first term in equation (3-6), which equals F28. This is the present
value of the perpetuity of $1.00 growing at a constant 5.1% from Year 1
to infinity. In C20 we subtract the present value of the perpetuity from
Year n � 1 to infinity, which equals 4.10595 and is the term in equation
(3-6) in square brackets. The difference of the two perpetuities is 5.99506,
which equals F15, our brute force solution. Finally, E20 is the formula for
the entire equation, which equals the same 5.99506 calculated in D20 and
F15, proving the validity of equation (3-6), including its components. We
show the formulas for Row 20 at the bottom of Table 3-1. Note that the
formula in E20 is equation (3-6c).

A Brief Summary

To help you decide if you should read on, let’s take a look at what we
have covered so far, what we will cover in the remainder of the chapter,
and how difficult the material will be. We have thus far derived the end-
of-year ADF, examined its special cases (the Gordon model and the no-
growth formula), explained the intimate relationship of the ADF and the
Gordon model, explained the intuition behind the components of the
ADF model, and proved the model with an example.

The reader now should understand the principles of ADFs and Gor-
don models. If you are having difficulty with the mathematics, you may
wish to skip to the sections on Periodic Perpetuity Factors (PPFs) and
Relationship of the Gordon Model to the Price/Earnings Ratio, which are
of practical significance to most readers. However, you now should un-
derstand almost everything you will need to easily comprehend the rest
of the chapter. The rest of the chapter is primarily simple variations of
the derivations we have done thus far.

In the remainder of the chapter, we will cover:

● The midyear version of the ADF (with the same special cases of
the Gordon model and g � 0).

● Starting periods for the cash flows that are different than Year 1,
which is of practical significance in discounted cash flow analysis
in the calculation of the PV of the reversion.

● Calculating periodic perpetuity factors (PPFs), which are a
variation of the Gordon model for periodic expenses such as
moving expense and losses from lawsuits. Additionally, PPFs are
useful for decisions in buying new versus used income-
producing equipment (such as CAT scans, ships, or taxicabs) and
for calculating the value of used equipment.

● Calculating loan payments.
● Calculating the present value of loans.
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● The relationship of the Gordon model to the PE multiple, the
misunderstanding of which may well be the single most
common source of technical error in business valuation.

MIDYEAR CASH FLOWS

Most businesses have cash flows that more or less occur evenly through-
out the year. In a present value sense, this is approximately equivalent to
having all cash flows occur midway through the year. Thus, in valuing
most businesses, it is appropriate to use midyear cash flows rather than
end-of-year cash flows.

Midyear cash flows occur six months (one half-year) earlier than end-
of-year cash flows. We derive this formula in exactly the same fashion as
equation (3-6). We start with equation (3-1b); however, the denominators,
which are the time periods by which we discount the cash flows, are one
half-year less than those in equation (3-1b). We adjust for this difference
by multiplying every numerator by , which has the same effect�1 � r
as reducing the denominators by 0.5 years. We then factor the �1 � r
out of the sequence, resulting in a the midyear ADF that equals �1 � r
times the end-of-year ADF.

n�1 � r �1 � r1 � g
ADF � � midyear ADF (3-10)� �r � g 1 � r r � g

We interpret equation (3-10) in exactly the same fashion as equation
(3-6). We can factor out the Gordon model multiple as before and restate
equation (3-10) as equations (3-10a) and (3-10b) below. Note that equa-
tions (3-10a) and (3-10b) are identical to equations (3-6b) and (3-6c), re-
spectively, except that the Gordon model multiple is midyear instead of
end-of-year.

n�1 � r 1 � g
ADF � 1 � alternative expression for (3-10)� � � �r � g 1 � r

nADF � GM (1 � x ) second alternative expression for (3-10)
(3-10a)
(3-10b)

Table 3-2: Example of Equation (3-10) through (3-10b)

Table 3-2 is identical to Table 3-1, except that here we use the midyear
rather than end-of-year ADF. Note that the Gordon model multiple (GM)
in B20 and F28 is 10.83213 versus 10.101010 in Table 3-1. The GM in Table
3-2 is exactly times the GM in Table 3-1, i.e., 10.1010 ��1 � r �1.15
10.83213. This demonstrates the validity of equations (3-10) through
(3-10b), the midyear ADF.

Special Cases for Midyear Cash Flows: No Growth, g � 0

Letting g � 0 in the equation above, we obtain the following ADF for
midyear cash flows with no growth:
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T A B L E 3-2

ADF: Midyear Formula

A B C D E F

4 t (Yrs) Cash Flow (CF) Growth in CF (1 � g)t�1 PV Factor NPV

5 1 1.00000 0.00000 1.00000 0.93250 0.93250
6 2 1.05100 0.05100 1.05100 0.81087 0.85223
7 3 1.10460 0.05360 1.10460 0.70511 0.77886
8 4 1.16094 0.05633 1.16094 0.61314 0.71181
9 5 1.22014 0.05921 1.22014 0.53316 0.65053
10 6 1.28237 0.06223 1.28237 0.46362 0.59453
11 7 1.34777 0.06540 1.34777 0.40315 0.54335
12 8 1.41651 0.06874 1.41651 0.35056 0.49658
13 9 1.48875 0.07224 1.48875 0.30484 0.45383
14 10 1.56468 0.07593 1.56468 0.26508 0.41476

15 Totals 6.42899

17 Calculation of NPV by formulas:

18 Grand
19 Time 1 to Infinity �(n � 1) to Infinity �1 to n Total

20 NPV 10.83213 �4.40314 6.42899 6.42899

22 Assumptions:

24 n � Number of years of cash flows 10
25 r � Discount rate 15.0%
26 g � Growth rate in net inc/cash flow 5.1%
27 x � (1 � g)/(1 � r) 0.9139
28 Gordon model multiple � GM � SQRT(1 � r)/(r � g) 10.83213

30 Spreadsheet formulas:

32 B20: GM � SQRT(1 � r)/(r � G)
33 C20: � GM*x	n
34 D20 B20 � C20
35 E20 GM * (1 � x	n) This is equation (3-10b)

�1 � r �1 � r1
ADF � � midyear ADF, no growth (3-10c)nr (1 � r) r

This follows the same type of logic as equation (3-6), with modifi-
cation for growth being zero. The first and third terms on the RHS of
equation (3-10c) are midyear Gordon models for a constant $1 cash flow.
Since there is no growth of cash flows in this special case, the (1 � g)n

in equation (3-10) simplifies to 1 and drops out of the equation. The
1/(1 � r)n discounts the second Gordon model term from t � n back to
t � 0, i.e., it reduces the PV of the perpetuity to time zero. Again, the
ADF is the difference of two perpetuities: the first one with cash flows
from 1 to infinity, less the second one with cash flows from n � 1 to
infinity, the difference being cash flows from 1 to n.

We can rewrite equation (3-10c) as equation (3-10d) by factoring out
the .�1 � r/r

�1 � r 1
ADF � 1 � alternate expression for (3-10c),� �nr (1 � r)

midyear, no growth (3-10d)
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Gordon Model

Letting n → � in equation (3-10) leads us to the Gordon model.

�1 � r
PV � CF Gordon model—midyear (3-10e)

(r � g)

This can be split into the following terms:

�1 � r
CF � � �(r � g)

The first term is the forecast net income for the first year, and the second
term is the Gordon model multiple for a midyear cash flow.

STARTING PERIODS OTHER THAN YEAR 1

When cash flows begin in any year other than 1, it is necessary to use a
more general (and complicated) ADF formula. We will present formulas
for both the end-of-year and midyear cash flows when this occurs.

End-of-Year Formulas

In the following equations, S is the tarting year of the cash flows. Thes
end-of-year ADF is:

n�S�11 � g1 1 1
ADF � �� � � � S�1r � g 1 � r r � g (1 � r)

generalized end-of-year ADF (3-11)

Note that when S � 1, n � S � 1 � n, and equation (3-11) reduces to
equation (3-6).

The intuition behind this formula is that if we are standing at point
t � S � 1 looking at the cash flows that begin at S and end at n, they
would appear the same as if we were at t � 0 looking at a normal series
of cash flows that begin at t � 1. The only difference is that there are n
cash flows in the latter case and n � (S � 1) � n � S � 1 cash flows in
the former case.

Therefore, the term in square brackets, which is the PV of the cash
flows at t � S � 1, is the usual ADF formula, except that the exponent
of the second term in square brackets changes from n in equation (3-6)
to n � S � 1 in equation (3-11). If the cash flows begin in a year later
than Year 1, S � 1 and there are fewer years of cash flows from S to n
than there are from 1 to n.7 From the end of Year S � 1 to the end of
Year n, there are n � (S � 1) � n � S � 1 years.

In order to calculate the PV as of t � 0, it is necessary to discount
the cash flows S � 1 years using the term 1/(1 � r)S�1. Note that at S �
1, the term at the right—outside the brackets—becomes 1 and effectively

7. The converse is true for cash flows beginning in the past, where S is less than 1.
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drops out of the equation. The exponent within the square brackets, n �
S � 1, simplifies to n, and (3-11) simplifies to (3-6).

An alternative form of (3-11) with the Gordon model specifically fac-
tored out is:

n�S�11 � g1 1
ADF � 1 �� � � � S�1r � g 1 � t (1 � r)

generalized end-of-year ADF—alternative form (3-11a)

Valuation Date � 0

If the valuation date is different than t � 0, then we do not discount by
the entire S � 1 years. Letting the valuation date � v, then we discount
back to t � S � v � 1, the reason being that normally we discount S �
1 years, but in this case we will discount only to v, not to zero. Therefore,
we discount S � 1 � v years, which we restate as S � v � 1. For example,
if we want to value cash flows from t � 23 months to 34 months as of t
� 10 months,8 then we discount 23 � 10 � 1 � 12 months, or 1 year.
This formula is important in calculating the reduction in principal for an
amortizing loan. The formula is:

n�S�11 � g1 1 1
ADF � � generalized ADF:� � � � S�v�1r � g 1 � r r � g (1 � r)

end-of-year (3-11b)

where v � valuation date. We will demonstrate the accuracy of this for-
mula in Sections 2 and 3 of Table A3-3 in the Appendix.

Table 3-3: Example of Equation (3-11)

In Table 3-3, we begin with $1 of cash flows (C7) at t � 3.25 years, i.e.,
S � 3.25 (G40). The discount rate is 15% (G42), and cash flows grow at
5.1% (G43). In Year 4.25, cash flow grows 5.1% � $1.00 � $0.051 (B8),
which is equal to the prior year cash flow of $1.00 in C7 plus the growth
in the current year, for a total of $1.051 in C8. We continue in the same
fashion to calculate growth in cash flows and the actual cash flows
through the last year n � 22.25.

In Column D, we use the formula Cash Flow � (1 � g)t�S, which
duplicates the results in Column C. Thus, the formula in Column D is a
general formula for cash flow in any period.9

Next, we discount the cash flows to present value. In this table we
show both a two-step and a single-step discounting process.

8. We actually do this in Table A3-3 in the Appendix. In the context of loan payments, cash flows
are fixed, which means g � 0. Also, with loan payments we generally deal with time
measured in months, not years. To remain consistent, the discount rates must also be
monthly, not annual.

9. Note that when cash flows begin at t � 1, then (1 � g)t�S � (1 � g)t�1, which is the formula that
describes the cash flows in Column D in Tables 3-1 and 3-2. Thus, (1 � g)t�S is truly a
general formula for the cash flow.
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T A B L E 3-3

ADF with Cash Flows Starting in Year 3.25: End-of-Year Formula

A B C D E F G H

5

6 t (Yrs)

Cash Flow

Growth Cash Flow (1 � g)t�S

t � S � 1

PV Factor PV

t � 0

PV Factor PV

7 3.25 NA 1.00000 1.00000 0.86957 0.86957 0.63494 0.63494
8 4.25 0.05100 1.05100 1.05100 0.75614 0.79471 0.55212 0.58028
9 5.25 0.05360 1.10460 1.10460 0.65752 0.72629 0.48011 0.53032
10 6.25 0.05633 1.16094 1.16094 0.57175 0.66377 0.41748 0.48467
11 7.25 0.05921 1.22014 1.22014 0.49718 0.60663 0.36303 0.44295
12 8.25 0.06223 1.28237 1.28237 0.43233 0.55440 0.31568 0.40481
13 9.25 0.06540 1.34777 1.34777 0.37594 0.50668 0.27450 0.36997
14 10.25 0.06874 1.41651 1.41651 0.32690 0.46306 0.23870 0.33812
15 11.25 0.07224 1.48875 1.48875 0.28426 0.42320 0.20756 0.30901
16 12.25 0.07593 1.56468 1.56468 0.24718 0.38676 0.18049 0.28241
17 13.25 0.07980 1.64447 1.64447 0.21494 0.35347 0.15695 0.25810
18 14.25 0.08387 1.72834 1.72834 0.18691 0.32304 0.13648 0.23588
19 15.25 0.08815 1.81649 1.81649 0.16253 0.29523 0.11867 0.21557
20 16.25 0.09264 1.90913 1.90913 0.14133 0.26981 0.10320 0.19701
21 17.25 0.09737 2.00649 2.00649 0.12289 0.24659 0.08974 0.18005
22 18.25 0.10233 2.10883 2.10883 0.10686 0.22536 0.07803 0.16455
23 19.25 0.10755 2.21638 2.21638 0.09293 0.20596 0.06785 0.15039
24 20.25 0.11304 2.32941 2.32941 0.08081 0.18823 0.05900 0.13744
25 21.25 0.11880 2.44821 2.44821 0.07027 0.17202 0.05131 0.12561
26 22.25 0.12486 2.57307 2.57307 0.06110 0.15722 0.04461 0.11480
27 Pres. value (t � 2.25 for column F, t � 0 for column H) 8.43199 6.15687
28 Pres. value factor-discount from S � 1 (t � 2.25) to 0 0.73018
29 Present value (t � 0) 6.15687

31 Calculation of PV by formulas:

32 Grand
33 Time S to Infinity �(n � 1) to Infinity �S to n Total

34 t � S � 1 10.10101 �1.66902 8.43199 8.43199
35 PV Factor 0.73018 0.73018 0.73018 0.73018
36 t � 0 7.37555 �1.21869 6.15687 6.15687

38 Assumptions:

40 S � Beginning year of cash flows (valuation at t � 2.25) 3.25
41 n � Ending year of cash flows 22.25
42 r � Discount rate 15.0%
43 g � Growth rate in net inc/cash flow 5.1%
44 x � (1 � g)/(1 � r) 0.913913
45 Gordon model multiple � GM � [1/(r � g)] 10.101010

47 Spreadsheet formulas:

49
50
51
52
53
54

B34: GM Gordon model for years 3.25 to infinity as of t � 2.25
C34: �GM*(x	(n � S � 1)) Gordon model for years 23.25 to infinity as of t � 2.25
D34: B34 � C34
E34: GM*(1 � x	(n � S � 1)) grand total as of t � S � 1 � 2.25 years
Row 35: 1/(1 � r)	(S � 1) present value factor from t � S � 1 back to t � 0
Row 36: Row 34 * Row 35
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First, we demonstrate two-step discounting in Columns E and F. Col-
umn E contains the present value (PV) factors to discount the cash flows
to t � S � 1, the formula for which is 1/(1 � r)t�S�1. Column F is the PV
as of t � 2.25 Years. The present value of the cash flows total $8.43199
(F27). F28 is the PV factor, 0.73018, to discount that result back to t � 0
by multiplying it by F27, or $8.43199 � 0.73018 � $6.15687 (F29).

In Columns G and H, we perform the same procedures, the only
difference being that Column G contains the PV factors to discount back
to t � 0. Column H is the PV of the cash flows, which totals the same
$6.15687 (H27), which is the same result as F29. This demonstrates that
the two-step and the one-step present value calculation lead to the same
results, as long as they are done properly.

Cell B34 contains the Gordon model multiple 10.10101 for cash flows
from t � S (3.25) to infinity, which we can see calculated in G45. C34 is
the Gordon model multiple for t � n � 1 to infinity, discounted to t �
S � 1. Subtracting C34 from B34, we get the cash flows from S to n in
D34, or $8.43199, which also equals F27. Row 35 is the PV factor 0.73018,
and Row 34 � Row 35 � Row 36, the PV as of t � 0. The total for cash
flows from S � 3.25 to n appears in D36 as $6.15687.

In E34 we show the grand total cash flows, as per equation (3-11).
The spreadsheet formula for E34 is in A52, where GM is the Gordon
model multiple. The $8.43199 is the total of the cash flows from 3.25 to
22.25 as of t � 2.25 and corresponds to the term in equation (3-11) in
square brackets. The PV factor 0.73018 is the term in equation (3-11) to
the right of the square brackets, and the one multiplied by the other is
the entirety of equation (3-11). Note that E36 � D36 � F29 � H27, which
demonstrates the validity of equation (3-11).

Tables 3-4 through 3-6: Variations of Table 3-3 with S � 0,
Negative Growth, and r � g

Tables 3-4 through 3-6 are identical to Table 3-3. The only difference is
that Tables 3-4 through 3-6 have cash flows that begin in Year �2, (S �
�2.00 in G40). Additionally, in Table 3-5 growth is a negative 5.1% (G43),
instead of the usual positive 5.1% in the other tables.

In Table 3-6, r � g, so the discount rate is less than the growth rate,
which is impossible for a perpetuity but acceptable for a finite annuity.
Note that the Gordon model multiple is �20 (B34 and G45), which by
itself would be a nonsense result. Nevertheless, it still works for a finite
annuity, as the term for the cash flows from n � 1 to infinity is positive
and greater than the negative Gordon model multiple.10

In all cases, equation (3-11) performs perfectly, with D36 � E36 �
F29 � H27.

10. This is so because [(1 � g)/(1 � r)]n � 1, so when we multiply that term by the GM—which is
negative—the resulting term is negative and of greater magnitude than the GM itself. Since
we are subtracting a larger negative from the negative GM, the overall result is a positive
number.
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T A B L E 3-4

ADF with Cash Flows Starting in Year �2.00: End-of-Year Formula

A B C D E F G H

5

6 t (Yrs)

Cash Flow

Growth Cash Flow (1 � g)t�S

t � S � 1

PV Factor PV

t � 0

PV Factor PV

7 �2.00 NA 1.00000 1.00000 0.86957 0.86957 1.32250 1.32250
8 �1.00 0.05100 1.05100 1.05100 0.75614 0.79471 0.15000 1.20865
9 0.00 0.05360 1.10460 1.10460 0.65752 0.72629 1.00000 1.10460
10 1.00 0.05633 1.16094 1.16094 0.57175 0.66377 0.86957 1.00951
11 2.00 0.05921 1.22014 1.22014 0.49718 0.60663 0.75614 0.92260
12 3.00 0.06223 1.28237 1.28237 0.43233 0.55440 0.65752 0.84318
13 4.00 0.06540 1.34777 1.34777 0.37594 0.50668 0.57175 0.77059
14 5.00 0.06874 1.41651 1.41651 0.32690 0.46306 0.49718 0.70425
15 6.00 0.07224 1.48875 1.48875 0.28426 0.42320 0.43233 0.64363
16 7.00 0.07593 1.56468 1.56468 0.24718 0.38676 0.37594 0.58822
17 8.00 0.07980 1.64447 1.64447 0.21494 0.35347 0.32690 0.53758
18 9.00 0.08387 1.72834 1.72834 0.18691 0.32304 0.28426 0.49130
19 10.00 0.08815 1.81649 1.81649 0.16253 0.29523 0.24718 0.44901
20 11.00 0.09264 1.90913 1.90913 0.14133 0.26981 0.21494 0.41035
21 12.00 0.09737 2.00649 2.00649 0.12289 0.24659 0.18691 0.37503
22 13.00 0.10233 2.10883 2.10883 0.10686 0.22536 0.16253 0.34274
23 14.00 0.10755 2.21638 2.21638 0.09293 0.20596 0.14133 0.31324
24 15.00 0.11304 2.32941 2.32941 0.08081 0.18823 0.12289 0.28627
25 16.00 0.11880 2.44821 2.44821 0.07027 0.17202 0.10686 0.26163
26 17.00 0.12486 2.57307 2.57307 0.06110 0.15722 0.09293 0.23910
27 Pres. value (t � 2.25 for column F, t � 0 for column H) 8.43199 12.8240
28 Pres. value factor-from S � 1 (t � �3.00) to 0 1.52088
29 Present value (t � 0) 12.82400

31 Calculation of PV by formulas:

32 Grand
33 Time S to Infinity �(n � 1) to Infinity �S to n Total

34 t � S � 1 10.10101 �1.66902 8.43199 8.43199
35 PV factor 1.52088 1.52088 1.52088 0.73018
36 t � 0 15.36237 �2.53838 12.82400 12.82400

38 Assumptions:

40 S � Beginning year of cash flows (valuation at t � �3.00) �2.00
41 n � Ending year of cash flows 17.00
42 r � Discount rate 15.0%
43 g � Growth rate in net inc/cash flow 5.1%
44 x � (1 � g)/(1 � r) 0.913913
45 Gordon model multiple � GM � [1/(r � g)] 10.101010

47 Spreadsheet formulas:

49
50
51
52
53
54

B34: GM Gordon model for years �2.00 to infinity as of t � �3.00
C34: �GM*(x	(n � S � 1)) Gordon model for years 18.00 to infinity as of t � �3.00
D34: B34 � C34
E34: GM*(1 � x	(n � S � 1)) grand total as of t � S � 1 � �3.00 years
Row 35: 1/(1 � r)	(S � 1) present value factor from t � S � 1 back to t � 0
Row 36: Row 34 * Row 35
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T A B L E 3-5

ADF with Cash Flows Starting in Year �2.00 with Negative Growth: End-of-Year Formula

A B C D E F G H

5

6 t (Yrs)

Cash Flow

Growth Cash Flow (1 � g)t�S

t � S � 1

PV Factor PV

t � 0

PV Factor PV

7 �2.00 NA 1.00000 1.00000 0.86957 0.86957 1.32250 1.32250
8 �1.00 �0.05100 0.94900 0.94900 0.75614 0.71758 0.15000 1.09135
9 0.00 �0.04840 0.90060 0.90060 0.65752 0.59216 1.00000 1.90060
10 1.00 �0.04593 0.85467 0.85467 0.57175 0.48866 0.86957 0.74319
11 2.00 �0.04359 0.81108 0.81108 0.49718 0.40325 0.75614 0.61329
12 3.00 �0.04137 0.76972 0.76972 0.43233 0.33277 0.65752 0.50610
13 4.00 �0.03926 0.73046 0.73046 0.37594 0.27461 0.57175 0.41764
14 5.00 �0.03725 0.69321 0.69321 0.32690 0.22661 0.49718 0.34465
15 6.00 �0.03535 0.65785 0.65785 0.28426 0.18700 0.43233 0.28441
16 7.00 �0.03355 0.62430 0.62430 0.24718 0.15432 0.37594 0.23470
17 8.00 �0.03184 0.59246 0.59246 0.21494 0.12735 0.32690 0.19368
18 9.00 �0.03022 0.56225 0.56225 0.18691 0.10509 0.28426 0.15983
19 10.00 �0.02867 0.53357 0.53357 0.16253 0.08672 0.24718 0.13189
20 11.00 �0.02721 0.50636 0.50636 0.14133 0.07156 0.21494 0.10884
21 12.00 �0.02582 0.48054 0.48054 0.12289 0.05906 0.18691 0.08982
22 13.00 �0.02451 0.45603 0.45603 0.10686 0.04873 0.16253 0.07412
23 14.00 �0.02326 0.43277 0.43277 0.09293 0.04022 0.14133 0.06116
24 15.00 �0.02207 0.41070 0.41070 0.08081 0.03319 0.12289 0.05047
25 16.00 �0.02095 0.38976 0.38976 0.07027 0.02739 0.10686 0.04165
26 17.00 �0.01988 0.36988 0.36988 0.06110 0.02260 0.09293 0.03437
27 Pres. value (t � 2.25 for column F, t � 0 for column H) 4.86842 7.40426
28 Pres. value factor-from S � 1 (t � �3.00) to 0 1.52088
29 Present value (t � 0) 7.40426

31 Calculation of PV by formulas:

32 Grand
33 Time S to Infinity �(n � 1) to Infinity �S to n Total

34 t � S � 1 4.97512 �0.10670 4.86842 4.86842
35 PV Factor 1.52088 1.52088 1.52088 1.52088
36 t � 0 7.56654 �0.16228 7.40426 7.40426

38 Assumptions:

40 S � Beginning year of cash flows (valuation at t � �3.00) �2.00
41 n � Ending year of cash flows 17.00
42 r � Discount rate 15.0%
43 g � Growth rate in net inc/cash flow �5.1%
44 x � (1 � g)/(1 � r) 0.825217
45 Gordon model multiple � GM � [1/(r � g)] 4.975124

47 Spreadsheet formulas:

49
50
51
52
53
54

B34: GM Gordon model for years �2.00 to infinity as of t � �3.00
C34: �GM*(x	(n � S � 1)) Gordon model for years 18.00 to infinity as of t � �3.00
D34: B34 � C34
E34: GM*(1 � x	(n � S � 1)) grand total as of t � S � 1 � �3.00 years
Row 35: 1/(1 � r)	(S � 1) present value factor from t � S � 1 back to t � 0
Row 36: Row 34 * Row 35
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T A B L E 3-6

ADF with Cash Flows Starting in Year �2.00 with g � r: End-of-Year Formula

A B C D E F G H

5

6 t (Yrs)

Cash Flow

Growth Cash Flow (1 � g)t�S

t � S � 1

PV Factor PV

t � 0

PV Factor PV

7 �2.00 NA 1.00000 1.00000 0.86957 0.86957 1.32250 1.32250
8 �1.00 �0.20000 1.20000 1.20000 0.75614 0.90737 0.15000 1.38000
9 0.00 0.24000 1.44000 1.44000 0.65752 0.94682 1.00000 1.44000
10 1.00 0.28800 1.72800 1.72800 0.57175 0.98799 0.86957 1.50261
11 2.00 �0.34560 2.07360 2.07360 0.49718 1.03095 0.75614 1.56794
12 3.00 �0.41472 2.48832 2.48832 0.43233 0.07577 0.65752 1.63611
13 4.00 0.49766 2.98598 2.98598 0.37594 1.12254 0.57175 1.70725
14 5.00 0.59720 3.58318 3.58318 0.32690 1.17135 0.49718 1.78147
15 6.00 0.71664 4.29982 4.29982 0.28426 1.22228 0.43233 1.85893
16 7.00 0.85996 5.15978 5.15978 0.24718 1.27542 0.37594 1.93975
17 8.00 1.03196 6.19174 6.19174 0.21494 1.33087 0.32690 2.02409
18 9.00 1.23835 7.43008 7.43008 0.18691 1.38874 0.28426 2.11209
19 10.00 1.48602 8.91610 8.91610 0.16253 1.44912 0.24718 2.20392
20 11.00 1.78322 10.69932 10.69932 0.14133 1.51212 0.21494 2.29974
21 12.00 2.13986 12.83918 12.83918 0.12289 1.57786 0.18691 2.39974
22 13.00 2.56784 15.40702 15.40702 0.10686 1.64647 0.16253 2.50407
23 14.00 3.08140 18.48843 18.48843 0.09293 1.71805 0.14133 2.61294
24 15.00 3.69769 22.18611 22.18611 0.08081 1.79275 0.12289 2.72655
25 16.00 4.43722 26.62333 26.62333 0.07027 1.87070 0.10686 2.84510
26 17.00 5.32467 31.94800 31.94800 0.06110 1.95203 0.09293 2.96880
27 Pres. value (t � �3.00 for column F, t � 0 for column H) 26.84876 40.83361
28 Pres. value factor-From S � 1 (t � �3.00) to 0 1.52088
29 Present Value (t � 0) 40.83361

31 Calculation of PV by formulas:

32 Grand
33 Time S to Infinity �(n � 1) to Infinity �S to n Total

34 t � S � 1 �20.00000 46.84876 26.84876 26.84876
35 PV Factor 1.52088 1.52088 1.52088 1.52088
36 t � 0 �30.41750 71.25111 40.83361 40.83361

38 Assumptions:

40 S � Beginning year of cash flows (valuation at t � �3.00) �2.00
41 n � Ending year of cash flows 17.00
42 r � Discount rate 15.0%
43 g � Growth rate in net inc/cash flow 20.0%
44 x � (1 � g)/(1 � r) 1.043478
45 Gordon model multiple � GM � [1/(r � g)] �20.000000

47 Spreadsheet formulas:

49
50
51
52
53
54

B34: GM Gordon model for years �2.00 to infinity as of t � �3.00
C34: �GM*(x	(n � S � 1)) Gordon model for years 18.00 to infinity as of t � �3.00
D34: B34 � C34
E34: GM*(1 � x	(n � S � 1)) grand total as of t � S � 1 � �3.00 years
Row 35: 1/(1 � r)	(S � 1) present value factor from t � S � 1 back to t � 0
Row 36: Row 34 * Row 35
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Special Case: No Growth, g � 0

Setting g � 0, equation (3-11) reduces to:

1 1 1 1
ADF � �� �n�S�1 S�1r (1 � r) r (1 � r)

1 1 1
� 1 � ADF: no growth (3-11c)� �n�S�1 S�1r (1 � r) (1 � r)

This formula is useful in calculating loan amortization, as the reader can
see in the loan amortization section of the Appendix to this chapter.

Generalized Gordon Model

If we start with cash flows at any year other than Year 1, then we have
to use a generalized Gordon model. Letting n → � in equation (3-11), the
end-of-year formula is:

1 1
PV � CF (3-11d)S�1(r � g) (1 � r)

This is the formula for the PV of the reversion (the cash flows from t �
n � 1 to infinity) that every appraiser uses in every discounted cash flow
analysis. This is exactly what appraisers do in calculating the PV of the
reversion, i.e., the infinity of time that follows the discounted cash flow
forecasts for the first n years. For example, suppose we do a five-year
forecast of cash flows in a discounted cash flow analysis and calculate its
PV. We must then calculate the PV of the reversion, which is the sixth-
year cash flow multiplied by the Gordon model and then discounted five
years to t � 0, or:

1 1
PV � CF (3-11e)6 5r � g (1 � r)

The reason we discount five years and not six is that after discount-
ing the first five years’ cash flows to PV, we are standing at the end of
Year 5 looking at the infinity of cash flows that we forecast to occur be-
ginning with Year 6. The Gordon model requires us to use the first fore-
cast year’s cash flow, which is why we use CF6 and not CF5, but we still
must discount the cash flows from the end of Year 5, or five years. The
first two terms on the right-hand side of equation (3-11d) give us the
formula for the PV of the cash flows from Years 6 to infinity as of
the end of Year 5, and the final term on the right discounts that back to
t � 0.

Midyear Formula

When the starting period is not in Year 1, the midyear ADF formula is:
n�S�1�1 � r �1 � r1 � g 1

ADF � �� � � � S�1r � g 1 � r r � g (1 � r)
n�S�1�1 � r 1 � g 1

� 1 � (3-12)� � � � S�1r � g 1 � r (1 � r)

Note that at S � 1, the term at the right—outside the brackets—becomes
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1 and effectively drops out of the equation, which renders equation
(3-12) equivalent to equation (3-10). The midyear ADF in equation (3-12)
is identical to the end-of-year ADF in equation (3-11), except that we
replace the two Gordon model terms with the value 1 in the latter.�1 � r

PERIODIC PERPETUITY FACTORS (PPFs): PERPETUITIES
FOR PERIODIC CASH FLOWS

Thus far, all ADFs and Gordon model perpetuities have been for contig-
uous cash flows. In this section we develop perpetuities for periodic cash
flows that occur only at regular intervals or cycles. To my knowledge,
these formulas are my own creation, and I call them periodic perpetuity
factors (PPFs). PPFs are really Gordon model multiples for periodic (non-
contiguous) cash flows and for contiguous cash flows that have repeating
patterns.

The example we use here arose in Chapter 2 in dealing with moving
expenses. Every small to midsize company that is growing in real terms
moves periodically. We will assume a move occurs every 10 years, al-
though we will derive formulas that can handle any periodicity. To fur-
ther simplify the initial mathematics, we will assume the last move oc-
curred in the last historical year of analysis. Later we will relax that
assumption to handle different timing of the cash flows.

Suppose our subject company moved last year, and the move cost
$20,000. We expect to move every 10 years, and moving costs increase at
g � 5% per year. The PPFs are the present values of these periodic cash
flows for both midyear and end-of-year assumptions.

The Mathematical Formulas

For every $1.00 of forecast moving costs in Year 10, the PV of the lifetime
expected moving costs would be as follows in equation (3-13):

10 �(1 � g) (1 � g)1
PV � � � � � � � (3-13)10 20 �(1 � r) (1 � r) (1 � r)

The $1.00 grows at rate g for 10 years, and we discount it back to PV for
10 years. We follow the same pattern at 20 years, 30 years, etc. to infinity.
Multiplying equation (3-13) by [(1 � g)/(1 � r)]10, we get:

10 10 20 �1 � g (1 � g) (1 � g) (1 � g)
PV � � � � � � � (3-14)� � 20 30 �1 � r (1 � r) (1 � r) (1 � r)

Subtracting equation (3-14) from equation (3-13), we get:
101 � g 1

1 � PV � (3-15)� � � � 101 � r (1 � r)

The left-hand side of equation (3-15) simplifies to
10 10(1 � r) � (1 � g)

PV10(1 � r)

Multiplying both sides of equation (3-15) by the inverse,
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10(1 � r)
10 10(1 � r) � (1 � g)

we come to:
10(1 � r) 1

PV � (3-16)10 10 10(1 � r) � (1 � g) (1 � r)

Canceling out (1 � r)10 in the numerator and denominator, the so-
lution is:

1
PV � (3-17)10 10(1 � r) � (1 � g)

We can generalize this formula to other periods of cash flows by
letting cash flows occur every j years. The PV of the cash flows is the
same, except that we replace each 10 in equation (3-17) with a j in equa-
tion (3-18). Additionally, we rename the term PV as PPF, the periodic
perpetuity factor. Therefore, the PPF for $1 of payment, first occurring in
year j, is:

1
PPF � PPF—end-of-year (3-18)j j(1 � r) � (1 � g)

The midyear PPF is again our familiar result of times the�1 � r
end-of-year PPF, or:

�1 � r
PPF � PPF—midyear (3-19)j j(1 � r) � (1 � g)

Note that for j � 1, equations (3-18) and (3-19) reduce to the Gordon
model. As you will see further below, the above two formulas only work
if the last cash flow occurred in the immediate prior year, i.e., t � �1. In
the section on other starting years, we generalize these two formulas to
equations (3-18a) and (3-18b) to be able to handle different starting times.

Tables 3-7 and 3-8: Examples of Equations
(3-18) and (3-19)

We begin in Table 3-7 with $1.00 (B5) of moving expenses11 that we fore-
cast to occur in the next move, 10 years from now. The second move,
which we expect to occur in 20 years, should cost (1 � g)10 � $1.62889
(B6), assuming a 5% (D26) constant growth rate (g) in the cost. We dis-
count cash flows at a 20% discount rate (D25).

Column A shows time in 10-year increments going up to 100 years.
Cells B5 to B14 contain the forecast cash flows and are equal to (1 � g)t�j,
where t � 10, 20, 30, . . . , 100 years and j � 10. Actually, time should
continue to t � �, but at a 20% discount rate and 5% growth rate, the

11. Another common periodic expense that is less predictable than moving expenses is losses from
lawsuits. Rather than use the actual loss from the last lawsuit, one should use a base-level,
long-run average loss, which will grow at a rate of g.
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T A B L E 3-7

Periodic Perpetuity Factor (PPF): End-of-Year Formula

A B C D E F

4 t(Yrs)
Cash Flow
� (1 � g)t�j

PV Factor
� 1/(1 � r)t PV % PV Cum % PV

5 10 1.00000 0.16151 0.16151 74% 74%
6 20 1.62889 0.02608 0.04249 19% 93%
7 30 2.65330 0.00421 0.01118 5% 98%
8 40 4.32194 0.00068 0.00294 1% 100%
9 50 7.03999 0.00011 0.00077 0% 100%
10 60 11.46740 0.00002 0.00020 0% 100%
11 70 18.67919 0.00000 0.00005 0% 100%
12 80 30.42643 0.00000 0.00001 0% 100%
13 90 49.56144 0.00000 0.00000 0% 100%
14 100 80.73037 0.00000 0.00000 0% 100%

15 Totals 0.21916 100%

17 Calculation of PPF by formula:
19 PPF
20 0.21916

22 Assumptions:
24 j � Number of years between moves 10
25 r � Discount rate 20.0%
26 g � Growth rate in moving costs 5.0%

28 Spreadsheet formulas:
30 A20: � 1/((1 � r)	j � (1 � g)	j) Equation (3-18)

T A B L E 3-8

Periodic Perpetuity Factor (PPF): Midyear Formula

A B C D E F

4 t (Yrs)
Cash Flow
� (1 � g)t�j

V Factor
� 1/(1 � r)t�0.5) PV % PV Cum % PV

5 10 1.00000 0.17692 0.17692 74% 74%
6 20 1.62889 0.02857 0.04654 19% 93%
7 30 2.65330 0.00461 0.01224 5% 98%
8 40 4.32194 0.00075 0.00322 1% 100%
9 50 7.03999 0.00012 0.00085 0% 100%
10 60 11.46740 0.00002 0.00022 0% 100%
11 70 18.67919 0.00000 0.00006 0% 100%
12 80 30.42643 0.00000 0.00002 0% 100%
13 90 49.56144 0.00000 0.00000 0% 100%
14 100 80.73037 0.00000 0.00000 0% 100%

15 Totals 0.24008 100%

17 Calculation of PPF by formula:
19 PPF
20 0.24008

22 Assumptions:
24 j � Number of years between moves 10
25 r � Discount rate 20.0%
26 g � Growth rate in moving costs 5.0%

28 Spreadsheet formulas:
30 A20: � SQRT(1 � r)/((1 � r)	j � (1 � g)	j) Equation (3-19)
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present value factors nullify all cash flows after year 40.12 Column C con-
tains a standard present value factor, where

1
PV � t(1 � r)

Column D, the present value of the cash flows, equals Column B �
Column C. Cell D15, the total PV, equals $0.21916 for every $1.00 of mov-
ing expenses in the next move. This is the final result using the ‘‘brute
force’’ method of scheduling all the cash flows and discounting them to
PV. Cell A20 contains the formula for equation (3-18), and the result is
$0.21916, which demonstrates the accuracy of the formula. Note that the
formula for A20 appears at A30.

To calculate the PV of $20,000 of the previous year’s moving expense
growing at 5% per year and occurring every 10 years, we forecast the
cost of the next move by multiplying the $20,000 by 1.0510 � $32,577.89.
We then multiply the cost of the next move by the PPF, i.e., $32,577.89 �
0.21916 (A20) � $7,139.83 before corporate taxes. Assuming a 40% tax
rate, that rounds to $4,284 after tax. Since this is an expense, we must
remember to subtract it from—not add it to—the value we calculated
before moving expenses.13 For example, suppose we calculated a mar-
ketable minority interest FMV of $1,004,284 before moving expenses. The
final marketable minority FMV would be $1 million.

Column E shows the percentage of the PV contributed by each move.
Seventy-four percent (E5) of the PV comes from the first move (Year 10),
and 19% from the second move (Year 20, at E6). Column F shows the
cumulative PV. The first two moves cumulatively account for 93% (F6) of
the entire PV generated by all moves, and the first three moves account
for 98% (F7) of the PV. Thus, in most circumstances we need not worry
about the argument that after attaining a certain size a company tends to
not move anymore. As long as it moves at least twice, the PPF will be
accurate.

Table 3-8 is identical to Table 3-7, except that it is testing equation
(3-19), the midyear formula, instead of the end-of-year formula, equation
(3-18). Again C20 � D15, which verifies the formula.

Other Starting Years

Another question to address is what happens when the periodic expense
occurred before the prior year. Using our moving expense every 10 years
example, suppose the subject company last moved 4 years ago. It will be
another 6 years, not 10 years, to the next move. The easiest way to handle
this situation is first to value the cash flows from a point in time where

12. Of course, at a higher growth rate and the same discount rate, it will take longer for the
present value factors to nullify the growth. The converse is also true.

13. We accomplish this by removing moving expenses from historical costs before developing our
forecast of expenses (see Chapter 2).
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we can use the ADF equations in (3-18) and (3-19) and then adjust. Thus,
if we choose t � �4 as our temporary valuation date, all cash flows will
be spaced every 10 years, and the ADF formulas (3-18) and (3-19) apply.
We then roll forward to t � 0 by multiplying the preliminary PPF by
(1 � r)b.

The generalized PPF formulas are:

b(1 � r)
PPF � generalized PPF—end-of-year (3-18a)j j(1 � r) � (1 � g)

The midyear generalized PPF is again our familiar result of �1 � r
times the end-of-year PPF, or:

b�1 � r (1 � r)
PPF � generalized PPF—midyear (3-19a)j j(1 � r) � (1 � g)

Note that for j � 1 and b � 0, equations (3-18a) and (3-19a) reduce to the
Gordon model.

It is important to roll forward the cash flow properly. With the
$20,000 move occurring 4 years ago, our forecast of the next move is still
$20,000 � 1.0510 � $32,577.89. Whether the last move occurred 4 years
ago or yesterday, the forecast cost of the next move is the same 10 years
growth. The present value, and therefore the PPF, is different for the two
different moves, and that is captured in the numerator of the PPF, as we
have already discussed.

It is also important to recognize that the valuation date is at t � 0,
which is the end of the prior year. Thus, if the valuation date is January
1, 1998, the end of the prior year is December 31, 1997. If the move oc-
curred, for example, in December 1995, then that is 2 years ago and b �
2. We would use an end-of-year assumption, which means using the for-
mula in equation (3-18a). If the move occurred in June 1995, we use the
formula in equation (3-19a), and b still equals 2.

Table 3-9 is identical to Table 3-7, except that the expenses occur in
Years 6, 16, . . . instead of 10, 20, . . . . The nominal cash flows are identical
to Table 3-7, but the formula that generates them is different. In Table
3-7 the cash flows are equal to (1 � g)t�j. In Table 3-9 the cash flows are
equal to (1 � g)t�j�b because the cash flows still grow at the rate g for 10
years from the last move, not just the 6 years to the next move. However,
the cash flows in Table 3-9 are discounted 6 years instead of 10 years. The
PPF is $0.45445. The calculation by formula in A20 matches the brute
force calculation in D15, which demonstrates the validity of equation
(3-18a).

Modifying the moving expense example in Table 3-7, the PV of all
moving costs throughout time equals $20,000 � 1.62889 � $0.45445 �
$14,805.14. Assuming a 40% tax rate, the after-tax present value of the
perpetuity of moving costs is $8,883, compared to the $4,284 we calcu-
lated in the discussion of Table 3-7. The present value of moving costs is
higher in this example, because the first cash flow occurs in Year 6 instead
of Year 10.
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T A B L E 3-9

Periodic Perpetuity Factor (PPF): End-of-Year—Cash Flows Begin Year 6

A B C D E F

4 t (Yrs)
Cash Flow

� (1 � g)t�j�b
PV Factor

� 1/(1 � r)t PV % PV Cum % PV

5 6 1.00000 0.33490 0.33490 74% 74%
6 16 1.62889 0.05409 0.08810 19% 93%
7 26 2.65330 0.00874 0.02318 5% 98%
8 36 4.32194 0.00141 0.00610 1% 100%
9 46 7.03999 0.00023 0.00160 0% 100%
10 56 11.46740 0.00004 0.00042 0% 100%
11 66 18.67919 0.00001 0.00011 0% 100%
12 76 30.42643 0.00000 0.00003 0% 100%
13 86 49.56144 0.00000 0.00001 0% 100%
14 96 80.73037 0.00000 0.00000 0% 100%

15 Totals 0.45445 100%

17 Calculation of PPF by formula:
19 PPF
20 0.45445

22 Assumptions:
24 j � Number of years between moves [1] 10
25 r � Discount rate 20.0%
26 g � Growth rate in net inc/cash flow 5.0%
27 b � Number of years from last cash flow 4

29 Spreadsheet formulas:
31 A20: � (1 � r)	b/((1 � r)	j � (1 � g)	j) Equation (3-18a)

[1] As j decreases, the PV Factors and the PV increase. It is possible that you will have to add additional rows above Row 15 to
capture all the PV of the cash flows. Otherwise, the PV in C20 will appear to be higher than the total of the cash flows in D15.

PPFs in New versus Used Equipment Decisions

Another important use of PPFs is in new versus used equipment deci-
sions and in valuing used income-producing equipment. Let’s use a taxi-
cab as an example. The cab company can buy a new car or a used car.
Suppose a new car would last six years. It costs $20,000 to buy a new
one today, and we can model the cash flows for its six-year expected life.

The cash flows will consist of the purchase of the cab, income, gas-
oline, maintenance, insurance, etc. Each expense category has its own
pattern. Gas consumption is a variable expense that increases in dollars
over time with the rate of increase in gas prices. Maintenance is probably
low for the first two years and then begins increasing rapidly in Year 3
or 4.

We can then take the NPV of the cash flows, and that represents the
NPV of operating a new cab for six years. It would be nice to compare
that with the NPV of operating a one-year-old cab for five years (or any
other term desired). The problem is that these are different time periods.
We could use the lowest common multiple of 30 years (6 years � 5 years)
and run the new cab cash flows five times and the used cab cycle six
times, but that is a lot of work. It is a far more elegant solution to use a
PPF for the new and the used equipment. The result of those computa-
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tions will be the present value of keeping one new cab and one used cab
in service forever. We can then choose the one with the superior NPV.

Even though the cash flows are contiguous, which is not true in the
periodic expense example, the cycle and the NPV of the cash flows are
periodic. Every six years the operator buys a new cab. We can measure
the NPV of the first cab as of t � 0. The operator buys the second cab
and uses it from Years 7–12. Its NPV as of the end of Year 6 (t � 6) should
be the same as the NPV at t � 0 of the first six years’ cash flows, with a
growth rate for the rise in prices. If there are substantial difference in the
growth rates of income versus expenses or of the different categories of
expenses, then we can break the expenses into two or more subcategories
and apply a PPF to each subcategory, then add the NPVs together. Buying
a new cab every six years would then generate a series of NPVs with
constant growth at t � 0, 6, 12, . . . . That repeating pattern is what enables
us to use a PPF to value the cash flows.

We could perform this procedure for each different vintage of used
equipment, e.g., buying one-year-old cabs, two-year old cabs, etc. Our
final comparison would be the NPV of buying and operating a single cab
of each age (a new cab, one year old, two years old, etc.) forever. We then
simply choose the cab life with the highest NPV.

If equipment is not income producing, we can still the PPF to value
the periodic costs in perpetuity. Then the NPV would be negative.

ADFs IN LOAN MATHEMATICS

There are four related topics that should ideally all be together dealing
with the use of ADFs in loan mathematics to create formulas to calculate:
loan payments, principal amortization, the after-tax cost of a loan, and
the PV of a loan when the nominal and market rates differ. We will deal
with the first and the last topics in this section. Calculating the amorti-
zation of principal is mathematically very complex. To maintain read-
ability, it will be explained, along with the related problem of calculating
the after-tax cost of a loan, in the Appendix.

Calculating Loan Payments

We can use our earlier ADF results to easily create a formula to calculate
loan payments. We know that in the case of a fixed rate amortizing loan,
the principal must be equal to the PV of the payments when discounted
by the nominal rate of the loan. We can calculate the PV of the payments
using equation (3-6d) and the following definitions:

ADFNominal � ADF at the nominal interest rate of the loan
ADFMkt � ADF at the market interest rate of the loan

The nominal ADF is simply an end-of-year ADF with no growth.
Repeating equation (3-6d), the ADF is:

1
1 � n(1 � r)

ADF �Nominal r

where r in this case is the nominal interest of the loan. If we use the
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market interest rate instead of the nominal rate, we get ADFMkt. We know
that the loan payment multiplied by the nominal ADF equals the prin-
cipal of the loan. Stating that as an equation:

Loan Payment � ADF � Principal (3-20)Nominal

Dividing both sides of the equation by ADFNominal, we get:

Principal 1
Loan Payment � � Principal � (3-21)

ADF ADFNominal Nominal

Present Value of a Loan

The PV of a loan is the loan payment multiplied by the market rate ADF,
or:

PV � Loan Payment � ADF (3-22)Mkt

From equation (3-21), the loan payment is the principal divided by the
nominal ADF. Substituting this into equation (3-22) gives us:

ADFMktPV of Loan � Principal � (3-23)
ADFNominal

The intuition behind this is the Principal � 1/ADFNominal is the amount
of the loan payment. When we then multiply that by the ADFMkt, this
gives us the PV of the loan.

Table 3-10: Example of Equation (3-23)
Table 3-10 is an example of calculating the present value of a loan. The
assumptions appear in Table 3-10 in E77 to E82. We assume a $1 million
principal on a five-year loan. The loan payment, calculated using Excel’s
spreadsheet function, is $20,276.39 (E78) for 60 months. The annual loan
rate is 8% (E79), and the monthly rate is 0.667% (E80 � E79/12). The
annual market rate of interest (the discount rate) on this loan is assumed
at 14% (I81), and the monthly market interest rate is 1.167% (I82 �
I81/12).

Column A shows the 60 months of payments. Column B shows the
monthly payment of $20,276.39 for 60 months. Columns C and D show
the PV factor and the PV of each month’s payment at the nominal 8%
annual interest rate (0.667% monthly rate), while Columns E and F show
the same calculations at the market rate of 14% (1.167% monthly rate).

The present value factors in C6 to C65 total 49.31843, and present
value factors in E6 to E65 total 42.97702. Note also that the PV of the loan
at the nominal interest rate adds to the $1 million principal (D66), as it
should.

E70 is the ADF at 8% according to equation (3-6d). We show the
spreadsheet formula for E70 in A86. E71 is 1/ADFNominal � $0.02027639,
the amount of loan payment for each $1 of principal. We multiply that
by the $1 million principal to obtain the loan payment of $20,276.39 in
F71, which matches E78, as it should. In E72 we calculate the ADF at the
market rate of interest, the formula for which is also equation (3-6d),
merely using the 1.167% monthly interest rate in the formula, which we
show in A88. In E73 we calculate the ratio of the market ADF to the
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T A B L E 3-10

PV of Loan with Market Rate � Nominal Rate: ADF, End-of-Year

A B C D E F

4

5 Month Cash Flow

r � 8%

PV Factor Present Value

r � 14%

PV Factor Present Value

6 1 $20,276.39 0.99338 $ 20,142 0.98847 $ 20,043
7 2 $20,276.39 0.98680 $ 20,009 0.97707 $ 19,811
8 3 $20,276.39 0.98026 $ 19,876 0.96580 $ 19,583
9 4 $20,276.39 0.97377 $ 19,745 0.95466 $ 19,357
10 5 $20,276.39 0.96732 $ 19,614 0.94365 $ 19,134
11 6 $20,276.39 0.96092 $ 19,484 0.93277 $ 18,913
12 7 $20,276.39 0.95455 $ 19,355 0.92201 $ 18,695
13 8 $20,276.39 0.94823 $ 19,227 0.91138 $ 18,480
14 9 $20,276.39 0.94195 $ 19,099 0.90087 $ 18,266
15 10 $20,276.39 0.93571 $ 18,973 0.89048 $ 18,056
16 11 $20,276.39 0.92952 $ 18,847 0.88021 $ 17,848
17 12 $20,276.39 0.92336 $ 18,722 0.87006 $ 17,642
18 13 $20,276.39 0.91725 $ 18,598 0.86003 $ 17,438
19 14 $20,276.39 0.91117 $ 18,475 0.85011 $ 17,237
20 15 $20,276.39 0.90514 $ 18,353 0.84031 $ 17,038
21 16 $20,276.39 0.89914 $ 18,231 0.83062 $ 16,842
22 17 $20,276.39 0.89319 $ 18,111 0.82104 $ 16,648
23 18 $20,276.39 0.88727 $ 17,991 0.81157 $ 16,456
24 19 $20,276.39 0.88140 $ 17,872 0.80221 $ 16,266
25 20 $20,276.39 0.87556 $ 17,753 0.79296 $ 16,078
26 21 $20,276.39 0.86976 $ 17,636 0.78382 $ 15,893
27 22 $20,276.39 0.86400 $ 17,519 0.77478 $ 15,710
28 23 $20,276.39 0.85828 $ 17,403 0.76584 $ 15,529
29 24 $20,276.39 0.85260 $ 17,288 0.75701 $ 15,349
30 25 $20,276.39 0.84695 $ 17,173 0.74828 $ 15,172
31 26 $20,276.39 0.84134 $ 17,059 0.73965 $ 14,997
32 27 $20,276.39 0.83577 $ 16,946 0.73112 $ 14,824
33 28 $20,276.39 0.83023 $ 16,834 0.72269 $ 14,654
34 29 $20,276.39 0.82474 $ 16,723 0.71436 $ 14,485
35 30 $20,276.39 0.81927 $ 16,612 0.70612 $ 14,318
36 31 $20,276.39 0.81385 $ 16,502 0.69797 $ 14,152
37 32 $20,276.39 0.80846 $ 16,393 0.68993 $ 13,989
38 33 $20,276.39 0.80310 $ 16,284 0.68197 $ 13,828
39 34 $20,276.39 0.79779 $ 16,176 0.67410 $ 13,668
40 35 $20,276.39 0.79250 $ 16,069 0.66633 $ 13,511
41 36 $20,276.39 0.78725 $ 15,963 0.65865 $ 13,355
42 37 $20,276.39 0.78204 $ 15,857 0.65105 $ 13,201
43 38 $20,276.39 0.77686 $ 15,752 0.64354 $ 13,049
44 39 $20,276.39 0.77172 $ 15,648 0.63612 $ 12,898
45 40 $20,276.39 0.76661 $ 15,544 0.62879 $ 12,749
46 41 $20,276.39 0.76153 $ 15,441 0.62153 $ 12,602
47 42 $20,276.39 0.75649 $ 15,339 0.61437 $ 12,457
48 43 $20,276.39 0.75148 $ 15,237 0.60728 $ 12,313
49 44 $20,276.39 0.74650 $ 15,136 0.60028 $ 12,171
50 45 $20,276.39 0.74156 $ 15,036 0.59336 $ 12,031
51 46 $20,276.39 0.73665 $ 14,937 0.58651 $ 11,892
52 47 $20,276.39 0.73177 $ 14,838 0.57975 $ 11,755
53 48 $20,276.39 0.72692 $ 14,739 0.57306 $ 11,620
54 49 $20,276.39 0.72211 $ 14,642 0.56645 $ 11,486
55 50 $20,276.39 0.71732 $ 14,545 0.55992 $ 11,353
56 51 $20,276.39 0.71257 $ 14,448 0.55347 $ 11,222
57 52 $20,276.39 0.70785 $ 14,353 0.54708 $ 11,093
58 53 $20,276.39 0.70317 $ 14,258 0.54077 $ 10,965
59 54 $20,276.39 0.69851 $ 14,163 0.53454 $ 10,838
60 55 $20,276.39 0.69388 $ 14,069 0.52837 $ 10,714
61 56 $20,276.39 0.68929 $ 13,976 0.52228 $ 10,590
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T A B L E 3-10 (continued)

PV of Loan with Market Rate � Nominal Rate: ADF, End-of-Year

A B C D E F

4

5 Month Cash Flow

r � 8%

PV Factor Present Value

r � 14%

PV Factor Present Value

62 57 $20,276.39 0.68472 $ 13,884 0.51626 $ 10,468
63 58 $20,276.39 0.68019 $ 13,792 0.51030 $ 10,347
64 59 $20,276.39 0.67569 $ 13,700 0.50442 $ 10,228
65 60 $20,276.39 0.67121 $ 13,610 0.49860 $ 10,110

66 Totals $1,216,584 49.31843 $1,000,000 42.97702 $871,419

68 X Principal
69 Per $1 of $1 Million

70 ADF @ 8% � C66 49.318433
71 Formula for payment � 1/ADF 0.02027639 $20,276.39
72 ADF @ 14% � E66 42.977016
73 ADF @ 14%/ADF @ 8% � F66 0.871419 $871,419

75 Assumptions:
77 Principal $1,000,000
78 Loan payment $20,276.39
79 r � Nominal discount rate-annual 8.0%
80 r1 � Nominal discount rate-monthly 0.667%
81 r2 � Market discount rate 14.0%
82 r3 � Market discount rate 1.167%

84 Spreadsheet formulas:
86 E70: �(1 � 1/(1 � E80)	60)/E80
87 E71: �1/E70
88 E72: �(1 � 1/(1 � E82)	60)/E82
89 E73: �E72/E70

nominal ADF, which is E72 divided by E70 and equals 0.871419. In F73
we multiply E73 by the $1 million principal to obtain the present value
of the loan of $871,419. Note that this matches our brute force calculation
in F66, as it should.

RELATIONSHIP OF THE GORDON MODEL
TO THE PRICE/EARNINGS RATIO

In this section, we will mathematically derive the relationship between
the price/earnings (PE) ratio and the Gordon model. The confusion be-
tween the two leads to possibly more mistakes by appraisers than any
other single source of mistakes—I have seen numerous reports in which
the appraiser used the wrong earnings base. Understanding this section
should clear the potential confusion that exists. First, we will begin with
some definitions that will aid in developing the mathematics. All other
definitions retain their same meaning as in the rest of the chapter.

Definitions
Pt � stock price at time t
Et � historical earnings in the prior year (usually the prior 12
months)
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Et�1 � forecast earnings in the upcoming year
b � earnings retention rate. Thus, cash flow to shareholders equals
(1 � b) � earnings.
g1 � one-year forecast growth rate in earnings, i.e., Et�1/Et � 1
PE � price/earnings ratio � Pt/Et

Mathematical Derivation

We begin with the statement that the market capitalization of a publicly
held firm is its fair market value, and that is equal to its PE ratio times
the previous year’s historical earnings:

PtFMV � * E (3-24)tEt

We repeat equation (3-10e) below as equation (3-25), with one
change. We will assume that forecast cash flow to shareholders, CFt�1, is
equal to (1 � b) � Et�1, where b is the earnings retention rate.14 The
earnings retention rate is the sum total of all the reconciling items be-
tween net income and cash flow (see Chapter 1). Now we have an ex-
pression for the FMV of the firm15 according to the midyear Gordon
model.

�1 � r
FMV � (1 � b) E midyear Gordon model (3-25)t�1 (r � g)

Substituting Et�1 � Et (1 � g1) into equation (3-25), we come to:

�1 � r
FMV � (1 � b) E (1 � g ) (3-26)t 1 (r � g)

The left-hand sides of equations (3-24) and (3-26) are the same. There-
fore, we can equate the right-hand sides of those equations.

�1 � rPt * E � (1 � b) E (1 � g ) (3-27)t t 1E (r � g)t

Et cancels out on both sides of the equation. Additionally, we use the
simpler notation PE for the price-earnings multiple. Thus, equation (3-27)
reduces to:

�1 � r
PE � (1 � b) (1 � g )1 r � g

relationship of PE to Gordon model multiple (3-28)

The left-hand term is the price-earnings multiple and the right-hand
term is one minus the earnings retention rate times one plus the one-year
growth rate times the midyear Gordon model multiple. In reality, inves-

14. I wish to thank Larry Kasper for pointing out the need for this.
15. Assuming the present value of the cash flows of the firm is its FMV. This ignores valuation

discounts, an acceptable simplification in this limited context.
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tors do not expect constant growth to perpetuity. They usually have ex-
pectations of uneven growth for a few years and a vague, long-run ex-
pectation of growth thereafter that they approximate as being constant.
Therefore, we should look at g, the perpetual growth rate in cash flow,
as an average growth rate over the infinite period of time that we are
modeling.

We should be very clear that the earnings base in the PE multiple
and the Gordon model are different. The former is the immediate prior
year and the latter is the first forecast year. When an appraiser develops
PE multiples from guideline companies, whether publicly or privately
owned, he should multiply the PE multiple from the guideline companies
(after appropriate adjustments) by the subject company’s prior year earn-
ings. When using a discounted cash flow approach, the appraiser should
multiply the Gordon model by the first forecast year’s earnings. Using the
wrong earnings will cause an error in the valuation by a factor of one
plus the forecast one-year growth rate.

CONCLUSIONS

We can see that there is a family of annuity discount factors (ADFs), from
the simplest case of an ordinary annuity to the most complicated case of
an annuity with stub periods (fractional years), as discussed in the Ap-
pendix. The elements that determine which formula to use are:

● Whether the cash flows are midyear versus end-of-year.
● When the cash flows begin (Year 1 versus any other time).
● If they occur every year or at regular, skipped intervals (or have
repeating cycles).

● Whether or not the constant growth is zero.
● Whether there is a stub period.

For cash flows without a stub period, the ADF is the difference of
two Gordon model perpetuities. The first term is the perpetuity from S
to infinity, where S is the starting year of the cash flow. The second term
is the perpetuity starting at n � 1 (where n is the final cash flow in the
annuity) going to infinity. For cash flows with a stub period, the preced-
ing statement is true with the addition of a third term for the single cash
flow of the stub period itself, discounted to PV.

While this chapter contains some complex algebra, the focus has been
on the intuitive explanation of each ADF. The most difficult mathematics
have been moved to the Appendix, which contains the formulas for ADF
with stub periods and some advanced material on the use of ADFs in
calculating loan amortization. ADFs are also used for practical applica-
tions in Chris Mercer’s quantitative marketability discount model (see
Chapter 7), periodic expenses such as moving costs and losses from law-
suits, ESOP valuation, in reducing a seller-subsidized loan to its cash
equivalent price in Chapter 10, and to calculate loan payments.

We have performed a rigorous derivation of the PE multiple and the
Gordon model. This derivation demonstrates that the PE multiple equals
one minus the earnings retention rate times one plus the one-year growth
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T A B L E 3-11

ADF Equation Numbers

Formulas in the Chapter

With Growth

End-of-Year Midyear

No Growth

End-of-Year Midyear

Ordinary ADF (3-6) to (3-6b) (3-10) to (3-10b) (3-6d) (3-10c) & (3-10d)
Gordon model (3-7) (3-10e)
Starting cash flow not t � 1 (3-11) & (3-11a) (3-12) (3-11c)
Valuation date � v (3-11b)
Gordon model for starting CF not � 1 (3-11d)
Periodic expenses (3-18) (3-19)
Periodic expenses-flexible timing (3-18a) (3-19a)
Loan payment (3-21)
Relationship of Gordon model to PE (3-28)

Formulas in the Appendix
ADF with stub period (A3-3) (A3-4)
Amortization of loan principal (A3-10)
PV of loan after-tax (A3-24) & (A3-25)

rate times the midyear Gordon model multiple. Furthermore, we showed
how the former uses the prior year’s earnings, while the latter uses the
first forecast year’s earnings. Many appraisers have found that confusing,
and hopefully this section of the chapter will do much to eliminate that
confusion.

Because there are so many ADFs for different purposes and assump-
tions, we include Table 3-11 to point the reader to the correct ADF equa-
tion.
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APPENDIX
INTRODUCTION

This appendix is an extension of the material developed in the chapter.
The topics that we cover are:

● Developing ADFs for cash flows that end on a fractional year
(stub period).

● Developing ADFs for loan mathematics, consisting of calculating
the amortization of principal in loans and the net after-tax cost of
a loan.
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F I G U R E A3-1

Timeline of Cash Flows

Row \ Col. B C D E F G H
1 Year (numeric) 3.25 4.25 5.25 … 12.25 12.60
2 Year (symbolic) S S+1 S+2 … n z
3 Growth (in $) 0 g g(1+g) … g(1+g)n-S-1 NA
4 Cash Flow 1 1+g (1+g)2 … (1+g)n-S p(1+g)n-S+1

This appendix is truly for the mathematically brave. The topics cov-
ered and formulas developed are esoteric and less practically useful than
the formulas in the chapter, though the formula for the after-tax cost of
a loan may be useful to some practitioners. The material in this appendix
is included primarily for reference. Nevertheless, even those not com-
pletely comfortable with the difficult mathematics can benefit from fo-
cusing on the verbal explanations before the equations and the develop-
ment of the first one or two equations in the derivation of each of the
formulas. The rest is just the tedious math, which can be skipped.

THE ADF WITH STUB PERIODS (FRACTIONAL YEARS)

We will now develop a formula to handle annuities that have stub peri-
ods, constant growth in cash flows, and cash flows that start at any time.
To the best of my knowledge, I invented this formula. In this section we
will assume midyear cash flows and later present the formula for end-
of-year cash flows.

Let’s begin with constructing a timeline of the cash flows in Figure
A3-1, using the following definitions and assumptions:

Definitions

S � time (in years) of the first cash flow for end-of-year cash
flows. For midyear cash flows, S � end of the year in which the
first cash flow occurs � 3.25 years in this example, which means
the cash flow for that year begins at t � 2.25 years and we assume
the cash flow occurs in the middle of the year, or S � 0.5 �
3.25 � 0.5 � 2.75 years.
n � end of the last whole year’s cash flows � 12.25 years in this
example
z � end of the stub period � 12.60 years.
p � proportion of a full year represented by the stub period �
z � n � 12.60 � 12.25 � 0.35 years
g � constant growth rate in cash flows � 5.1%
t � point in time, measured in years

The Cash Flows

We assume the first cash flow of $1.00 (Figure A3-1, cell C4) occurs during
year S (S is for starting cash flow), where t � 2.25 to t � 3.25 years. For
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simplicity, we denote that the cash flow is for the year ending at t � 3.25
years (cell C1). Note that for Year 3.25, there is no growth in the cash
flow, i.e., cell B3 � 0.

The following year is 4.25 (cell D1), or S � 1 (cell D2). The $1.00
grows at a rate of g (cell D3), so the ending cash flow is 1 � g (cell D4).
Note that the ending cash flow is equal to (1 � g)t�S � (1 � g)4.25�3.25.

For Year 5.25, or S � 2 (cell E2), growth in cash flows is g times the
prior year’s cash flow of (1 � g), or g (1 � g) (cell E3), which leads to a
cash flow equal to the prior year’s cash flow plus this year’s growth, or
(1 � g) � g(1 � g) � (1 � g) (1 � g) � (1 � g)2 [cell E4]. Again, the cash
flow equals (1 � g)t�S � (1 � g)5.25�3.25.

For the year 6.25, or S � 3, which is not shown in Figure A3-1, cash
flows grow g(1 � g)2, so cash flows are (1 � g)2 � g(1 � g)2 � (1 � g)2

(1 � g) � (1 � g)3 � (1 � g)t�S � (1 � g)6.25�3.25.
We continue in this fashion through the last whole year of cash flows,

which we call Year n (Column G). In our example, n � 12.25 years (cell
G1). The cash flows during Year n are equal to (1 � g)n�S [cell G4].

Had we completed one more full year, the cash flows would have
extended to Year 13.25, or Year n � 1. If so, the cash flow would have
been (1 � g)n�S�1. However, since the stub year’s cash flow is only for a
partial year, the ending cash flow is multiplied by p—the fractional por-
tion of the year—leading to an ending cash flow of p(1 � g)n�S�1.

It is important to recognize that there may be other ways of speci-
fying how the partial year affects the cash flows. For example, it is pos-
sible, but very unlikely, that the cash flows can be based on a legal doc-
ument that specifies that only the growth rate itself will be fractional, but
the corpus of the cash flow will not diminish for the partial year. We
could calculate a solution to this ADF, but we will not, as it is very un-
likely to be of any practical use and we have already demonstrated how
to model the most likely method of splitting the cash flows in the frac-
tional year. The point is that modeling the fractional year cash flows de-
pends on the agreement and/or the underlying scenario, and one should
not blindly charge off into the sunset applying a formula developed un-
der an assumption that does not apply in another case.

Discounting Periods

The first cash flow occurs during the year that spans from
t � 2.25 to t � 3.25. We assume the cash flows occur evenly throughout
the year, which is tantamount to assuming all cash flows occur on average
halfway through the year, i.e., at Year 2.75. Therefore as of time zero,
defined as t � 0, the first $1 cash flow has a present value of

1 1
�2.75 S�0.5(1 � r) (1 � r)

We will be discounting the cash flows in two stages because that will
later enable us to provide a more intuitive explanation of our results. Our
first discounting of cash flows will be to t � S � 1, the beginning of
the first year of cash flows. The first year’s cash flow then receives a dis-



CHAPTER 3 Annuity Discount Factors and the Gordon Model 93

count of 1/(1 � r)0.5, the second year’s cash flows receive a discount
of 1/(1 � r)1.5, etc. Thus, the denominators here are identical to those
for cash flows that would begin in Year 1 instead of S.

The Equations

The PV of our series of cash flows as of t � S � 1 is:

(1 � g)1
PV � �0.5 1.5(1 � r) (1 � r)

n�S n�S�1(1 � g) p(1 � g)
� . . . � � (A3-1)n�S�0.5 n�S�1�0.5p(1 � r) (1 � r)

Note that the exponent in the denominator of the last term (the frac-
tional year) is equal to the one before it (the last whole year) plus 1⁄2 year
to bring us to the end of Year n, plus 1⁄2 of the fractional year, thus main-
taining a midyear assumption.

We already have a solution to the PV of the whole years in the body
of the chapter—equation (3-10). Thus, the PV of the entire series of cash
flows as of t � S � 1 is equation (3-10) plus the final term in equation
(A3-1), or:

n�S�1 n�S�1�1 � r �1 � r1 � g p(1 � g)
NPV � � � (A3-2)� � n�S�1�0.5pr � g 1 � r r � g (1 � r)

The next step is to discount the PV from t � S � 1 to t � 0. We do
this by multiplying by 1/(1 � r)S�1. The result is our annuity discount
factor for midyear cash flows with a stub period.

n�S�1�1 � r �1 � r1 � g
NPV � �
 � �r � g 1 � r r � g

n�S�1p(1 � g) 1
� (A3-3)�n�S�1�0.5p S�1(1 � r) (1 � r)

The ADF formula for end-of-year cash flows with a stub period is:
n�S�11 � g1 1

ADF � �
 � �r � g 1 � r r � g
n�S�1p(1 � g) 1

� (A3-4)�(z�S�1) S�1(1 � r) (1 � r)

The individual terms in equation (A3-4) have the same meaning as
in the midyear cash flows of equation (A3-3). To easily see the derivation
of the end-of-year (EOY) model from the midyear, note that an EOY
model in equation (A3-1) would require the exponent in each denomi-
nator to be 0.5 years larger, which changes the term in equation�1 � r
(A3-3) to 1. 1/(r � g) is the EOY Gordon model formula. The only other
difference is the discount factor in the rightmost term in the braces
of equations (A3-3) and (A3-4). In the former, we discount the stub pe-
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riod cash flow by (1 � r)n�S�1�0.5p, while in the latter we discount by
(1 � r)(z�S�1).

Tables A3-1 and A3-2: Example of Equations [A3-3]
and [A3-4]

Table A3-1 is an example of the midyear ADF with a fractional year cash
flow, and Table A3-2 is an example using end-of-year cash flows. Table
A3-2 has the identical structure and meaning as Table A3-1—merely us-
ing end-of-year formulas rather than midyear. Therefore, we will explain
only Table A3-1.

In the first part of Table A3-1, we will use a ‘‘brute force’’ method of
scheduling out the cash flows, calculating their present values, and then
summing them. Later we will directly test the formulas and demonstrate
they produce the same result as the brute force method.

Brute Force Method of Calculating PV of Cash Flows
Rows 7 through 17 in Table A3-1 are a detailed listing of the cash flows
and their present values each year. The first cash flows begin in Row 7
at Year 2.25 and finish at t � 3.25, with Year 2.75 as the midpoint from
which we discount. We will refer to the years by the ending year, i.e., the
cash flow in Row 7 is for the year ending at t � 3.25. Assumptions of the
model begin in Row 33.

We begin with $1.00 of cash flow for the year ending at t � 3.25 (C7).
Column B shows the growth in cash flows and is equal to g � 5.1%
multiplied by the previous period’s cash flow. In B8 the calculation is
$1.00 � 5.1% � $0.051. The cash flow in C8 is C7 � B8, or $1.00 � $.051
� $1.051. We repeat this pattern through Row 16, the last whole year’s
cash flow.

Column D replicates Column C using the formula cash flow �
(1 � g)t�S for all cells except D17, which is the fractional year cash flow.
The formula for that cell is p(1 � g)n�S�1, where multiplying by p � 0.35
years converts what would have been the cash flow for the whole year
n � 1 (and would have been $1.64447) into the fractional year cash flow
of $0.57557.16 Note that in that formula, n � 12.25 years, the last whole
year.

We show the present values of the cash flows as of t � S � 1 in
Columns E and F and the present values as of t � 0 in Columns G and
H. The discount rate is 15% (G36).

Column E contains the present value factors (PVFs), and its formula
is17

1
PVF � t�S�0.5(1 � r)

Column F is Column C (or Column D, as the results are identical) times

16. See cell A45 for the formula in the spreadsheet.
17. The intuition behind the exponent is that we are discounting from t to S � 1, which is equal to

t � (S � 1) � t � S � 1 years. Using a midyear convention, we always discount from 1⁄2
year earlier than end-of-year, which reduces the exponent to t � S � 0.5. The 0.5 reverts to
1 in the end-of-year formula.
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T A B L E A3-1

ADF with Fractional Year: Midyear Formula

A B C D E F G H

5

6 t (Yrs)

Cash Flows

Growth Cash Flow (1 � g)t�S

t � S � 1

PVF � 1/(1 � r)t�S�0.5 PV

t � 0

PVF � 1/(1 � r)t�0.5 PV

7 3.25 NA 1.00000 1.00000 0.93250 0.93250 0.68090 0.68090
8 4.25 0.05100 1.05100 1.05100 0.81087 0.85223 0.59208 0.62228
9 5.25 0.05360 1.10460 1.10460 0.70511 0.77886 0.51486 0.56871
10 6.25 0.05633 1.16094 1.16094 0.61314 0.71181 0.44770 0.51975
11 7.25 0.05921 1.22014 1.22014 0.53316 0.65053 0.38930 0.47501
12 8.25 0.06223 1.28237 1.28237 0.46362 0.59453 0.33853 0.43412
13 9.25 0.06540 1.34777 1.34777 0.40315 0.54335 0.29437 0.39674
14 10.25 0.06874 1.41651 1.41651 0.35056 0.49658 0.25597 0.36259
15 11.25 0.07224 1.48875 1.48875 0.30484 0.45383 0.22259 0.33138
16 12.25 0.07593 1.56468 1.56468 0.26508 0.41476 0.19355 0.30285
17 12.60 NA 0.57557 0.57557 0.24121 0.13883 0.17613 0.10137

18 Totals for whole years � 3.25 � 12.25 6.42899 4.69432
19 Add fractional year � 12.60 0.13833 0.10137
20 Grand total (t � S � 1 in Column G and t � 0 in Column I) 6.56782 4.79469
21 Present value factor-discount from S � 1 (t � 2.25) to 0 0.73018
22 Grand total (t � 0) 4.79569

24 Calculation of PV by formulas:

25 Grand
26 Whole Yrs Frac Yr Total Total

27 t � S � 1 6.42899 0.13883 6.56782
28 PV Factor 0.73018 0.73018
29 t � 0 4.69432 0.10137 4.79469 4.79569

31 Assumptions:

33 S � Beginning year of cash flows (valuation at t � 2.25) 3.25
34 n � Ending year of cash flows-whole year 12.25
35 z � Ending year of cash flows-stub year 12.60
36 r � Discount rate 15.0%
37 g � growth rate in cash flow 5.1%
38 p � proportion of year in the stub period 0.35
39 Midpoint � n � 0.5 p � midpoint of the fractional year 12.425
40 x � (1 � g)/(1 � r) 0.913913
41 Gordon model multiple � GM � Sqrt (1 � r)/(r � g) 10.832127

43 Spreadsheet Formulas:

45
46
47
48
49
50
51

C17, D17: p*(1 � g)	(n � s � 1) stub period cash flow
E17: 1/(1 � r)	(n � S � 1 � 0.5*p) stub period present value factor at t � 2.25
G17: 1/(1 � r)	(n � 0.5*p) stub period present value factor for t � 0
B27: GM*(1 � x	(n � S � 1)) ADF for years 3.25 to 32.25 at t � 2.25
C27: p*(1 � g)	(n � S � 1)/(1 � r)	(n � S � 1 � 0.5*p) PV of stub period CF at t � 2.25
B28, C28: 1/(1 � r)	(S � 1) present value factor at t � S � 1 � 2.25
E29: (GM*(1 � x	(n � S � 1)) � p*(1 � G)	(n � S � 1)/(1 � r)	(n � S � 1 � 0.5*p))*(1/(1 � r)	(S � 1))

Note: E29 is the formula for the Grand Total



96 PART 1 Forecasting Cash Flows

T A B L E A3-2

ADF with Fractional Year: Midyear Formula

A B C D E F G H

5

6 t (Yrs)

Cash Flows

Growth Cash Flow (1 � g)t�S

t � S � 1

PVF � 1/(1 � r)t�S�1 PV

t � 0

PVF � 1/(1 � r)t PV

7 3.25 NA 1.00000 1.00000 0.86957 0.86957 0.63494 0.63494
8 4.25 0.05100 1.05100 1.05100 0.75614 0.79471 0.55212 0.58028
9 5.25 0.05360 1.10460 1.10460 0.65752 0.72629 0.48011 0.53032
10 6.25 0.05633 1.16094 1.16094 0.57175 0.66377 0.41748 0.48467
11 7.25 0.05921 1.22014 1.22014 0.49718 0.60663 0.36303 0.44295
12 8.25 0.06223 1.28237 1.28237 0.43233 0.55440 0.31568 0.40481
13 9.25 0.06540 1.34777 1.34777 0.37594 0.50668 0.27450 0.36997
14 10.25 0.06874 1.41651 1.41651 0.32690 0.46306 0.23870 0.33812
15 11.25 0.07224 1.48875 1.48875 0.28426 0.42320 0.20756 0.30901
16 12.25 0.07593 1.56468 1.56468 0.24718 0.38676 0.18049 0.28241
17 12.60 NA 0.57557 0.57557 0.23538 0.13548 0.17187 0.09892

18 Totals for whole years � 3.25 � 22.25 5.99506 4.37747
19 Add fractional year � 22.60 0.13548 0.09892
20 Grand total (t � S � 1 in Column G and t � 0 in Column H) 6.13054 4.47640
21 Present value factor-discount from S � 1 (t � 2.25) to 0 0.73018
22 Grand total (t � 0) 4.47640

24 Calculation of PV by formulas:

25 Grand
26 Whole Yrs Frac Yr Total Total

27 t � S � 1 5.99506 0.13548 6.13054
28 PV Factor 0.73018 0.73018
29 t � 0 4.33747 0.09892 4.447640 4.47640

31 Assumptions:

33 S � Beginning year of cash flows (valuation at t � 2.25) 3.25
34 n � Ending year of cash flows-whole year 12.25
35 z � Ending year of cash flows-stub year 12.60
36 r � Discount rate 15.0%
37 g � Growth rate in cash flow 5.1%
38 p � Proportion of year in the stub period 0.35
39 This row is not used
40 x � (1 � g)/(1 � r) 0.913913
41 Gordon model multiple � GM � 1/(r � g) 10.101010

43 Spreadsheet formulas:

45
46
47
48
49
50
51

C17, D17: p*(1 � g)	(n � s � 1) stub period cash flow
E17: 1/(1 � r)	(z � S � 1) stub period present value factor at t � 2.25
G17: 1/(1 � r)	z stub period present value factor for t � 0
B27: GM*(1 � x	(n � S � 1)) ADF for years 3.25 to 32.25 at t � 2.25
C27: p*(1 � g)	(n � S � 1)/(1 � r)	(z � S � 1) PV of stub period CF at t � 2.25
B28, C28: 1/(1 � r)	(S � 1) present value factor at t � S � 1 � 2.25
E29: (GM*(1 � x	(n � S � 1)) � p*(1 � g)	(n � S � 1)/(1 � r)	(z � S � 1))/(1 � r)	(S � 1)

Note: E29 is the formula for the Grand Total
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Column E. The only exception to the PVF formula is cell E17, the frac-
tional year. Its formula is

1
PVF � n�S�1�0.5p(1 � r)

(in the EOY formula, the exponent is z � S � 1). This formula appears
in the spreadsheet at A46. The total present value at t � 2.25 of the cash
flows from t � 3.25 through t � 12.25 is $6.42899 (F18). The present value
of the fractional year cash flow is $0.13883 (F19), for a total of $6.56782
(F20). In F21 we show the present value factor of 0.73018 to discount from
t � 2.25 to t � 0.18 Multiplying G20 by G21, we come to the PV of the
cash flows in F22 at t � 0 of $4.79569 for each $1.00 of starting cash flows.
Thus, if our annuity were actually $100,000 at the beginning, with all
other assumptions remaining the same, the PV would be $479,569.

Column G contains the present value factors for t � 0, the formula
of which is the more usual

1
PVF � t�0.5(1 � r)

When we multiply Column D by Column G to get Column H, the latter
is the PV of the cash flows as of time zero. Note that the final sum in
H20 is identical to F22, as it should be.

So far we have come to the PV of the cash flows using the brute force
method. In the next section we will test the formulas in the preceding
pages to see if they produce the same result.

Testing Equations (A3-3) and (A3-4)
Cell B27 contains the formula for the PV of the first 10 whole years of
cash flows (see A48 for the spreadsheet formula). It is the same as equa-
tion (A3-2) without the rightmost term.19 The result of $6.42899 in B27
matches F18, thereby demonstrating the accuracy of that portion of equa-
tion (A3-2).

Cell C27 is calculated using the rightmost term in equation (A3-2)
and comes to $0.13883 (see A49 for the spreadsheet formula), which
matches F19, thus proving that portion of the formula. The sum of the
two is $6.56782 (D27), which matches F20.

Row 29 is the result of multiplying Row 27 by Row 28, the latter of
which is the present value factor to discount the cash flows from t � 2.25
to t � 0 (it is the same as F21). We total B29 and C29 to $4.79569 (D29),
which matches F22 and H20. Finally, in E29 we use the complete formula
in equation (A3-3) to produce the same result of $4.79569 (see cell A51
for the spreadsheet formula). Thus, we have demonstrated the accuracy

18. This is 1/(1 � r)S�1 � 1/1.152.25 � 0.73018 (see formulas in cell A50).
19. The formulas are the same; however, in the spreadsheet we have substituted GM (Gordon

multiple) for /(r � g) and x for (1 � g)/(1 � r). Additionally, we have factored out�1 � r
the GM.
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of equation (A3-3) as a whole as well as showing how we can calculate
the parts.

Table A3-2 is identical to Table A3-1, except that we use end-of-year
present values, and equation (A3-4) is the relevant ADF formula. The end-
of-year formula gives a grand total of 4.47640 (F22, H20, D29, and E29).

TABLE A3-3: LOAN AMORTIZATION

In the chapter we demonstrated how ADFs are useful in calculating loan
payments and the present value of a loan. This section on loan amorti-
zation complements the material we presented in the chapter.

The amortization of loan principal in any time period is the PV of
the loan at the beginning of the period, less the PV at the end of the
period. While this is conceptually easy, it is a cumbersome procedure.
Let’s develop some preliminary results that will lead us to a more efficient
way to calculate loan amortization.

Section 1: Traditional Loan Amortization Schedule

Table A3-3 is a loan amortization schedule that is divided into three sec-
tions. Section 1 is a traditional amortization schedule for a $1 million loan
at 10% for 5 years. The loan begins on February 28, 1998 (B7), and the
first payment is on March 31, 1998 (B8). During the calendar year 1998
there will be 10 payments, leaving 50 more. There will be 12 monthly
payments in each of the years 1999–2002, and the final two payments are
in the beginning of 2003, with February 28, 2003 (B67), being the final
payment.

Column A is the payment number. There are 60 months of the loan,
hence 60 payments. Columns D and E are the interest and principal for
the particular payment, while columns G and H are interest and principal
cumulated in calendar year totals. Because the loan payments begin on
March 31, 1998, the first year’s totals in columns G and H are totals for
the first 10 payments only. Column I is the present value factor (PVF) at
10%, and column J is the present value of each loan payment. Column K
is the sum of the present values of the loan payments by calendar year.
Note that the PV of the loan payments sum to $1 million (J68).

Section 2: Present Values of Yearly Loan Payment

In Section 2 we calculate the present value of each year’s loan payment
using the ADF equation for no growth, no stub period, and end-of-year
cash flows. We could use equation (3-11b) from the chapter, but first we
will simplify it further by setting g � 0, so equation (3-11b) reduces to:

1 1 1 1
ADF � �� �n�S�1 S�v�1r (1 � r) r (1 � r)

1 1 1
� 1 � (A3-5)� �n�S�1 S�v�1r (1 � r) (1 � r)

Cells D77 through D82 list the PV of the various calendar years’ cash
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flows discounted to the inception of the loan, February 28, 1998. Note
that these amounts exactly match those in column K of Section 1, and the
total is exactly $1 million—the principal of the loan—as it should be. This
demonstrates the accuracy of equation (A3-5), as all amounts calculated
in D77 through D82 use that equation (note that v, the valuation date in
months, appears in Row 86).

In Column E we are viewing the cash flows from January 1, 1999,
i.e., immediately after the last payment in 1998 and one month before the
first payment in 1999. Therefore, the 1998 cash flows drop out entirely
and the PV of the 1999–2003 cash flows increase relative to column D
because we discount the cash flows 10 months less. The difference be-
tween the sum of the 1998 PVs discounted to February 28, 1998, and the
1999 payments discounted to January 1, 1999,20 is $1 million (D84) �
$865,911 (E84) � $134,089 (E85). We follow the same procedure each year
to calculate the difference in the PVs (Row 85), and finally we come to a
total of the reductions in PV of $1 million, in K85, which is identical with
the original principal of the loan.

There are some significant numbers that repeat in southeasterly-
sloped diagonals in Section 2. The PV $241,675 appears in cells E78, F79,
G80, and H81. This means that the 1999 payments as seen from the be-
ginning of 1999 have the same PV as the 2000 payments as seen from the
beginning of 2000, etc. through 2002. Similarly, the PV of $218,767 repeats
in cells E79, F80, and G81. The interpretation of this series is the same as
before, except everything is moved back one year, i.e., the 2000 payments
as seen from the beginning of 1999 have the same PV as the 2001 pay-
ments as seen from the beginning of 2000 and the 2002 payments as seen
from the beginning of 2001.

This downward-sloping pattern gives us a clue to a more direct for-
mula for loan amortization. At the start of the loan, we have 60 payments
of $21,247. In the first calendar year, 10 payments will be made, for a total
of $212,470. At the end of the first year, which effectively is the same as
January 1, 1999, 50 payments will remain. The PV of the final 50 payments
discounted to January 1, 1999, is the same as the PV of the first 50 pay-
ments discounted to March 1, 1998 (using March 1 synonymously with
February 28 in a present value sense), because the entire time line will
have shifted by 10 months (10 payments). Therefore, the first calendar
year’s loan amortization can be represented by the PV of the final 10
payments discounted to March 1, 1998, as that would make up the only
difference in the two series of cash flows as perceived from their different
points in time. This is illustrated graphically in Figure A3-2.

Figure A3-2 is a time line of payments on the five-year (60-month)
loan. The top portion of the figure, labeled A, graphically represents the
entire payment schedule. In the bottom figure the loan is split into several
pieces: payments 1–10, which are not labeled;21 payments 1–50, labeled

20. Technically, we discount to the end of December 31, 1998, but in PV terms it is easier to think
of January 1, 1999.

21. In all cases the zero is there only as a valuation date. There are no loan payments (cash flows)
that occur at zero.
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F I G U R E A3-2

Payment Schedule

           A

0            11                    20           30           40           50        60
                    ±PV = C

0      B                                                    50        60
11                     D                                  60

3/1/98 1/31/99
	 PV = PV0(A) - PV10(D) = PV0(A) - PV0(B) = PV0(C)
$134,089 = $1 Million - $865,911 = $1 Million - $865,911 $134,089

B; payments 11–60, labeled D; and payments 51–60, labeled C (t � 50 is
the end of B, not the beginning of C).

The equation at the bottom of Figure A3-2, which we explain below
in 1–3, is: �PV � PV0(A) � PV10(D) � PV0(A) � PV0(B) � PV0(C). The
amortization of the loan principal during any year is the change in the
present value of the loan between years. That is equal to each of the
following three expressions:

1. PV0(A) � PV10(D): The PV at t � 0 of A (all 60 months of the
loan) minus the PV at t � 10 of D, the last 50 payments of the
loan. Notice that the valuation dates are different, t � 0 versus
t � 10. The PV at t � 0 of A is the principal, $1 million (Table
A3-3, Section 2, D84). The PV at t � 10 of D is $865,911 (E84).
The difference of the two is the amortization of $134,089 (E85).

2. PV0(A) � PV0(B): The PV at t � 0 of A (all 60 months of the
loan), which is $1 million, minus the PV at t � 0 of the first 50
months of the loan. The latter calculation does not appear
directly in Table A3-3. However, using equation (3-6d) from the
chapter with g � 0, r � 0.83333%, and n � 50 periods leads to
the ADF of 40.75442. Multiplying the ADF by the monthly
payment of $21,247.04 gives us the PV of B, which is $865,911.
The difference of the two PVs is $134,089, the same as above.

3. PV0(C): The PV at t � 0 of C, payments 51–60. This is the most
important of the expressions because it is the most compact and
the easiest to use. The other expressions are the difference of
two formulas, while this one requires only a single formula. It is
stated in mathematical terms below in equation (A3-10). The
reduction in the principal is the PV of the opposite or mirror-
image series of cash flows working backward from the end of
the loan.

Section 3: A Better Way to Calculate Loan Amortization

In Section 3 we calculate the principal reduction using equation (A3-10).
Let’s look first at the 1998 cash flows in Row 93. The amortization of
principal in 1998 is equal to the PV of the last 10 payments of the loan.
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Letting n (the final payment period) � 60, we want to calculate the PV
of payments 51–60, discounted to month 0. If we let F � finishing month
� 10, the formula n � F � 1 describes S, the starting month in C93
through C98. The formula n � S � 1 describes F, the finishing month in
D93 through D98. For 1998, S � 60 � 10 (D93) � 1 � 51, and F � 60 �
1 (C93) � 1 � 60. Thus, our formulas give us the result that in calendar
1998 the amortization of principal is equal to the PV at t � 0 of payments
51–60, which is correct.

For calendar 1999, S � 60 � 22 (D94) � 1 � 39, and F � 60 � 11
(C94) � 1 � 50. The amortization of principal in calendar 1999 is the PV
at t � 0 of payments 39–50, which is also correct. Thus, the amortization
of principal in any year is equal to an ADF with no growth and end-of-
year cash flows that run from n � F � 1 to n � S � 1. We begin the
calculation of this loan amortization ADF in equation (A3-6).

1 1 1
ADF � � � . . . � (A3-6)n�F�1 n�F�2 n�S�1(1 � r) (1 � r) (1 � r)

Multiplying equation (A3-6) by 1/(1 � r), we get:

1 1 1
ADF � �n�F�2 n�F�31 � r (1 � r) (1� r)

1 1
� . . . � � (A3-7)n�S�1 n�S�2(1 � r) (1 � r)

Subtracting equation (A3-7) from equation (A3-6), we get:

1 1 1
1 � ADF � � (A3-8)� � n�F�1 n�S�21 � r (1 � r) (1 � r)

The left-hand side of equation (A3-8) simplifies to r/(1 � r) ADF. Mul-
tiplying both sides of equation (A3-8) by (1 � r)/r, we come to:

1 � r 1 1
ADF � � (A3-9)� �n�F�1 n�S�2r (1 � r) (1 � r)

Canceling out the 1 � r in the numerator and denominator, we arrive at
our final solution:

1 1 1
ADF � �� �n�F n�S�1r (1 � r) (1 � r)

ADF formula for loan amortization (A3-10)

The spreadsheet formulas begin in column F of Rows 93 through 98.
Note that we multiply the ADF in equation (A3-10) by the monthly pay-
ment in F93 through F98 to calculate the PV of the loan. I is the monthly
interest rate � 10%/12 months � 0.833%, which is equivalent to r in
equation (A3-10).

The amortization in 1998 is $134,089 (E93), which equals:

1 1 1
ADF � � (A3-10a)� �60�10 60�1�10.008333 1.008333 1.008333

The amortization in 1999 is $176,309, as per E94, which equals:
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1 1 1
ADF � � (A3-10b)� �60�22 60�11�10.008333 1.008333 1.008333

The principal amortization in cells E93 through E98 is equal to that
in column H of Section 1, which demonstrates the accuracy of equation
(A3-10).

The After-Tax Cost of a Loan

In our discussion in Table A3-3, Sections 2 and 3, we came to the insight
that principal amortizes in mirror image, and we used that understanding
to develop equation (A3-10) to calculate the principal amortization over
any given block of time. Now it is appropriate to present month-by-
month amortization of principal, as it will enable us to develop formulas
to calculate the PV of principal and interest of a loan. The primary prac-
tical application is to calculate the after-tax cost of a loan.

We begin with a month-by-month amortization. In the first month,
amortization equals the PVF for the last month. In the second month,
amortization equals the PVF for the second-to-last month, and we con-
tinue in that fashion. Mathematically, amortization is thus equal to:

1 1 1 1
Amort � � � � . . . � � Pymt� �n n�1 n�2(1 � r) (1 � r) (1 � r) 1 � r

(A3-11)

Note that this expression is the exact reverse of a simple series of cash
flows that solves to an end-of-year ADF with no growth, i.e., equation
(3-6d) in the body of the chapter. Thus, the total amortization equals equa-
tion (3-6d) � Loan Payment � Principal of the Loan. This is a rearrange-
ment of equation (3-21). Note that one should use the nominal interest
rate in this calculation.

Next we take the PV of equation (A3-11) at the nominal rate of in-
terest (when valuing a loan at a discount rate other than the nominal rate
of interest, see that discussion at the end of this chapter).

1 1 1
n n�1 n�2(1 � r) (1 � r) (1 � r)

PV (Amort) � � �2 31 � r (1 � r) (1 � r)�
1

1 � r
� . . . � � Pymt (A3-12)n(1 � r) 

We can move the second denominator into the first denominator, and
equation (A3-12) simplifies to:

1 1 1
PV (Amort) � � �� n�1 n�1 n�1(1 � r) (1 � r) (1 � r)

1
� . . . � � Pymt [n terms] (A3-13)�n�1(1 � r)
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T A B L E A3-3

Amortization of Principal with Irregular Starting Point

A B C D E F G H I J K L M N O

4 SECTION 1: LOAN AMORTIZATION SCHEDULE

5
6

Pmt
# Date Pmt Int Prin Bal Int Prin PVF

NPV
Pymt

Annual
NPV

Aft-Tax
Cost-
Loan

7 0 02/28/98 1,000,000 1.0000
8 1 03/31/98 21,247 8,333 12,914 987,086 0.9917 21,071 17,766 12807 4959
9 2 04/30/98 21,247 8,226 13,021 974,065 0.9835 20,897 17,661 12807 4854
10 3 05/31/98 21,247 8,117 13,130 960,935 0.9754 20,725 17,558 12807 4751
11 4 06/30/98 21,247 8,008 13,239 947,696 0.9673 20,553 17,455 12807 4648
12 5 07/31/98 21,247 7,897 13,350 934,346 0.9594 20,383 17,353 12807 4546
13 6 08/31/98 21,247 7,786 13,461 920,885 0.9514 20,215 17,252 12807 4445
14 7 09/30/98 21,247 7,674 13,573 907,312 0.9436 20,048 17,152 12807 4345
15 8 10/31/98 21,247 7,561 13,686 893,626 0.9358 19,882 17,052 12807 4245
16 9 11/30/98 21,247 7,447 13,800 879,826 0.9280 19,718 16,954 12807 4147
17 10 12/31/98 21,247 7,332 13,915 865,911 78,381 134,089 0.9204 19,555 203,048 16,856 12807 4049
18 11 01/31/99 21,247 7,216 14,031 851,880 0.9128 19,393 16,759 12807 3952
19 12 02/28/99 21,247 7,099 14,148 837,732 0.9052 19,233 16,663 12807 3856
20 13 03/31/99 21,247 6,981 14,266 823,466 0.8977 19,074 16,567 12807 3760
21 14 04/30/99 21,247 6,862 14,385 809,081 0.8903 18,917 16,473 12807 3666
22 15 05/31/99 21,247 6,742 14,505 794,576 0.8830 18,760 16,379 12807 3572
23 16 06/30/99 21,247 6,621 14,626 779,951 0.8757 18,605 16,286 12807 3479
24 17 07/31/99 21,247 6,500 14,747 765,203 0.8684 18,451 16,194 12807 3387
25 18 08/31/99 21,247 6,377 14,870 750,333 0.8612 18,299 16,102 12807 3295
26 19 09/30/99 21,247 6,253 14,994 735,339 0.8541 18,148 16,011 12807 3204
27 20 10/31/99 21,247 6,128 15,119 720,220 0.8471 17,998 15,921 12807 3114
28 21 11/30/99 21,247 6,002 15,245 704,974 0.8401 17,849 15,832 12807 3025
29 22 12/31/99 21,247 5,875 15,372 689,602 78,656 176,309 0.8331 17,701 222,428 15,744 12807 2937
30 23 01/31/00 21,247 5,747 15,500 674,102 0.8262 17,555 15,656 12807 2849
31 24 02/28/00 21,247 5,618 15,630 658,472 0.8194 17,410 15,569 12807 2762
32 25 03/31/00 21,247 5,487 15,760 642,712 0.8126 17,266 15,482 12807 2675
33 26 04/30/00 21,247 5,356 15,891 626,821 0.8059 17,123 15,397 12807 2590
34 27 05/31/00 21,247 5,224 16,024 610,798 0.7993 16,982 15,312 12807 2505
35 28 06/30/00 21,247 5,090 16,157 594,641 0.7927 16,842 15,228 12807 2421
36 29 07/31/00 21,247 4,955 16,292 578,349 0.7861 16,702 15,144 12807 2337
37 30 08/31/00 21,247 4,820 16,427 561,922 0.7796 16,564 15,061 12807 2254
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Amortization of Principal with Irregular Starting Point

A B C D E F G H I J K L M N O

4 SECTION 1: LOAN AMORTIZATION SCHEDULE

5
6

Pmt
# Date Pmt Int Prin Bal Int Prin PVF

NPV
Pymt

Annual
NPV

Aft-Tax
Cost-
Loan

38 31 09/30/00 21,247 4,683 16,564 545,357 0.7732 16,427 14,979 12807 2172
39 32 10/31/00 21,247 4,545 16,702 528,655 0.7668 16,292 14,898 12807 2091
40 33 11/30/00 21,247 4,405 16,842 511,813 0.7604 16,157 14,817 12807 2010
41 34 12/31/00 21,247 4,265 16,982 494,831 60,194 194,771 0.7542 16,024 201,345 14,737 12807 1930
42 35 01/31/01 21,247 4,124 17,123 477,708 0.7479 15,891 14,657 12807 1850
43 36 04/29/61 21,247 3,981 17,266 460,442 0.7417 15,760 14,579 12807 1772
44 37 03/31/01 21,247 3,837 17,410 443,032 0.7356 15,630 14,501 12807 1694
45 38 04/30/01 21,247 3,692 17,555 425,476 0.7295 15,500 14,423 12807 1616
46 39 05/31/01 21,247 3,546 17,701 407,775 0.7235 15,372 14,346 12807 1539
47 40 06/30/01 21,247 3,398 17,849 389,926 0.7175 15,245 14,270 12807 1463
48 41 07/31/01 21,247 3,249 17,998 371,928 0.7116 15,119 14,194 12807 1387
49 42 08/31/01 21,247 3,099 18,148 353,781 0.7057 14,994 14,119 12807 1312
50 43 09/30/01 21,247 2,948 18,299 335,482 0.6999 14,870 14,045 12807 1238
51 44 10/31/01 21,247 2,796 18,451 317,031 0.6941 14,747 13,971 12807 1164
52 45 11/30/01 21,247 2,642 18,605 298,425 0.6884 14,626 13,898 12807 1091
53 46 12/31/01 21,247 2,487 18,760 279,665 39,799 215,166 0.6827 14,505 182,260 13,826 12807 1019
54 47 01/31/02 21,247 2,331 18,917 260,749 0.6770 14,385 13,754 12807 947
55 48 02/28/02 21,247 2,173 19,074 241,675 0.6714 14,266 13,682 12807 875
56 49 03/31/02 21,247 2,014 19,233 222,442 0.6659 14,148 13,612 12807 805
57 50 04/30/02 21,247 1,854 19,393 203,048 0.6604 14,031 13,541 12807 734
58 51 05/31/02 21,247 1,692 19,555 183,493 0.6549 13,915 13,472 12807 665
59 52 06/30/02 21,247 1,529 19,718 163,775 0.6495 13,800 13,403 12807 596
60 60 07/31/02 21,247 1,365 19,882 143,893 0.6441 13,686 13,334 12807 527
61 54 08/31/02 21,247 1,199 20,048 123,845 0.6388 13,573 13,267 12807 460
62 55 09/30/02 21,247 1,032 20,215 103,630 0.6335 13,461 13,199 12807 392
63 56 10/31/02 21,247 864 20,383 83,247 0.6283 13,350 13,133 12807 326
64 57 11/30/02 21,247 694 20,553 62,693 0.6231 13,239 13,066 12807 259
65 58 12/31/02 21,247 522 20,725 41,969 17,268 237,697 0.6180 13,130 164,984 13,001 12807 194
66 59 01/31/03 21,247 350 20,897 21,071 0.6129 13,021 12,936 12807 129
67 60 02/28/03 21,247 176 21,071 0 525 41,969 0.6078 12,914 25,935 12,871 12807 64
68 Totals 1,274,823 274,823 1,000,000 274,823 1,000,000 1,000,000 1,000,000 907,368
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T A B L E A3-3 (continued)

Amortization of Principal with Irregular Starting Point

A B C D E F G H I J K L M N O

73 SECTION 2: SCHEDULE OF PRESENT VALUES CALCULATED BY ADF EQUATION (A3-5)

75 As Seen From The Beginning of Year
76 1998 1999 2000 2001 2002 2003 2004 Total

77 NPV 1998 payments [1] 203,048
78 NPV 1999 payments 222,428 241,675
79 NPV 2000 payments 201,345 218,767 241,675
80 NPV 2001 payments 182,260 198,031 218,767 241,675
81 NPV 2002 payments 164,984 179,260 198,031 218,767 241,675
82 NPV 2003 payments 25,935 28,179 31,130 34,390 37,991 41,969
83 NPV 2004 payments 0
84 Sum NPVs-all pymts 1,000,000 865,911 689,602 494,831 279,665 41,969 0 0
85 Reduction in NPV 134,089 176,309 194,771 215,166 237,697 41,969 1,000,000
86 Valuation date � v

0
10 22 34 46 58

88 SECTION 3: AMORTIZATION CALCULATED AS THE PYMT * THE ADF in (A3-16)

90 Formulas For Principal Amortization, where:
91
92

Starting
Month

Finishing
Month

Prin
Amort

I � Monthly Interest � 0.833%, n � 60 Months,
Pymt � $21,247/Month

93 Calendar 1998 1 10 134,089 PYMT*(1/r)*((1/(1 � r)	(N � $D93) � (1/(1 � r)	(N � $C93 � 1))))
94 Calendar 1999 11 22 176,309 PYMT*(1/r)*((1/(1 � r)	(N � $D94) � (1/(1 � r)	(N � $C94 � 1))))
95 Calendar 2000 23 34 194,771 PYMT*(1/r)*((1/(1 � r)	(N � $D95) � (1/(1 � r)	(N � $C95 � 1))))
96 Calendar 2001 35 46 215,166 PYMT*(1/r)*((1/(1 � r)	(N � $D96) � (1/(1 � r)	(N � $C96 � 1))))
97 Calendar 2002 47 58 237,697 PYMT*(1/r)*((1/(1 � r)	(N � $D97) � (1/(1 � r)	(N � $C97 � 1))))
98 Calendar 2003 59 60 41,969 PYMT*(1/r)*((1/(1 � r)	(N � $D98) � (1/(1 � r)	(N � $C98 � 1))))
99 Total 1,000,000
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T A B L E A3-3 (continued)

Amortization of Principal with Irregular Starting Point

A B C D E F G H I J K L M N O

102 Assumptions: After-Tax Cost of the Loan

104 Prin 1,000,000 (1 � t) * Prin 0.600000 600,000
105 Int 10.0000% t*n/(1 � r)	(n �

1)*PYMT
0.307368 307,368

106 Int-Mo 0.8333% Total � L68 0.907368 907,368
107 Years 5
108 Months � n 60 H106: (1 � t) � [t*N/(1 � r)	(N � 1)*PYMT/P] Equation (A3-24a)
109 Pymt 21,247 I106: (1 � t)*P � [t*N/(1 � r)	(N � 1)*PYMT] Equation (A3-23a)
110 Form-Prin 1,000,000
111 Start month � S 3
112 x � (1 � g)/(1 � r) 0.9917
113 y � 1/(1 � r) 0.9917
114 GM � 1/r 120

Notes:
[1] Formula for D77 according to (A3-5): GM*(1 � x	($D93 � $C93 � 1))*y ($C93 � A$86 � 1)*PYMT
n � # months of cash flow � $D93 � $C93 � 1, which is the ending month - beginning month �1. The exponent of y is the ending month - the valuation date); thus it is the discounting period. This formula copies both down and across,
i.e., it is the formula for all cells from D77 to I82. D78 � D77 because there are 10 payments in 1998 and 12 in 1999–2002.
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T A B L E A3-4

PV of Principal Amortization

A B

4 r 1%
5 n 60
6 PV(P)/Pmt 32.69997718
7 Pmt/P $0.0222444
8 PV(P)/P $0.7273929
9 PV(P)/P $0.7273929

11 Cell Formulas:

13
14
15
16

B6: � n/(1 � r)	(n � 1)
B7: � PMT(.01,60,�1)
B9: � B7*B8
B10: � (n*r)/(((1 � r)	n � 1)*(1 � r))

All the bracketed terms in equation (A3-13) are identical. Thus, the
PV of the amortization of principal, which we denote below as PV(P), is
equal to n � any one of these terms � the loan payment.

n
PV (Amort) 
 PV (P) � � Pymtn�1(1 � r)

PV of principal payments (A3-14)

Restating equation (3-21) as equation (A3-15),

P
Pymt � , (A3-15)

ADF

where ADF is defined by equation (3-6d). Substituting equation (A3-15)
into equation (A3-14), we get:

n P
PV(P) � � (A3-16)n�1(1 � r) ADF

The next section, in which we develop equations (3-16a) and (3-16b),
is somewhat of a digression from the previous and the subsequent dis-
cussion. We do not use equations (A3-16a) and (A3-16b) in our subse-
quent work. However, these formulas can be useful alternative forms
of (A3-16). Substituting in the definition of the ADF, dividing through
by the principal, and solving the equation,22 another form of equation
(A3-16) is:

PV(P) n
� (A3-16a)nP [(1 � r) � 1](1 � r)

Table A3-4 verifies the accuracy of this formula, which is my own
formula, to the best of my knowledge. For a five-year (60-month) loan at
12% per year, or 1% per month (A5 and A4, respectively), the present

22. We do not show the steps to the solution, as we are not using this equation in our subsequent
work.
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value of the principal divided by the loan payment is 32.69997718 (B6).
The formula for that cell appears in cell A13, and that formula is equation
(A3-14) after dividing both sides of the equation by the payment. In B7
we show the monthly payment per dollar of loan principal, which we
calculate using a standard spreadsheet financial function for a $1 loan
with 60 monthly payments at 1% interest (see cell A14 for the formula).
In B8 we multiply B6 � B7. In B9 we test equation (A3-16a), and it comes
to the same answer as B8, i.e., the present value of the principal is
$0.7273929 per $1 of principal. That the two answers are identical dem-
onstrates the accuracy of equation (A3-16a). Of course, the present value
of the interest on a pretax basis is one minus that, or approximately $0.273
per $1 of principal.

In algebraic terms, the present value of the interest portion of a loan
per dollar of principal on a pretax basis is one minus (A3-16a), or:

PV(Int) n
� 1 � (A3-16b)nP [(1 � r) � 1](1 � r)

Resuming our discussion after the digression in the last several par-
agraphs, the PV of the interest portion of the payments is simply the PV
of the loan payments—which is the principal—minus the PV of the prin-
cipal portion, or:

PV(Int) � P � PV(P) (A3-17)

Substituting equation (A3-16) into equation (A3-17), we get:

n P n 1
PV(Int) � P � � P 1 � (A3-18)� �n�1 n�1(1 � r) ADF (1 � r) ADF

The PV of the after-tax cost of the interest portion is (1� t) * (A3-18),
where t is the tax rate, or:

n 1
PV(Int) � (1 � t) P 1 � (A3-19)� �After-Tax n�1(1 � r) ADF

Thus, the after-tax cost of the loan, L, is (A3-16) plus (A3-19), or:

n P n 1
L � � (1 � t)P 1 � (A3-20)� �n�1 n�1(1 � r) ADF (1 � r) ADF

Factoring terms, we get:

n P
L � [1 � (1 � t)] � (1 � t)P (A3-21)n�1(1 � r) ADF

which simplifies to:

n P
L � t � (1 � t)P (A3-22)n�1(1 � r) ADF

Switching terms, our final equation for the after-tax cost of a loan is:

n P
L � (1 � t)P � t after-tax cost of a loan (A3-23)� �n�1(1 � r) ADF

Alternatively, using
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P
Loan Payment �

ADF

we can restate equation (A3-23) as:

n
L � (1 � t)P � t Pymt� �n�1(1 � r) (A3-23a)

alternative expression—after-tax cost of loan

Equation (A3-23) gives us the equation for the after-tax cost of a loan
in dollars. We can restate equation (A3-23) to give us the after-tax cost of
the loan for each $1.00 of loan principal by dividing through by P.

L n 1
� (1 � t) � t� �n�1P (1 � r) ADF

after-tax cost of loan per each $1.00 of principal (A3-24)

Analyzing equation (A3-24), we can see the after-tax cost of the loan
is made up of two parts:

1. The after-tax cost of the principal, as if the entire loan payment
was tax-deductible, plus

2. The tax rate times the PV of the principal payments on the loan.

In item 1 we temporarily assume that principal and interest are tax-
deductible. This is actually true for ESOP loans, and the PV of an ESOP
loan is item 1. To adjust item 1 upwards for the lack of tax shield on the
principal of ordinary loans, in item 2 we add back the tax shield included
in item 1 that we do not really get. Of course, we can substitute the exact
expression for ADF in equation (A3-24) to keep the solution strictly in
terms of the variables t, n, and r.

We can derive an alternative expression for equation (A3-24) by di-
viding equation (A3-23a) by P:

L n Pymt
� (1 � t) � t� �n�1P (1 � r) P

alternative expression—after-tax cost of loan/$1 of principal

(A3-24a)

We demonstrate the accuracy of equations (A3-23a) and (A3-24a) in
Table A3-3. In Section 1, Column L is the after-tax cost of each loan pay-
ment. It is equal to the sum of [Principal (Column E) � (1 � Tax Rate)
� Interest (Column D)] � Present Value Factor (Column I). We assume
a 40% tax rate in this table. Thus cell L8, the after-tax cost of the first
month’s loan payment, is equal to [$12,914 (E8) � (1 � 40%) � $8,333
(D8)] � 0.9917 (I8) � $17,766. The sum of the after-tax cost of the loan
payments is $907,368 (L68).

We now move to Section 3, F102 to J109. Here we use equation (A3-
24a) to test if we get the same answer as the brute force approach in L68.
In I104 we show the PV of the principal after tax, corresponding to item
1 above, as $600,000 (H104 is the same, but for each $1.00 of principal).
In I105 we show the tax shield on the principal that we do not get at
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T A B L E A3-5

Present Value of a Loan at Discount Rate Different than Nominal Rate

A B C D E F G

5
6

Pmt
# Pmt Int Prin Bal PVF (r1) PV(P)

7 0 1,000,000 1.0000
8 1 21,247 8,333 12,914 987,086 0.9901 12,786
9 2 21,247 8,226 13,021 974,065 0.9803 12,765
10 3 21,247 8,117 13,130 960,935 0.9706 12,744
11 4 21,247 8,008 13,239 947,696 0.9610 12,723
12 5 21,247 7,897 13,350 934,346 0.9515 12,702
13 6 21,247 7,786 13,461 920,885 0.9420 12,681
14 7 21,247 7,674 13,573 907,312 0.9327 12,660
15 8 21,247 7,561 13,686 893,626 0.9235 12,639
16 9 21,247 7,447 13,800 879,826 0.9143 12,618
17 10 21,247 7,332 13,915 865,911 0.9053 12,597
18 11 21,247 7,216 14,031 851,880 0.8963 12,576
19 12 21,247 7,099 14,148 837,732 0.8874 12,556
20 13 21,247 6,981 14,266 823,466 0.8787 12,535
21 14 21,247 6,862 14,385 809,081 0.8700 12,514
22 15 21,247 6,742 14,505 794,576 0.8613 12,494
23 16 21,247 6,621 14,626 779,951 0.8528 12,473
24 17 21,247 6,500 14,747 765,203 0.8444 12,452
25 18 21,247 6,377 14,870 750,333 0.8360 12,432
26 19 21,247 6,253 14,994 735,339 0.8277 12,411
27 20 21,247 6,128 15,119 720,220 0.8195 12,391
28 21 21,247 6,002 15,245 704,974 0.8114 12,370
29 22 21,247 5,875 15,372 689,602 0.8034 12,350
30 23 21,247 5,747 15,500 674,102 0.7954 12,330
31 24 21,247 5,618 15,630 658,472 0.7876 12,309
32 25 21,247 5,487 15,760 642,712 0.7798 12,289
33 26 21,247 5,356 15,891 626,821 0.7720 12,269
34 27 21,247 5,224 16,024 610,798 0.7644 12,248
35 28 21,247 5,090 16,157 594,641 0.7568 12,228
36 29 21,247 4,955 16,292 578,349 0.7493 12,208
37 30 21,247 4,820 16,427 561,922 0.7419 12,188
38 31 21,247 4,683 16,564 545,357 0.7346 12,168
39 32 21,247 4,545 16,702 528,655 0.7273 12,148
40 33 21,247 4,405 16,842 511,813 0.7201 12,128
41 34 21,247 4,265 16,982 494,831 0.7130 12,108
42 35 21,247 4,124 17,123 477,708 0.7059 12,088
43 36 21,247 3,981 17,266 460,442 0.6989 12,068
44 37 21,247 3,837 17,410 443,032 0.6920 12,048
45 38 21,247 3,692 17,555 425,476 0.6852 12,028
46 39 21,247 3,546 17,701 407,775 0.6784 12,008
47 40 21,247 3,398 17,849 389,926 0.6717 11,988
48 41 21,247 3,249 17,998 371,928 0.6650 11,968
49 42 21,247 3,099 18,148 353,781 0.6584 11,949

$307,368. The sum of the two is $907,368 (I106), which matches L68 and
thus proves equation (A3-24a). Note that I106, which we calculate ac-
cording to equation (A3-23a), equals $0.907368, which is the correct after-
tax cost of the loan per each dollar of principal. When we multiply that
by the $1 million principal, we get the correct after-tax cost of the loan
in dollars, as per cell I106 and equation (A3-23a).
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T A B L E A3-5 (continued)

Present Value of a Loan at Discount Rate Different than Nominal Rate

A B C D E F G

5
6

Pmt
# Pmt Int Prin Bal PVF (r1) PV(P)

50 43 21,247 2,948 18,299 335,482 0.6519 11,929
51 44 21,247 2,796 18,451 317,031 0.6454 11,909
52 45 21,247 2,642 18,605 298,425 0.6391 11,890
53 46 21,247 2,487 18,760 279,665 0.6327 11,870
54 47 21,247 2,331 18,917 260,749 0.6265 11,850
55 48 21,247 2,173 19,074 241,675 0.6203 11,831
56 49 21,247 2,014 19,233 222,442 0.6141 11,811
57 50 21,247 1,854 19,393 203,048 0.6080 11,792
58 51 21,247 1,692 19,555 183,493 0.6020 11,772
59 52 21,247 1,529 19,718 163,775 0.5961 11,753
60 53 21,247 1,365 19,882 143,893 0.5902 11,734
61 54 21,247 1,199 20,048 123,845 0.5843 11,714
62 55 21,247 1,032 20,215 103,630 0.5785 11,695
63 56 21,247 864 20,383 83,247 0.5728 11,676
64 57 21,247 694 20,553 62,693 0.5671 11,656
65 58 21,247 522 20,725 41,969 0.5615 11,637
66 59 21,247 350 20,897 21,071 0.5560 11,618
67 60 21,247 176 21,071 0 0.5504 11,599

68 Total 1,274,823 274,823 1,000,000 730,970

70 Assumptions:
72 Prin 1,000,000
73 Int 10.0000%
74 Int � Mo � r 0.8333%
75 Int 12.0000%
76 Int � Mo � r1 1.0000%
77 Years 5
78 Months � n 60
79 Pymt 21,247
80 Start month � S 3
81 (1/(r1 � r))*((1/(1 � r)	n) � (1/(1 � r1)

	n))*PYMT 730,970

Present Value of the Principal when the Discount Rate is
Different than the Nominal Rate
When valuing a loan at a discount rate, r1, that is different than the nom-
inal rate of interest, r, the present value of principal is as follows:

1 1 1
n n�1 n�2(1 � r) (1 � r) (1 � r)

PV (Amort) � � �2 31 � r (1 � r ) (1 � r )� 1 1 1

1
1 � r

� . . . � � Pymt (A3-25)n(1 � r ) 1

We can move the second denominator into the first to simplify the equa-
tion:
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1 1
PV (Amort) � �n n�1 2(1 � r) (1 � r ) (1 � r) (1 � r )1 1 (A3-26)

1
� . . . � � Pymtn(1 � r)(1 � r )1

Multiplying both sides by (1 � r)/(1 � r1), we get:

1 � r 1 1
PV (Amort) � �� n�1 2 n�2 31 � r (1 � r) (1 � r ) (1 � r) (1 � r )1 1 1

1
� . . . � � Pymt (A3-27)�n(1 � r)(1 � r )1

Subtracting equation (A3-27) from equation (A3-26) and simplifying, we
get:

r � r 1 11 PV (Amort) � � � Pymt� �n n1 � r (1 � r) (1 � r ) (1 � r)(1 � r )1 1 1

(A3-28)

This simplifies to:

1 1 1
PV (Amort) � � � Pymt (A3-29)� �n nr � r (1 � r) (1 � r )1 1

Table A3-5 is almost identical to Section 1 of Table A3-3. We use a
nominal interest rate of 10% per year (B73), which is 0.8333% per month
(B74), and a discount rate of 12% per year (B75), or 1% per month (B76).

We discount the principal amortization at r1, the discount rate of 1%,
in Column F, so that Column G gives us the present value of the principal,
which totals $730,970 (G68). The Excel formula equivalent for equation
(A3-29) appears in cell A81, and the result of that formula appears in
G81, which matches the brute force calculation in G68, thus demonstrat-
ing the accuracy of the formula.

CONCLUSION

In this mathematical appendix to the ADF chapter, we have presented:

● ADFs with stub periods (partial years) for both midyear and
end-of-year.

● Tables to demonstrate their accuracy.
● ADFs to calculate the amortization of principal on a loan.
● A formula for the after-tax PV of a loan.
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P A R T T W O

Calculating Discount Rates

Part 2 of this book, Chapters 4, 5, and 6, deals with calculating discount
rates; discounting cash flows is the second of the four steps in business
valuation.

Chapter 4 is a long chapter, with a significant amount of empirical
analysis of stock market returns. Our primary finding is that returns are
negatively related to the logarithm of the size of the firm. The most suc-
cessful measure of size in explaining returns of publicly held stocks is
market capitalization, though research by Grabowski and King shows
that many other measures of size also do a fairly good job of explaining
stock market returns.

In their 1999 article, Grabowski and King found the relationship of
return to three underlying variables: operating margin, the logarithm of
the coefficient of variation of operating margin, and the logarithm of the
coefficient of variation of return on equity. This is a very important re-
search result, and it is very important that professionals read and under-
stand their article. Even so, their methodology is based on Compustat
data, which leaves out the first 37 years of the New York Stock Exchange
data. As a consequence, their standard errors are higher than my log size
model, and appraisers should be familiar with both.

In this chapter, we:

● Develop the mathematics of potential log size equations.
● Analyze the statistical error in the log size equation for different
time periods and determine that the last 60 years, i.e., 1939–1998,
is the optimal time frame.

● Present research by Harrison that shows that the distribution of
stock market returns in the 18th century is the same as it is in
the 20th century and discuss its implications for which 20th
century data we should use.

● Give practical examples of using the log size equation.
● Compare log size to the capital asset pricing model (CAPM) for
accuracy.

● Discuss industry effects.

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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● Discuss industry effects.
● Present a claim that, with rare exceptions, valuations of small
and medium-sized privately held businesses do not require a
public guideline companies method (developing PE and other
types of multiples), as the log size model satisfies the intent
behind the Revenue Ruling 59-60 requirement to use that
approach when it is relevant.

The last bullet point is very important; in my opinion, it frees ap-
praisers from wasting countless hours on an approach that is worse than
useless for valuing small firms.1 The log size model itself saves much
time compared to using CAPM. The former literally takes one minute,
while the latter often requires one to two days of research. Log size is
also much more accurate for smaller firms than is either CAPM or the
buildup approach. Using 1939–1998 data, the log size standard error of
the valuation estimate is only 41% as large as CAPM standard error. This
means that the CAPM 95% confidence intervals are approximately two
and one half times larger than the log size confidence intervals.2

Summarizing, log size has two advantages:

● It saves much time and money for the appraiser.
● It is far more accurate.

For those who prefer not to read through the research that leads to
our conclusions and simply want to learn how to use the log size model,
Appendix C presents a much shorter version of Chapter 4. It also serves
as a useful refresher for those who read Chapter 4 in its entirety but
periodically wish to refresh their skills and understanding.

Chapter 5 discusses arithmetic versus geometric mean returns. There
have been many articles in the professional literature arguing whether
arithmetic or geometric mean returns are most appropriate. For valuing
small businesses, the two measures can easily make a 100% difference in
the valuation, as geometric returns are always lower than arithmetic re-
turns (as long as returns are not identical in every period, which, of
course, they are not). Most of the arguments have centered around Pro-
fessor Ibbotson’s famous two-period example.

The majority of Chapter 5 consists of empirical evidence that arith-
metic mean returns do a better job than geometric means of explaining
log size results. Additionally, we spend some time discussing a very
mathematical article by Indro and Lee that argues for using a time
horizon-weighted average of the arithmetic and geometric means.

For those who use CAPM, whether in a direct equity approach or in
an invested capital approach, there is a trap into which many appraisers
fall, which is producing an answer that is internally inconsistent.

Common practice is to assume a degree of leverage—usually equal
to the subject company’s existing or industry average leverage—

1. When the subject company is close to the size of publicly traded firms, say one half their size,
then the public guideline company approach is reasonable.

2. Using 1938–1997 data, the log size standard error was only 6% as large as CAPM’s standard
error. 1998 was a bad year for the log size model.
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assuming book value for equity. This implies an equity for the firm, which
is an ex-ante value of equity. The problem comes when the appraiser
stops after obtaining his or her valuation estimate. This is because the
calculated value of equity will almost always be inconsistent with the
value of equity that is implied in the leverage assumed in the calculation
of the CAPM discount rate.

In Chapter 6 we present an iterative method that solves the problem
by repeating the valuation calculations until the assumed and the calcu-
lated equity are equal.
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C H A P T E R 4

Discount Rates as a Function of
Log Size1

PRIOR RESEARCH
TABLE 4-1: ANALYSIS OF HISTORICAL STOCK RETURNS

Regression #1: Return versus Standard Deviation of Returns
Regression #2: Return versus Log Size
Regression #3: Return versus Beta
Market Performance
Which Data to Choose?

Tables 4-2 and 4-2A: Regression Results for Different Time Periods
18th Century Stock Market Returns
Conclusion on Data Set

Recalculation of the Log Size Model Based on 60 Years
APPLICATION OF THE LOG SIZE MODEL

Discount Rates Based on the Log Size Model
Need for Annual Updating
Computation of Discount Rate Is an Iterative Process

Practical Illustration of the Log Size Model: Discounted Cash Flow
Valuations
The Second Iteration: Table 4-4B
Consistency in Levels of Value
Adding Specific Company Adjustments to the DCF Analysis: Table
4-4C

Total Return versus Equity Premium
Adjustments to the Discount Rate
Discounted Cash Flow or Net Income?

DISCUSSION OF MODELS AND SIZE EFFECTS
CAPM

1. Adapted and reprinted with permission from Valuation (August 1994): 8–24 and The Valuation
Examiner (February/March 1997): 19–21.

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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Sum Beta
The Fama–French Cost of Equity Model
Log Size Models
Heteroscedasticity

INDUSTRY EFFECTS
SATISFYING REVENUE RULING 59-60 WITHOUT A GUIDELINE
PUBLIC COMPANY METHOD

SUMMARY AND CONCLUSIONS
APPENDIX A: AUTOMATING ITERATION USING
NEWTON’S METHOD

APPENDIX B: MATHEMATICAL APPENDIX
APPENDIX C: ABBREVIATED REVIEW AND USE
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PRIOR RESEARCH

Historically, small companies have shown higher rates of return when
compared to large ones, as evidenced by data for the New York Stock
Exchange (NYSE) over the past 73 years of its existence (Ibbotson Asso-
ciates 1999). The relationship between firm size and rate of return was
first published by Rolf Banz in 1981 and is now universally recognized.
Accordingly, company size has been included as a variable in several
models used to determine stock market returns.

Jacobs and Levy (1988) examined small firm size as one of 25 vari-
ables associated with anomalous rates of return on stocks. They found
that small size was statistically significant both in single-variable and
multivariate form, although size effects appear to change over time, i.e.,
they are nonstationary. They found that the natural logarithm (log) of
market capitalization was negatively related to the rate of return.

Fama and French (1993) found they could explain historical market
returns well with a three-factor multiple regression model using firm size,
the ratio of book equity to market equity (BE/ME), and the overall market
factor Rm � Rf , i.e., the equity premium. The latter factor explained overall
returns to stocks across the board, but it did not explain differences from
one stock to another, or more precisely, from one portfolio to another.2

The entire variation in portfolio returns was explained by the first
two factors. Fama and French found BE/ME to be the more significant
factor in explaining the cross-sectional difference in returns, with firm size
next; however, they consider both factors as proxies for risk. Furthermore,
they state, ‘‘Without a theory that specifies the exact form of the state
variables or common factors in returns, the choice of any particular ver-
sion of the factors is somewhat arbitrary. Thus detailed stories for the
slopes and average premiums associated with particular versions of the
factors are suggestive, but never definitive.’’

Abrams (1994) showed strong statistical evidence that returns are
linearly related to the natural logarithm of the value of the firm, as mea-
sured by market capitalization. He used this relationship to determine the
appropriate discount rate for privately held firms. In a follow-up article,
Abrams (1997) further simplified the calculations by relating the natural
log of size to total return without splitting the result into the risk-free
rate plus the equity premium.

Grabowski and King (1995) also described the logarithmic relation-
ship between firm size and market return. They later (Grabowski and
King 1996) demonstrated that a similar, but weaker, logarithmic relation-
ship exists for other measures of firm size, including the book value of
common equity, five-year average net income, market value of invested
capital, five-year average EBITDA, sales, and number of employees. Their
latest research (Grabowski and King 1999) demonstrates a negative log-
arithmic relationship between returns and operating margin and a posi-

2. The regression coefficient is essentially beta controlled for size and BE/ME. After controlling for
the other two systematic variables, this beta is very close to 1 and explains only the market
premium overall. It does not explain any differentials in premiums across firms or
portfolios, as the variation was insignificant.
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tive logarithmic relationship between returns and the coefficient of vari-
ation of operating margin and accounting return on equity.

The discovery that return (the discount rate) has a negative linear
relationship to the natural logarithm of the value of the firm means that
the value of the firm decays exponentially with increasing rates of return.
We will also show that firm value decays exponentially with the standard
deviation of returns.

TABLE 4-1: ANALYSIS OF HISTORICAL STOCK RETURNS

Columns A–F in Table 4-1 contain the input data from the Stocks, Bonds,
Bills and Inflation 1999 Yearbook (Ibbotson Associates 1999) for all of the
regression analyses as well as the regression results. We use the 73-year
average arithmetic returns in both regressions, from 1926 to 1998. For
simplicity, we have collapsed 730 data points (73 years � 10 deciles) into
73 data points by using averages. Thus, the regressions are cross-sectional
rather than time series. Column A lists the entire NYSE divided into dif-
ferent groups (known as deciles) based on market capitalization as a
proxy for size, with the largest firms in decile #1 and the smallest in decile
10.3 Columns B through F contain market data for each decile which is
described below.

Note that the 73-year average market return in Column B rises with
each decile. The standard deviation of returns (Column C) also rises with
each decile. Column D shows the 1998 market capitalization of each dec-
ile, with decile #1 containing 189 firms (Column F) with a market capi-
talization of $5.986 trillion (D8). Market capitalization is the price per
share times the number of shares. We use it as a proxy for the fair market
value (FMV).

Dividing Column D (FMV) by Column F (the number of firms in the
decile), we obtain Column G, the average capitalization, or the average
fair market value of the firms in each decile. For example, the average
company in decile #1 has an FMV of $31.670 billion (G8, rounded), while
the average firm in decile #10 has an FMV of $56.654 million (G17,
rounded).

Column H shows the percentage difference between each successive
decile. For example, the average firm size in decile #9 ($146.3 million;
G16) is 158.2% (H16) larger than the average firm size in decile #10 ($56.7
million; G17). The average firm size in decile #8 is 92.5% larger (H15)
than that of decile #9, and so on.

The largest gap in absolute dollars and in percentages is between
decile #1 and decile #2, a difference of $26.1 billion (G8–G9), or 468.9%
(H8). Deciles #9 and #10 have the second-largest difference between them
in percentage terms (158.2%, per H16). Most deciles are only 45% to 70%
larger than the next-smaller one.

The difference in return (Column B) between deciles #1 and #2 is
1.6% and between deciles #9 and #10 is 3.2%, while the difference between

3All of the underlying decile data in Ibbotson originate with the University of Chicago’s Center for
Research in Security Prices (CRSP), which also determines the composition of the deciles.
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T A B L E 4-1

NYSE Data by Decile and Statistical Analysis: 1926–1998

A B C D E F G H I

4
5
6
7 Decile

Note [1]
Y

Mean Arith Return

Note [1]
X1

Std Dev

Note [2]

Recent Mkt
Capitalization

Note [2]

% Cap

Note [2]

# Co.s

� D/F

Avg Cap � FMV
% Change
in Avg FMV

X2

Ln(FMV)

8 1 12.11% 18.90% 5,985,553,146,000 72.60% 189 31,669,593,365 468.9% 24.1786
9 2 13.66% 22.17% 1,052,131,226,000 12.76% 189 5,566,831,884 121.8% 22.4401
10 3 14.11% 23.95% 476,920,534,000 5.78% 190 2,510,108,074 73.2% 21.6436
11 4 14.76% 26.40% 273,895,749,000 3.32% 189 1,449,183,857 60.3% 21.0943
12 5 15.52% 27.24% 170,846,605,000 2.07% 189 903,950,291 49.2% 20.6223
13 6 15.60% 28.23% 114,517,587,000 1.39% 189 605,913,159 46.5% 20.2222
14 7 15.99% 30.58% 78,601,405,000 0.95% 190 413,691,605 46.9% 19.8406
15 8 17.05% 34.36% 53,218,441,000 0.65% 189 281,579,053 92.5% 19.4559
16 9 17.85% 37.02% 27,647,937,000 0.34% 189 146,285,381 158.2% 18.8011
17 10 21.03% 45.84% 10,764,268,000 0.13% 190 56,654,042 N/A 17.8525
18 Std deviation 2.48% 1,893
19 Value wtd index 12.73% NA 8,244,096,898,000 100.00%

23 1st Regression: Return � F(Std Dev. of Returns)

25 1926–1998 1939–1998

26 Constant 6.56% 8.90%
27 72/60 year mean T-bond yield [Note 3] 5.28% 5.70%
28 Std err of Y est 0.27% 0.42%
29 R squared 98.95% 95.84%
30 Adjusted R squared 98.82% 95.31%
31 No. of observations 10 10
32 Degrees of freedom 8 8
33 X coefficient(s) 31.24% 30.79%
34 Std err of coef. 1.14% 2.27%
35 T 27.4 13.6
36 P � .01% � .01%
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T A B L E 4-1 (continued)

NYSE Data by Decile and Statistical Analysis: 1926–1998

A B C D E F G H I

39 2nd Regression: Return � F[LN(Mkt Capitalization)]
41 1926–1998 1939–1998

42 Constant 42.24% 37.50%
43 Std err of Y est. 0.82% 0.34%
44 R squared 90.37% 97.29%
45 Adjusted R squared 89.17% 96.95%
46 No. of observations 10 10
47 Degrees of freedom 8 8
48 X coefficient(s) �1.284% �1.039%
49 Std err of coef. 0.148% 0.061%
50 T �8.7 �16.9
51 P � .01% � .01%

53 3rd Regression: Return � F[Decile Beta]
54 Note [4]
55 1926–1998 1939–1998

56 Constant �2.78% NA
57 Std err of Y est 0.57% NA
58 R squared 95.30% NA
59 Adjusted R squared 94.71% NA
60 No. of observations 10 NA
61 Degrees of freedom 8 NA
62 X coefficient(s) 15.75% NA
63 Std err of coef. 1.24% NA
64 T 12.7 NA
65 P � .01% NA

68 Assumptions:

69 Long-term gov’t bonds arithmetic mean income
return

1926–1998 [1] 5.20%

70 Long horizon equity premium [2] 8.0%

Notes:
[1] SBBI-1999, p. 140
[2] SBBI-1999, p. 164
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T A B L E 4-1 (continued)

NYSE Data by Decile and Statistical Analysis: 1926–1998

J K L M N O P Q

4

6
7 Decile

Note [1]

Beta

Note [5]

CAPM E(R)

� B � L

CAPM
Error

� M2

Sq Error
Regr #2
Estimate

� B � O

Regr #2
Error

� P2

Sq Error

8 1 0.90 12.40% �0.29% 0.0008% 11.19% 0.92% 0.0085%
9 2 1.04 13.52% 0.14% 0.0002% 13.42% 0.24% 0.0006%
10 3 1.09 13.92% 0.19% 0.0004% 14.45% �0.34% 0.0011%
11 4 1.13 14.24% 0.52% 0.0027% 15.15% �0.39% 0.0015%
12 5 1.16 14.48% 1.04% 0.0107% 15.76% �0.24% 0.0006%
13 6 1.18 14.64% 0.96% 0.0092% 16.27% �0.68% 0.0046%
14 7 1.23 15.04% 0.95% 0.0091% 16.76% �0.77% 0.0060%
15 8 1.27 15.36% 1.69% 0.0285% 17.26% �0.21% 0.0004%
16 9 1.34 15.92% 1.93% 0.0373% 18.10% �0.25% 0.0006%
17 10 1.44 16.72% 4.31% 0.1859% 19.32% 1.72% 0.0294%

19 Totals → 0.2848% 0.0533%
20 Standard error → 1.89% 0.82%
21 Std error-CAPM/std error-log size model 231.11%
23 Std error—60 year model 0.34%

Notes
[1] Derived from SBBI-1999 pages 130, 131.*
[2] SBBI-1999, page 138**
[3] These averages derived from SBBI-1999, pages 200–201.* Beginning of year 1926 yield was not available.
[4] Betas were not available for the 1939–1998 time period.
[5] SBBI-1999, page 140*
[6] CAPM Equation: Rf � (Beta � Equity Premium) � 5.2% � (Beta � 8.0%). The equity premium is the simple difference of historical arithmetic mean returns for large company stocks and the risk free rate per SBBI 1999 p. 164. The risk
free rate of 5.2% is the 73 year arithmetic mean income return component of 20 year government bonds per SBBI-1999, page 140.*
* Used with permission. � 1999 Ibbotson Associates, Inc. All rights reserved. [Certain portions of this work were derived from copyrighted works of Roger G. Ibbotson and Rex Sinquefield.]
** Used with permission. � 1999 Ibbotson Associates, Inc. All rights reserved. [Certain portions of this work were derived from copyrighted works of Roger G. Ibbottson and Rex Sinquefield.] Source: � CRSP University of Chicago. Used
with permission. All rights reserved.



CHAPTER 4 Discount Rates as a Function of Log Size 125

F I G U R E 4-1

1926–1998 Arithmetic Mean Returns as a Function of Standard Deviation
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(or portfolio) with higher risk than another unless the expected return is
also higher. It is still a relatively new observation that we can see this
relationship in the size of the firms. Figure 4-1 shows this relationship
graphically, and the regressions in Table 4-1 that follow demonstrate that
relationship mathematically.

Regression #1 in Table 4-1 (Rows 23–36) is a statistical measurement
of return as a function of standard deviation of returns. The results for
the period 1926–1998 (D26–D36) confirm that a very strong relationship
exists between historical returns and standard deviation. The regression
equation is:

r � 6.56% � (31.24% � S) (4-1)

where r � return and S � standard deviation of returns.
The adjusted R2 for equation (4-1) is 98.82% (D30), and the t-statistic

of the slope is 27.4 (D35). The p-value is less than 0.01% (D36), which
means the slope coefficient is statistically significant at the 99.9%� level.
The standard error of the estimate is 0.27% (D28), also indicating a high
degree of confidence in the results obtained. Another important result is
that the constant of 6.56% (D26) is the regression estimate of the long-
term risk-free rate, i.e., the rate of return for a no-risk (zero standard
deviation) asset. The 73-year arithmetic mean income return from 1926–
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1998 on long-term Treasury Bonds is 5.20%.4 Therefore, in addition to the
other robust results, the regression equation does a reasonable job of es-
timating the risk-free rate. In prior years the regression estimate was
much closer to the historical average risk-free rate, but very strong per-
formance of large cap stocks in 1995–1998 has weakened this relationship.
We will temporarily ignore the 1938–1998 data in Column E and address
that later on in the chapter.

The major problem with direct application of this relationship to the
valuation of privately held businesses is coming up with a reliable stan-
dard deviation of returns. Appraisers cannot directly measure the stan-
dard deviation of returns for privately held firms, since there is no objec-
tive stock price. We can measure the standard deviation of income, and
we cover that later in the chapter in our discussion of Grabowski and
King (1999).

Regression #2: Return versus Log Size

Fortunately, there is a much more practical relationship. Notice that the
returns are negatively correlated with the market capitalization, that is,
the fair market value of the firm. The second regression in Table 4-1 (D42–
D51) is the more useful one for valuing privately held firms. Regression
#2 shows return as a function of the natural logarithm of the FMV of the
firm. The regression equation for the period 1926–1998, which comes from
cells D42 and D48, is as follows:

r � 42.24% � [1.284% � ln (FMV) ] (4-2)

The adjusted R2 is 89.2% (D45), the t-statistic is �8.7 (D50), and the
p-value is less than 0.01% (D51), meaning that these results are statistically
robust. The standard error of the Y-estimate is 0.82% (D43). As discussed
in Chapters 2 and 11, we can form an approximate 95% confidence in-
terval around the regression estimate by adding and subtracting two stan-
dard errors. Thus, we can be 95% confident that the regression forecast
is approximately 2 � 0.82% � 1.6%.5

Figure 4-2 is a graph of arithmetic mean returns over the past 73
years (1926–1998) versus the natural log of FMV. As in Figure 4-1, the
numbered nodes are the actual data for each decile, while the straight
line is the regression estimate. While Figure 4-1 shows that returns are
positively related to risk, Figure 4-2 shows they are negatively related to
size.

Regression #3: Return versus Beta

The third regression in Table 4-1 shows the relationship between the dec-
ile returns and the decile betas for the period 1926–1998 (D56–D65). Ac-
cording to the capital asset pricing model (CAPM) equation, the y-

4. SBBI-1999, p. 140 uses this measure as the risk-free rate for CAPM. Arguably, the average bond
yield is a better measure of the risk-free rate, but the difference is immaterial.

5. This is true near the mean value of our data. Uncertainty increases gradually as we move from
the mean.
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F I G U R E 4-2

1926–1998 Arithmetic Mean Returns as a Function of Ln(FMV)
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intercept should be the risk-free rate and the x-coefficient should be the
long-run equity premium of 8.0%.6 Instead, the y-intercept at �2.78%
(D56) is a country mile from the historical risk-free rate of 5.20%, as is
the x-coefficient at 15.75% from the equity premium of 8.0%, demonstrat-
ing the inaccuracy of CAPM.

While the equation we obtain is contrary to the theoretical CAPM, it
does constitute an empirical CAPM, which could be used for a firm
whose capitalization is at least as large as a decile #10 firm. Merely select
the appropriate decile, use the beta of that decile, possibly with some
adjustment, and use regression equation #3 to generate a discount rate.
While it is possible to do this, it is far better to use regression #2.

The second page of Table 4-1 compares the log size model to CAPM.
Columns L and O show the regression estimated return for each decile
using both models—Column L for CAPM and O for log size. The CAPM
expected return was calculated using the CAPM equation: r � RF �
(� � Equity Premium) � 5.20% � (� � 8.0%).

Columns M and N show the error and squared error for CAPM,
whereas columns P and Q contain the same information for the log size

6. SBBI-1999, p. 164.
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F I G U R E 4-3

Decade Standard Deviation of Returns versus Decade Average FMV per Company on NYSE 1935–1995
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model. Note that the CAPM standard error of 1.89% (N20) is 230% larger
than the log size standard error of 0.82% (Q20). Later in this chapter we
use only the last 60 years of NYSE data, and its standard error for the
log size model is 0.34% (Q23), only 18% of the CAPM error.

The differences in the log size versus CAPM calculations for the 60
years of stock market data ending in 1997 were far more pronounced.
The reason is that for 1995–1998, returns to large cap stocks were higher
than small cap stocks, with 1998 being the most extreme example. For the
four years, the arithmetic mean return to decile #1 firms was 31.2%, and
for decile #10 firms it was 11.1%—contrary to long-term trends. In 1998,
returns to decile #1 firms were 28.5%, and returns to decile #10 firms were
�15.4%. Thus, the regression equation was much better at the end of 1997
than at the end of 1998. The 1938–1997 adjusted R2 was 99.5% (versus
97.0% for 1939–1998), and the standard error of the y-estimate was 0.14%
(versus 0.34% for 1939–1998).

Market Performance

Regression #1 shows that return is a linear function of risk, as measured
by the standard deviation of returns. Regression #2 shows that return
declines linearly with the logarithm of firm size. The logic behind this is
that investors demand and receive higher returns for higher risk. Smaller
firms have more volatile (risky) returns, so return is therefore negatively
related to size.

Figure 4-3 shows the relationship between volatility and size, with
the y-axis being the standard deviation of returns for the value-weighted
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F I G U R E 4-4

Decade Standard Deviation of Returns versus Decade Average FMV per Company on NYSE 1945–1995
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NYSE and the x-axis being the average FMV per NYSE company in 1995
constant dollars in successive decades.7 The year adjacent to each data
point is the final year of the decade, e.g., 1935 encompasses 1926 to 1935.
The decade average FMV (in 1995 constant dollars) has increased from
slightly over $0.5 billion to over $1.9 billion. Therefore, we might predict
from a theoretical standpoint that the standard deviation of returns
should decline over time—and it has.

As you can see, the standard deviation of returns per decade declines
exponentially from about 33% for the decade ending in 1935 to 13% in
the decade ending in 1995, for a range of 20%. If we examine the major
historical events that took place over time, the decade ending 1935 in-
cludes some of the Roaring Twenties and the Depression. It is no surprise
that it has such a high standard deviation. Figure 4-4 is identical to Figure
4-3, except that we have eliminated the decade ending 1935 in Figure
4-4. Eliminating the most volatile decade results in a flattening out of the
regression curve. The fitted curve in Figure 4-4 appears about half as steep
as Figure 4-3 (the standard deviation ranges from 13–22%, or a range of
9%, versus the 20% range of Figure 4-3) and much less curved.

The relationship between volatility and size when viewing the mar-
ket as a whole is somewhat loose, as the data points vary considerably
from the fitted curve in Figure 4-3. The R2 � 52% (45% in Figure 4-4).

7. Though 1996–1998 data are available, we choose to stop at 1995 in this graph to maintain 10
years of data in each node on the graph.
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F I G U R E 4-5

Average Returns Each Decade
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For the decade ending 1945, standard deviation of returns is about one-
third lower than the previous decade (approximately 22% versus 33%),
while average firm size is about the same. Standard deviation of returns
dropped again in the decade ending 1955, with only a small increase in
size. In the decade ending 1965, average firm size more than doubled in
real terms, yet volatility was almost identical (we would have expected
a decrease). In the decade ending 1975, firm size and volatility increased.
In the decade ending 1985, both average firm size and volatility decreased
significantly, which is counterintuitive, while in the final decade firm size
increased from over $1.3 billion to almost $2 billion, while volatility de-
creased slightly.

Figure 4-5 shows the relationship of average NYSE return and time,
with each data point being a decade. The relationship is a very loose one,
with R2 � 0.09. The decade ending 1975 appears an outlier in this re-
gression, with average returns at half or less of the other decades (except
the one ending 1935). The regression equation is return � �1.0242 �
(0.0006 � Year). Since every decade is 10 years, this equation implies
returns increase 0.6% every 10 years. However, the relationship is not
statistically significant.

In summary, there appears to be increasing efficiency of investment
over time. The market as a whole seems to deliver the same or better
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performance as measured by return experienced for risk undertaken. We
can speculate on explanations for this phenomenon: increases in the size
of the NYSE firms, greater investor sophistication, professional money
management, and the proliferation of mutual funds. In any case, the risk
of investing in one portfolio (or firm) relative to others still matters very
much. This may possibly be the phenomenon underlying the observations
of the nonstationarity of the data.

Which Data to Choose?

With a total of 73 years of data on the NYSE, we must decide whether
to use all of the data or some subset, and if so, which subset. In making
this choice, we will consider three sources of information:

1. Tables 4-2 and 4-2A, the statistical results of regression analyses
of the different time periods of the NYSE.

2. A study (Harrison 1998) that explores the distribution of 18th
century European stock market returns.

3. Figures 4-3 and 4-4.

Tables 4-2 and 4-2A: Regression Results for
Different Time Periods

Nonstationary data require us to consider the possibility of removing
some of the older NYSE data. In Table 4-2 we repeat regressions #1 and
#2 from Table 4-1 for the most recent 30, 40, 50, 60, and 73 years of NYSE
data. The upper table in each time period is regression #1 and the lower
table is regression #2. For example, the data for regression #1 for the last
30 years appear in Rows 7–9, 40 years in Rows 17–19, and so on. Simi-
larly, the data for regression #2 for 30 years appear in Rows 12–14, 40
years in Rows 22–24, and so on.

Table 4-2, Rows 8–14, shows regressions #1 and #2 using only the
past 30 years of data, i.e., from 1969–1998.8 Regression equation #1 for
this period is: r � 14.64% � (2.37% � S) (B8, B9), and regression equation
#2 is r � 14.14% � [0.001% � ln (FMV)] (B13 and B14). Note that both
the slope coefficient and the intercept of these equations are different from
those obtained for 73 years of data.

Rows 47–49 repeat regression #1 for the same 73 years as Table 4-1.
The y-intercept of 6.56% (B48) and the x-coefficient of 31.24% (B49) in
Table 4-2 are identical to those appearing in Table 4-1 (D26 and D33,
respectively). Rows 52–54 repeat regression #2 for the same period. Once
again, the y-intercept in Table 4-2 of 42.24% (B53) and the coefficient of
ln (FMV) of �1.284% (B54) match those found in Table 4-1 (D42 and D48,
respectively).

Table 4-2A summarizes the key regression feedback from Table 4-2.
For the five different time periods we consider, the 60-year period is sta-

8. The time sequence in Table 4-2 differs by two years from that in Figures 4-3 to 4-6. Whereas the
latter show decades ending in 19X5 (e.g., 1945, 1955, etc.), Table 4-2’s terminal year is 1998.
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T A B L E 4-2

Regressions of Returns over Standard Deviation and Log of Fair Market Value

A B C D E F G H I

6 30 Year

7 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
R square 1.35%

8 Intercept 14.64% 1.62% 9.06 0.00% 10.92% 18.37% Adjusted R square �10.98%
9 Std Dev �2.37% 7.18% �0.33 74.92% �18.92% 14.17% Standard error 0.90%

12 R square 0.00%
13 Intercept 14.14% 3.39% 4.17 0.31% 6.32% 21.95% Adjusted R square �12.50%
14 Ln(FMV) �0.001% 0.164% �0.01 99.54% �0.38% 0.38% Standard error 0.90%

16 40 Year

17 R square 67.84%
18 Intercept 10.13% 1.17% 8.66 0.00% 7.43% 12.82% Adjusted R square 63.82%
19 Std Dev 21.74% 5.29% 4.11 0.34% 9.53% 33.94% Standard error 0.75%

22 R square 78.94%
23 Intercept 27.30% 2.28% 11.95 0.00% 22.03% 32.57% Adjusted R square 76.31%
24 Ln FMV �0.605% 0.110% �5.48 0.06% �0.86% �0.35% Standard error 0.61%

26 50 Year

27 R square 77.28%
28 Intercept 11.54% 0.89% 13.00 0.00% 9.49% 13.58% Adjusted R square 74.44%
29 Std Dev 20.61% 3.95% 5.22 0.08% 11.50% 29.72% Standard error 0.54%

32 R square 89.60%
33 Intercept 27.35% 1.36% 20.08 0.00% 24.21% 30.49% Adjusted R square 88.30%
34 Ln(FMV) �0.546% 0.066% �8.30 0.00% �0.70% �0.39% Standard error 0.36%

36 60 Year

37 R square 95.84%
38 Intercept 8.90% 0.55% 16.30 0.00% 7.64% 10.16% Adjusted R square 95.31%
39 Std Dev 30.79% 2.27% 13.57 0.00% 25.56% 36.03% Standard error 0.42%

42 R square 97.29%
43 Intercept 37.50% 1.27% 29.57 0.00% 34.58% 40.43% Adjusted R square 96.95%
44 Ln(FMV) �1.039% 0.061% �16.94 0.00% �1.18% �0.90% Standard error 0.34%

46 73 Year

47 R square 98.95%
48 Intercept 6.56% 0.35% 18.94 0.00% 5.76% 7.36% Adjusted R square 98.82%
49 Std Dev 31.24% 1.14% 27.42 0.00% 28.61% 33.87% Standard error 0.27%

52 R square 90.37%
53 Intercept 42.24% 3.07% 13.78 0.00% 35.17% 49.32% Adjusted R square 89.17%
54 Ln(FMV) �1.284% 0.148% �8.66 0.00% �1.63% �0.94% Standard error 0.82%

tistically a solid winner. Regression #2 is the more important regression
for valuing privately held firms, and the 60-year standard error at 0.34%
(C9) is the lowest among the five listed. The standard error of the y-
estimate using all 73 years of data (1.09%, D10) is larger than the 60-year
standard error (0.82%; C10). The next-lowest standard error is 0.90% (D8)
for 50 years of data, which is still larger than the 60-year regression. The
60-year regression also has the highest R2—97% (E9)—and it has a low
standard error for regression #1, second only to the full 73 years.

The 95% confidence intervals for the 60 years of data are smaller than
they are for the other candidates. For regression #2 they are between
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T A B L E 4-2A (continued)

Regression Comparison [1]

A B C D E

4 Standard Errors

5 Years Regr #1 [2] Regr #2 [3] Total Adj R2 (Regr #2) [4]

6 30 0.90% 0.90% 1.80% �12.50%
7 40 0.75% 0.61% 1.36% 76.31%
8 50 0.54% 0.36% 0.90% 88.30%
9 60 0.42% 0.34% 0.76% 96.95%
10 73 0.27% 0.82% 1.09% 89.17%

[1] Summary Regression Statistics from Table 4-2
[2] Table 4-2: I9, I19, ...
[3] Table 4-2: I14, I24, ...
[4] Table 4-2: I13, I23, ...

34.58% and 40.43% (Table 4-2, F43, G43) for the y-intercept—a range of
5.8%—and �1.18% to �0.90% (F44, G44) for the slope—a range of 0.28%.
For 73 years of data, the range is 14% for the y-intercept (G53–F53) and
0.69% (G54–F54) for the slope, which is 21⁄2 times larger than the 60-year
data. Thus, the past 60 years data are a more efficient estimator of stock
market returns than other time periods, as measured by the size of con-
fidence intervals around the regression estimates for the log size ap-
proach.

18th Century Stock Market Returns
Paul Harrison’s article (Harrison 1998) is a fascinating econometric study
which is very advanced and extremely mathematical. The data for this
study came primarily from biweekly Amsterdam stock prices published
from July 1723 to December 1794 for the Dutch East India Company and
a select group of English stocks that were traded in Amsterdam: the Bank
of England, the English East India Company, and the South Sea Company.
Harrison also examined stock prices from London spanning the 18th cen-
tury.

Harrison found the shape of the distribution of stock price returns
in the 18th and 20th centuries to be very similar, although their means
and standard deviations are different. The 18th century returns were
lower—but less volatile—than 20th century returns. He found the distri-
butions to be symmetric, like a normal curve, but leptokurtic (fat tailed),
which means there are more extreme events occurring than would be
predicted by a normal curve. The same fundamental pattern exists in both
1725 and 1995.

Harrison remarks that clearly much has changed over the last 300
years, but, interestingly, such changes do not seem to matter in his anal-
ysis. He comments that the distribution of prices is not driven by infor-
mation technology, regulatory oversight, or by the specialist—none of
these existed in the 18th century markets. However, what did exist in the
18th century bears resemblance to what exists today.

Harrison describes the following as some of the evidence for simi-
larities in the market:
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● Stock traders in the 18th century reacted to and affected market
prices like traders today. They competed vigorously for
information,9 and the 18th century markets followed a near
random walk—so much so that an entire pamphlet literature
sprang up in the early 18th century lamenting the
unpredictability of the market. Harrison says that
unpredictability is a theoretical result of competition in the
market.

● Eighteenth century stock markets were informationally efficient,
as shown econometrically by Neal (1990).

● The practices of 18th century brokers were sophisticated.
Investors early in the 18th century valued stocks according to
their discounted stream of future dividends. Tables were
published (such as Hayes 1726) showing the appropriate
discount for different interest rates and time horizons. Traders
engaged in cash contracts, futures contracts, and options; they
sold short, issued credit, and used ‘‘modern’’ investment
strategies, such as forming portfolios, diversification, and
hedging.

To all of the foregoing, I would add an observation by King
Solomon, who said, ‘‘There is nothing new under the sun.’’ (Ecclesiastes
1:9) Also in keeping with the theme in our chapter, King Solomon
became the inventor of portfolio theory when he wrote, ‘‘Divide your
wealth into seven, even eight parts, for you cannot know what
misfortune may occur on earth’’ (Ecclesiastes, 11:2).

Conclusion on Data Set
To return to the 20th century, Ibbotson (Ibbotson Associates 1998, p. 27)
enunciated the principle that over the very long run there are very few
events that are truly outliers. Paul Harrison’s research seems to corrob-
orate this. It is in the nature of the stock market for there to be periodic
booms and crashes, indicating that we should use all 73 years of the
NYSE data. On the other hand, the statistical feedback in Table 4-2A
shows that eliminating the 1926–1938 data provides the most statistically
reliable log size relationship. Similarly, Figure 4-4 shows a flattening of
the regression curve when the decade ending 1935 is eliminated. Paul
Harrison said that even with 300 years of history showing similarity in
the distribution of returns, he would be inclined to label the years in
question as an outlier that should probably be excluded from the regres-

9. A fascinating story that I remember from an economic history course is that Baron Rothschild,
having placed men with carrier pigeons at the Battle of Waterloo, was the first
nonparticipant to know the results of the battle. He first paid a visit to inform the King of
the British victory, and then he proceeded to the stock market to make 100 million
pounds—many billions of dollars in today’s money—a tidy sum for having insider
information. He struck a blow for market efficiency. Even his method of making a fortune in
the market that day is a paradigm of the extent of market efficiency then. He knew that he
was being observed. He began selling, and others followed him in a panic. Later, he sent his
employees to do a huge amount of buying anonymously. The markets were indeed
efficient—at least they were by the end of the day!
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sion.10 Thus, we eliminate the years 1926–1937 from the final regression.
The superior adjusted R2 and 95% confidence intervals of the past 60
years, coupled with Harrison’s results and Ibbotson’s general principle of
using more rather than less data, lead us to conclude that the past 60
years provide the best guide for the future.

Recalculation of the Log Size Model Based on 60 Years

Based on our previous discussion, NYSE data from the past 60 years are
likely to be the most relevant for use in forecasting the future. This time
frame contains numerous data points but excludes the decade of highest
volatility, attributed to nonrecurring historical events, i.e., the Roaring
Twenties and the Depression years. Therefore, we repeat all three regres-
sions for the 60-year time period from 1939–1998, as shown in Column
E of Table 4-1. Regression #1 for this time period is:

r � 8.90% � (30.79% � S) (4-3)

where S is the standard deviation. The adjusted R2 in this case falls to
95.31% (E30) from the 98.82% (D30) obtained from the 73-year equation,
but is still indicative of a strong relationship. On average, returns were
exceptionally high and volatile during the first 13 years of the NYSE,
especially in the small firms. It appears that including those years im-
proves the relationship of returns to standard deviation of returns, even
as it worsens the relationship between returns and log size.

The log size equation (regression #2) for the 60-year period is:

r � 37.50% � [1.039% � ln (FMV)] (E42, E48) (4-4)

The regression statistics indicate an excellent fit, with an adjusted R2 of
96.95% (E45).11

APPLICATION OF THE LOG SIZE MODEL

Equation (4-4) is the most appropriate for calculating current discount
rates and will be used for the remainder of the book. In the next sections
we will use it to calculate discount rates for various firm sizes and dem-
onstrate its use in a simplified discounted cash flow analysis.

Discount Rates Based on the Log Size Model

Table 4-3 shows the implied equity discount rate for firms of various sizes
using the log size model (regression equation #2) for the past 60 years.
The implied equity discount rate for a $10 billion firm is 13.6% (B7), and
for a $50 million firm it is 19.1% (B10), based on 60-year average market
returns for deciles #1–#10. While those values and all values in between
are interpolations based on the model, the discount rates for firm val-

10. Related in a personal conversation.
11. For 1938–1997 data, adjusted R 2 was 99.54%. The ‘‘perverse’’ results of 1998 caused a

deterioration in the relationship.
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T A B L E 4-3

Table of Stock Market Returns Based on FMV—60-Year Model

A B

5

6

Regression Results

Mktable Min FMV

Implied Discount

Rate (R)

7 $10,000,000,000 13.6%
8 $1,000,000,000 16.0%
9 $100,000,000 18.4%
10 $50,000,000 19.1%
11 $10,000,000 20.8%
12 $5,000,000 21.5%
13 $3,000,000 22.0%
14 $1,000,000 23.2%
15 $750,000 23.5%
16 $500,000 23.9%
17 $400,000 24.1%
18 $300,000 24.4%
19 $200,000 24.8%
20 $150,000 25.1%
21 $100,000 25.5%
22 $50,000 26.3%
23 $30,000 26.8%
24 $10,000 27.9%
25 $1,000 30.3%
26 $1 37.5%

ues below that are extrapolations because they lie outside the original
data set.

Using equation (4-4), the Excel formula for cell B7 is: � 0.3750 �
(0.01039 * ln(A7)). In Lotus 123, the formula would be: � 0.3750 �
(0.01039 * @ ln(A7)).

Regression #2 (equation [4-4]) tells us that the discount rate is a con-
stant minus another constant multiplied by ln (FMV). Since ln (FMV) has
a characteristic upwardly sloping shape, as seen in Figure 4-6, subtracting
a curve of that shape from a constant leads to a discount rate function
that is a mirror image of Figure 4-6. Figure 4-7 is the graph of that rela-
tionship, and the reader can see that the result is a downward sloping
curve. Again, this curve depicts the rate of return, i.e., the discount rate,
as a function of the absolute dollar value of the firm. Note that this is not
on a log scale. Since the regression equation is r � 37.50% � [1.0309% �
ln (FMV)], we begin at the extreme left with a return of 37.5% for a firm
worth $1 and subtract the fraction of the ln FMV dictated by the equation.

An important property of logarithms is that ln xy � ln x � ln y.12

Since regression equation #2 has the form r � a � b ln FMV, where a �
0.3750 and b � �0.01039, we can ask how the discount rate varies with
differing orders of magnitude in value. First, however, we will work

12. That is because e x � e y � e x�y. Taking logs of both sides of that equation is the proof.
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F I G U R E 4-6

The Natural Logarithm
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through some general equations where we vary the value of the firm by
a factor of K.

Let r1 � the discount rate for Firm #1, whose value � FMV1
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F I G U R E 4-8

1939–1998 Decile Standard Deviations as a Function of Ln(FMV)

 

1 
3 

25 

4

7

6 

89

10

Std Dev = -3.13% x Ln FMV + 87.77%
R2 = 0.9894

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

0 5 10 15 20 25 30

Ln(FMV)
Standard deviations of yearly returns are derived from the CRSP Deciles.  Data labels are decile numbers.  The Y intercept is 

the regression intercept, not an actual data point. 

S
ta

nd
ar

d 
D

ev
ia

tio
n 

of
 R

et
ur

ns

3

r2 � the discount rate for Firm #2, whose value � FMV2 � K
FMV1

r � a � b ln FMV (4-6)1 1

regression equation #2 applied to Firm #1

r � a � b ln (K FMV ) (4-7)2 1

regression equation #2 applied to Firm #2

r � a � b [ln K � ln FMV ] (4-8)2 1

r � a � b ln FMV � b ln K (4-9)2 1

r � r � b ln K (4-10)2 1

In words, the discount rate of a firm K times larger (smaller) than Firm
#1 is always b ln K smaller (larger) than r1.

Let’s illustrate the nature of this relationship with some specific ex-
amples. First, let’s examine what happens with orders of magnitude of
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10. Ln 10 � 2.302535, so b � ln 10 � �0.01039 � 2.302585 � �.02391, or
�2.4%. This means that if Firm #2 is 10 times larger (smaller) than Firm
#1, its discount rate should be 2.4% lower (higher) than the Firm #1 dis-
count rate. This result can be seen in Table 4-3. The $10 billion firm has
a discount rate of 13.6%, while the $1 billion firm has a discount rate of
16.0%, which is 2.4% higher. The $100 million firm has a discount rate of
18.4%, which is 2.4% higher than the $1 billion firm. Because of the math-
ematical properties of logarithms, the same percentage change in FMV will
always result in the same absolute change in the discount rate. This phe-
nomenon is also seen in graphs containing log scales. Equal distances on
a log scale are equal percentage changes, not absolute changes.

Let’s try one more useful calculation—an order of magnitude 2. Ln
2 � 0.6931, so that b � ln K � �0.01039 � 0.6931 � �0.72%. Doubling
(halving) the value of the firm reduces (increases) the discount rate by
0.72%. You can see that in going from a $10 million firm to a $5 million
firm, the discount rate has increased from 20.8% to 21.5%, a 0.7% differ-
ence (see Table 4-3).

Now it is possible to construct your own table. All you need to know
is your starting FMV and discount rate. The rest follows easily from the
above formulas. Also, we can easily interpolate the table. Suppose you
wanted to know the discount rate for a $25 million firm. Simply start
with the $50 million firm, where r � 19.1%, and add 0.7% � 19.8%.

Need for Annual Updating
Tables 4-1 through 4-3 should be updated annually, as the Ibbotson av-
erages change, and new regression equations should be generated. This
becomes more crucial when shorter historical time periods are used, be-
cause changes will have a greater impact on the average values.

Additionally, it is important to be careful to match the regression
equation to the year of the valuation. If the valuation assignment is ret-
roactive and the valuation date is 1994, then one should use a regression
equation for 1939–1994.13

Computation of Discount Rate Is an Iterative Process
In spite of the straightforwardness of these relationships, we have a prob-
lem of circular reasoning when it comes to computing of the discount
rate. We need FMV to obtain the discount rate, which is in turn used to
discount cash flows or income to calculate the FMV! Hence, it is necessary
to make sure that our initial estimate of FMV is consistent with the final
result. If it is not, then we have to use the calculated FMV from the end
of iteration #1 as our new assumed FMV in iteration #2. Using either
equation (4-4) or Table 4-3, that will imply a new discount rate, which
we use to value the firm. We keep repeating the process until the results
are consistent.

It is extremely rare to require more than two iterations to achieve
consistency in the ex ante and ex post values. The reason is that even if

13. Alternatively, one could either use the regression equation in the original article, run one’s own
regression on the Ibbotson data, or contact the author to provide the right equation.
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we guess the value of the firm incorrectly by a factor of 10, we will only
be 2.4% off in our discount rate. By the time we come to the second
iteration, we usually are consistent. The reason behind this is that the
discount rate is based on the logarithm of the value. As we saw earlier,
there is not much difference between the log of $10 billion and the log of
$10 million, and multiplying that by the x-coefficient of �0.01039 further
reduces the effects of an initial incorrect estimate of value. This is a con-
vergent system 99% of the time with any kind of reasonable initial guess
of value and even most unreasonable guesses.

The need for iteration arises because of the mathematical properties
of the equations we use in valuing a firm. The simplest type of valuation
is that of a firm with constant growth to perpetuity, where we simply
apply the Gordon growth model (‘‘Gordon model’’) to our forecast of cash
flow for the coming year. For simplicity, we will use the end-year Gordon
model formula, although it is not as accurate as the midyear formula.

We use the following definitions:

CF � cash flow (available to equity) in year t � 1 (the first
forecast year)
a � 0.3750, the regression constant from regression #2
b � �0.01039, the x-coefficient from regression #2
V � fair market value (FMV) of the firm
r � the discount rate

Using the Gordon model and ignoring valuation discounts and pre-
miums, the FMV of the firm is:

CF
V � (4-11)

r � g

Per equation (4-6), our log size equation for the discount rate is:

r � a � b ln V (4-12)

Substituting (4-12) into (4-11), we get:

CF
V � (4-13)

a � b ln V � g

Equation (4-13) is a transcendental equation with no analytic
solution.14 Therefore, successive approximation is the only method of de-
termining an answer. The simple iterative procedure in Tables 4-4A, 4-4B,
and 4-4C is very easy to use and works in almost all situations.

Practical Illustration of the Log Size Model: Discounted
Cash Flow Valuations

Let’s illustrate how the iterative process works with a specific example.
The assumptions in Tables 4-4A, 4-4B and 4-4C are identical, except for
the discount rate. Table 4-4A is a very simple discounted cash flow (DCF)

14. I thank my friend William Scott, Jr., a physicist, for the terminology and the definitive word
that there is no analytic solution.
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T A B L E 4-4A

Discounted Cash Flow Analysis Using 60-Year Model—First Iteration

A B C D E F G

5 Description: 1999 2000 2001 2002 2003 Total

6 Assumptions:

7 Base adjusted cash flow $100,000
8 Growth rate in adj cash flow 12% 10% 9% 8% 7%
9 Discount rate � R 20%
10 Growth rate to perpetuity � G 6%
11 Control premium 40%
12 Discount-lack of marketability 35%

14 5 Year Forecasts

16 Forecast cash flow $112,000 $123,200 $134,288 $145,031 $155,183
17 Present value factor 0.9129 0.7607 0.6339 0.5283 0.4402
18 PV of cash flow $102,242 $93,721 $85,130 $76,617 $68,317 $426,028

20 Calculation of Fair Market Value:

21 Formula

22 Forecast cash flow 2003 $164,494 (1 � G) * F16
23 Gordon model cap rate 7.8246 SQRT (1 � R) / (R � G)
24 FMV 2003-infinity as of 1/1/2003 $1,287,103 B22 � B23
25 Present value factor-5 Yrs 0.4019 1/(1 � R)	5 [Where 5 is # yrs from 1/1/98 to 1/1/2003]
26 PV of 2003-infinity cash flow $517,258 B24 � B25
27 Add PV of 1998–2002 cash flow 426,028 Total of row 18
28 FMV-marketable minority $943,285 B26 � B27
29 Control premium 377,314 B11 � B28
30 FMV-marketable control interest 1,320,599 B28 � B29
31 Disc-lack of marketability (462,210) � B12 � B30
32 Fair market � illiquid control $858,390 B30 � B31

33 Calc of Disc Rate-Regr Eq #2

34 Ln (FMV-marketable minority) 13.7571 Ln(B28)
35 * X coefficient of �.01039 �0.1429 B34 * X coefficient-regr #2
36 Constant 0.3750 Constant-regression #2
37 Discount rate (rounded) 23% B35 � B36

analysis of a hypothetical firm. The basic assumptions appear in B7–B12.
We assume the firm had $100,000 cash flow in 1998. We forecast annual
growth through the year 2003 in B8 through F8 and perpetual growth at
6% thereafter in B10. In B9 we assume a 20% discount rate.

The DCF analysis in B22–B32 is standard and requires little expla-
nation. The present value factors are midyear, and the value in B28 is a
marketable minority interest.15 It is this value ($943,285) that we use to
compare the consistency between the assumed discount rate of 20% (B9)
and the calculated discount rate according to the log size model.

We begin calculating the discount rate using the log size model in
B34, where we compute ln (943,285) � 13.7571. This is the natural log of
the marketable minority value of the firm. In B35 we multiply that result

15. See Chapter 7 for explanation of the levels of value and valuation discounts and premiums.
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T A B L E 4-4B

Discounted Cash Flow Analysis Using 60-Year Model—Second Iteration

A B C D E F G

5 Description: 1999 2000 2001 2002 2003 Total

6 Assumptions:

7 Base adjusted cash flow $100,000
8 Growth rate in adj cash flow 12% 10% 9% 8% 7%
9 Disc rate � R (Table 4-4A, row 37) 23%
10 Growth rate to perpetuity � G 6%
11 Control premium 40%
12 Discount-lack of marketability 35%

14 5 Year Forecasts

16 Forecast cash flow $112,000 $123,200 $134,288 $145,031 $155,183
17 Present value factor 0.9017 0.7331 0.5960 0.4845 0.3939
18 PV of cash flow $100,987 $90,314 $80,034 $70,274 $61,132 $402,741

20 Calculation of Fair Market Value:

21 Formula

22 Forecast cash flow 2003 $164,494 (1 � G) * F16
23 Gordon model cap rate 6.5238 SQRT (1 � R)/(R � G)
24 FMV 2003-infinity as of 1/1/2003 $1,073,135 B22 � B23
25 Present value factor-5 yrs 0.3552 1/(1 � R)	5 [where 5 is # yrs from 1/1/98 to 1/1/2003]
26 PV of 2003-infinity cash flow $381,179 B24 � B25
27 Add PV of 1998-2002 cash flow 402,741 Total of row 18
28 FMV-marketable minority $783,919 B26 � B27
29 Control premium 313,568 B11 � B28
30 FMV-marketable control interest 1,097,487 B28 � B29
31 Disc-lack of marketability (384,121) � B12 � B30
32 Fair market value � illiquid control $713,367 B30 � B31

33 Calc of Disc Rate-Regr Eq #2

34 Ln (FMV-marketable minority) 13.5721 Ln(B28)
35 * X coefficient of �.01039 �0.1410 B34 * X coefficient-regr #2
36 Constant 0.3750 Constant-regression #2
37 Discount rate (rounded) 23% B35 � B36

Note: We have achieved consistency in the discount rate assumed (Row 9) and the implied discount rate (Row 37). Also the discount rates match Table 4-3 as we interpolate between
$500k and $750k.

by the x-coefficient from the regression, or �0.01039, to come to �0.1429.
We then add that product to the regression constant of 0.3750, which
appears in B36, to obtain an implied discount rate of 23% (rounded, B37).

Comparison of the two discount rates (assumed and calculated) re-
veals that we initially assumed too high a discount rate, meaning that we
undervalued the firm. B29–B31 contain the control premium and discount
for lack of marketability. Because the discount rate is not yet consistent,
ignore these numbers in this table, as they are irrelevant. These topics are
explained in depth in Chapter 7. While the magnitude of the control pre-
mium has been the subject of hot debate, it is merely a parameter in the
spreadsheet and does not affect the logic of the analysis.
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T A B L E 4-4C

Discounted Cash Flow Analysis Using 60-Year Model—Final Valuation

A B C D E F G

5 Description: 1999 2000 2001 2002 2003 Total

6 Assumptions:

7 Base adjusted cash flow $100,000
8 Growth rate in adj cash flow 12% 10% 9% 8% 7%
9 Disc rate � R [1] 25%
10 Growth rate to perpetuity � G 16%
11 Control premium 40%
12 Discount-lack of marketability 35%

14 5 Year Forecasts

16 Forecast cash flow $112,000 $123,200 $134,288 $145,031 $155,183
17 Present value factor 0.8944 0.7155 0.5724 0.4579 0.3664
18 PV of cash flows $100,176 $88,155 $76,871 $66,416 $56,853 $388,471

20 Calculation of Fair Market Value:

21 Formula
22 Forecast cash flow 2003 $164,494 (1 � G) * F16
23 Gordon model cap rate 5.8844 SQRT (1 � R)/(R � G)
24 FMV 2003-infinity as of 1/1/2003 $967,948 B22 � B23
25 Present value factor-5 yrs 0.3277 1/(1 � R)	5 [where 5 is # yrs from 1/1/98 to 1/1/2003]
26 PV of 2003-infinity cash flow $317,177 B24 � B25
27 Add PV of 1998–2002 cash flow 388,471 Total of row 18
28 FMV-marketable minority $705,648 B26 � B27
29 Control premium 282,259 B11 � B28
30 FMV-marketable control interest 987,907 B28 � B29
31 Disc-lack of marketability (345,767) � B12 � B30
32 Fair market value � illiquid control $642,139 B30 � B31

[1] Disc Rate � 23% (from Table 4-4B, B37) � 2% for Specific Company Adjustments � 25%

The Second Iteration: Table 4-4B

Having determined that a 20% discount rate is too low, we revise our
assumption to a 23% discount rate (B9) in Table 4-4B. In this case, we
arrive at a marketable minority FMV of $ 783,919 (B28). When we perform
the discount rate calculation with this value (B34–B37), we obtain a
matching discount rate of 23%, indicating that no further iterations are
necessary.

Consistency in Levels of Value
In calculating discount rates, it is important to be consistent in the level
of fair market value that we are using. Since the log size model is based
on returns from the NYSE, the corresponding values generated are on a
marketable minority basis. Consequently, it is this level of value that is
we should use for the discount rate calculations.

Frequently, however, the marketable minority value is not the ulti-
mate level of fair market value that we are calculating. Therefore, it is
crucial to be aware of the differing levels of FMV that occur as a result
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of valuation adjustments. For example, if our valuation assignment is to
calculate an illiquid control interest, we will add a control premium and
subtract a discount for lack of marketability from the marketable minority
value. Nevertheless, we use only the marketable minority level of FMV
in iterating to the proper discount rate.

Adding Specific Company Adjustments to the DCF Analysis:
Table 4-4C
The final step in our DCF analysis is performing specific company ad-
justments. Let’s suppose for illustrative purposes that there is only one
owner of this firm. She is 62 years old and had a heart attack three years
ago. The success of the firm depends to a great extent on her personal
relationships with customers, which may not be easily duplicated by a
new owner. Therefore, we decide to add a 2% specific company adjust-
ment to the discount rate to reflect this situation.16 If there is no specific
company adjustment, then we would proceed with the calculations in
B22–B32.

Prior to adding a specific company adjustment, it is important to
achieve internal consistency in the ex ante and ex post marketable mi-
nority values, as we did in Table 4-4B. Next, we merely add the 2% to
get a 25% discount rate, which we place in B9. The remainder of the table
is identical to its predecessors, except that we eliminate the ex post cal-
culation of the discount rate in B34–B37, since we have already achieved
consistency.

It is at this point in the valuation process that we make adjustments
for the control premium and discount for lack of marketability, which
appear in B29 and B31. Our final fair market value of $642,139 (B32) is
on an illiquid control basis.

In a valuation report, it would be unnecessary to show Table 4-4A.
One should show Tables 4-4B and 4-4C only.

Total Return versus Equity Premium

CAPM uses an equity risk premium as one component for calculating
return. The discount rate is calculated by multiplying the equity premium
by beta and adding the risk free rate. In my first article on the log size
model (Abrams 1994), I also used an equity premium in the calculation
of the discount rate. Similarly, Grabowski and King (1995) used an equity
risk premium in the computation of the discount rate.

16. A different approach would be to take a discount from the final value, which would be
consistent with key person discount literature appearing in a number of articles in Business
Valuation Review (see the BVR index for cites). Another approach is to lower our estimate of
earnings to reflect our weighted average estimate of decline in earnings that would follow
from a change in ownership or the decreased capacity of the existing owner, whichever is
more appropriate, depending on the context of the valuation. In this example I have already
assumed that we have done that. There are opinions that one should lower earnings
estimates and not increase the discount rate. It is my opinion that we should definitely
increase the discount rate in such a situation, and we should also decrease the earnings
estimates if that has not already been done.
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The equity premium form of the log size model is:

r � R � size-based equity premium (4-14)F

The size-based equity premium is equal to the return, as calculated by
the log size model, minus the historical average risk-free rate.17

Equity Premium � a � b ln FMV � R (4-15)F

where F is the historical average risk-free rate. Substituting equationR
(4-15) into (4-14), we get:

r � R � a � b ln FMV � R (4-16)F F

Rearranging terms, we get:

r � a � b ln FMV � (R � R ) (4-17)F F

Note that the first two terms in equation (4-17) are the sole terms
included in the total return version of the log size model. Therefore, the
only difference in calculation of discount rates between the two models
is RF � F, the last two terms appearing in equation [4-17]. Consequently,R
the total return of the log size model will exceed the equity premium
version of the model whenever current bond yields exceed historical av-
erage yields and vice versa.

The equity premium term was eliminated in Abrams’ second article
(1997) in favor of total return because of the low correlation between stock
returns and bond yields for the past 60 years. The actual correlation was
6.3%—an amount small enough to ignore.

Bond yields were in the 2–3% range before 1960, under 5% until 1968,
and over 7% from 1975–1993; in 1982 they were as high as 13%. During
the 60-year period from 1939–1998, the low bond yields prevalent in the
1950s and 1960s are balanced by higher subsequent rates, resulting in
little difference in the results obtained using the two models. The 60-year
mean bond yield is 5.64%, as compared with 1998 yields that have ranged
from 5.5% to 6.0%. Thus, current yields are comparable with the 60 year
average yields.

Therefore, it is reasonable to simplify the procedure of calculating
discount rates and eliminate the bifurcation of the discount rate into the
risk-free rate and equity premium components.

17. In CAPM, the latter term is a beta-adjusted equity risk premium, equal to (� � equity risk
premium). The equity risk premium (ERP) itself is the arithmetic average of the annual

market returns in excess of the risk-free rate. Mathematically, that is ERP �
1998

[r �� mt
t�1926

, where r � return and the subscripts m � market and F � risk-free rate. However,r )/73]Ft

we can rearrange the equation to ERP � . This is
1998

[(r /73) � (r /73)] � r � r� mt Ft m F
t�1926

appropriate for the market as a whole. To calculate a discount rate for a particular firm, in
CAPM we scale the ERP up or down according to the systematic risk as measured by beta.
In log size, we replace the average return on the market with the size-based return for the
firm. There is no algebraic scaling, as the log size equation accomplishes the adjustment of
the ERP directly by size.
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Adjustments to the Discount Rate

Is Table 4-3 the last word in calculating discount rates? No, but it is the
best starting point based on the available data. Table 4-3 is an extrapo-
lation of NYSE data to privately held firms. While the results appear very
reasonable to me, it would be preferable to perform a similar regression
for NASD data. Unfortunately, the data are not readily obtainable.

Privately held firms are generally owned by people who are not well
diversified. Table 4-3 was derived from portfolios of stocks that were di-
versified in every sense except for size, as size itself was the method of
sorting the deciles. In contrast, the owner of the local bar is probably not
well diversified, nor is the probable buyer. The appraiser may want to
add a specific company adjustment of, say, 2% to 5% to the discount rate
implied by Table 4-3 to account for that. On the other hand, a $100 million
FMV firm is likely to be bought by a well diversified buyer and may not
merit increasing the discount rate.

Another common adjustment to Table 4-3 discount rates would be
for the depth and breadth of management of the subject company com-
pared to other firms of the same size. In general, Table 4-3 already incor-
porates the size effect. No one expects a $100,000 FMV firm to have three
Harvard MBAs running it, but there is still a difference between a com-
plete one-man show and a firm with two talented people. In general, this
methodology of calculating discount rates will increase the importance of
comparing the subject company to its peers via RMAAssociates or similar
data. Differences in leverage between the subject company and its RMA
peers could well be another common adjustment.

Discounted Cash Flow or Net Income?

Since the market returns are based on the cash dividends and the market
price at which one can sell one’s stock, the discount rates obtained with
the log size model should be properly applied to cash flow, not to net
income. We appraisers, however, sometimes work with clients who want
a ‘‘quick and dirty valuation,’’ and we often don’t want to bother esti-
mating cash flow. I have seen suggestions in Business Valuation Review
(Gilbert 1990, for example) that we can increase the discount rate and
thereby apply it to net income, and that will often lead to reasonable
results. Nevertheless, it is better to make an adjustment from net income
based on judgment to estimate cash flow to preserve the accuracy of the
discount rate.

DISCUSSION OF MODELS AND SIZE EFFECTS

The size effects described by Fama and French (1993), Abrams (1994,
1997), and Grabowski and King (1995) strongly suggest that the tradi-
tional one-factor CAPM model is obsolete. As Fama and French (1993, p.
54) say, ‘‘Many continue to use the one-factor Sharpe–Lintner model to
evaluate portfolio performance and to estimate the cost of capital, despite
the lack of evidence that it is relevant. At a minimum, these results here
and in Fama and French (1992) should help to break this common habit.’’
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CAPM

Consider the usual way we calculate discount rates using CAPM. We
average the betas of many different firms in the industry, which vary
considerably in size, and apply the resulting beta to a firm that is prob-
ably 0.1% to 1% of the industry average, without correction for size, and
hence risk. Ignoring the size effect corrupts the CAPM results.

This flaw also applies to the guideline public company method. The
usual approach is to average price earnings multiples (and/or price cash
flow multiples, etc.) for the various firms in the industry without cor-
recting for size and apply the multiple to a small private firm. A better
method is to perform a regression analysis of market capitalization
(value) as a function of earnings (or cash flow) and forecast growth, when
available. I also recommend using another form of the regression with
P/E or P/CF as the dependent variable and market capitalization and
forecast growth as the independent variables.

The beta used in CAPM is usually calculated by running a regression
of the equity premium for an individual company versus the market pre-
mium. As previously discussed, the inability of the resulting beta to ex-
plain the size effect has called into question the validity of CAPM. An
alternative method of calculating beta has been proposed which attempts
to capture the size effect and better correlate with market equity returns,
possibly ameliorating this problem.

Sum Beta
Ibbotson et al. (Peterson, Kaplan, and Ibbotson 1997) postulated that con-
ventional estimates of beta are too low for small stocks due to the higher
degree of auto-correlation in returns exhibited by smaller firms. They cal-
culated a beta using a multiple regression model for both the current and
the prior period, which they call ‘‘sum beta.’’ These adjusted estimates of
beta helped to account for the size effect and showed positive correlation
with future returns.

This improved method of calculating betas will reduce will reduce
some of the downward bias in CAPM discount rates, but it still will not
account for the size effect differences between the large firms in the
NYSE—where even the smallest firms are large—and the smaller pri-
vately held firms that many appraisers are called upon to value. Size
should be an explicit variable in the model to accomplish that.

It may be possible to combine the models. One could use the log size
model to calculate a size premium over the average market return and
add that to a CAPM calculation of the discount rate using Ibbotson’s sum
betas. It will take more research to determine whether than is a worth-
while improvement in methodology.

The Fama–French Cost of Equity Model18

The Fama–French cost of equity model is a multivariable regression
model that uses size (‘‘small minus big’’ premium 
 SMB) and book to

18. The precise method of calculating beta, SMB, and HML using the three-factor model, along
with the regression equation, is more fully explained in Ibbotson Associates’ Beta Book.
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market equity (‘‘high minus low’’ premium 
 HML) in addition to beta
as variables that affect market returns. Michael Annin (1997) examined
the model in detail and found that it does appear to correct for size, both
in the long term and short term, over the 30-year time period tested.

The cost of equity model, however, is neither generally accepted nor
easy to use (Annin 1997), and using it to determine discount rates for
privately held firms is particularly problematic. Market returns are not
available for these firms, rendering direct use of the model impossible.19

Discount rates based on using the three-factor model are published by
Ibbotson Associates in the Cost of Capital Quarterly by industry SIC code,
with companies in each industry sorted from highest to lowest. Deter-
mining the appropriate percentile grouping for a privately held firm is a
major obstacle, however. The Fama–French model is a superior model for
calculating discount rates of publicly held firms. It is not practical for
privately held firms.

Log Size Models

The log size model is a superior approach because it better correlates with
historical equity returns. Therefore, it enables business appraisers to dis-
pense with CAPM altogether and use firm size as the basis for deriving
a discount rate before adjustments for qualitative factors different from
the norm for similarly sized companies.

In another study on stock market returns, analysts at an investment
banking firm regressed P/E ratios against long-term growth rate and mar-
ket capitalization. The R2 values produced by the regressions were 89%
for the December 1989 data and 73% for the November 1990 data. Sub-
stituting the natural logarithm of market capitalization in place of market
capitalization, the same data yields an R2 value of 91% for each data set,
a marginal increase in explanatory power for the first regression but a
significant increase in explanatory power for the second regression.

From Chapter 3, equation (3-28), the PE multiple is equal to

�1 � r
PE � (1 � b)(1 � g )1 r � g

Using a log size model to determine r, the PE multiple is equal to:

�1 � a � b ln (FMV)
PE � (1 � RR)(1 � g ) (4-18)1 a � b ln(FMV) � g

where g1 is expected growth in the first forecast year, RR is the retention
ratio,20 a and b are the log size regression coefficients, and g is the long-
term growth rate. Looking at equation (4-18), it is clear why using the
log of market capitalization improved the R2 of the above regression.

Grabowski and King (1995) applied a finer breakdown of portfolio
returns than was previously used to relate size to equity premiums. When

19. Based on a conversation with Michael Annin.
20. Equation (3-28) uses the more conventional term b instead of RR to denote the retention ratio.

Here we have changed the notation in order to eliminate confusion, as we use the term b
for the regression x-coefficient.
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they performed regressions with 31-year data for 25 and 100 portfolios
(as compared to our 10), they found results similar to the equity premium
form of log size model, i.e., the equity premium is a function of the neg-
ative of the log of the average market value of equity, further supporting
this relationship.21

Grabowski and King (1996) in an update article also used other prox-
ies for firm size in their log size discount rate model, including sales, five-
year average net income, and EBITDA. Following is a summary of their
regression results sorted first by R2 in descending order, then by the stan-
dard error of the y-estimate in ascending order. Overall, we are attempt-
ing to present their best results first.

Measure of Size R 2 Standard Error of Y-Estimate

1. Mkt cap—common equity 93% 0.862%
2. Five-year average net income 90% 0.868%
3. Market value of invested capital 90% 1.000%
4. Five-year average EBITDA 87% 0.928%
5. Book value—invested capital 87% 0.989%
6. Book value—equity 87% 0.954%
7. Number of employees 83% 0.726%
8. Sales 73% 1.166%

Note that the market value of common equity, i.e., market capitali-
zation of common equity, has the highest R2 of all the measures. This is
the measure that we have used in our log size model. The five-year av-
erage net income, with an R2 of 90%, is the next-best independent vari-
able, superior to the market value of invested capital by virtue of its lower
standard error.

This is a very important result. It tells us that the majority of the
information conveyed in the market price of the stock is contained in net
income. When we use a log size model based on equity in valuing a
privately held firm, we do not have the benefit of using a market-
determined equity. The value will be determined primarily by the mag-
nitude and timing of the forecast cash flows, the primary component of
which is forecast net income. If we did not know that the log of net
income was the primary causative variable of the log size effect, it is
possible that other variables such as leverage, sales, book value, etc. sig-
nificantly impact the log size effect. If we failed to take those variables
into account and our subject company’s leverage varied materially from
the average of the market (in each decile) as it is impounded into the log
size equation, our model would be inaccurate. Grabowski and King’s
research eliminates this problem. Thus, we can be reasonably confident
that the log size model as presented is accurate and is not missing any
significant variable.

Of Grabowski and King’s eight different measures of size, only mar-
ket capitalization (#1) and the market value of invested capital (#3) have

21. Grabowski and King actually used base 10 logarithms.
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the circular reasoning problem of our log size model. The other measures
of size have the advantage in a log size model of eliminating the need
for iteration since the discount rate equation does not depend on the
market value of equity, the determination of which is the ultimate pur-
pose of the discount rate calculation. For example, if we were to use #2,
net income, we would simply insert the subject company’s five-year av-
erage net income into Grabowski and King’s regression equation and it
would determine the discount rate. This is problematic, however, for de-
termining discount rates for high-growth firms, due to the inability to
adequately capture significant future growth in sales, net income, and so
on. Start-up firms in high technology industries frequently have negative
net income for the first several years due to their investment in research
and development. Sales may subsequently rise dramatically once prod-
ucts reach the market. Therefore, five-year averages are not suitable in
this situation.

Another problem with Grabowski and King’s results is that their data
only encompass 1963–1994, 31 years—the years for which Compustat
data were available for all companies. Thus, their equations suffer from
the same wide confidence intervals that our 30-year regressions have.
Their standard error of the y-estimate is 0.862% (Exhibit A, p. 106), which
is six times larger than our 1938–1997 confidence intervals.22 Thus, their
95% confidence intervals will also be approximately six times wider
around the regression estimate.

As mentioned in the introduction, in their latest article (Grabowski
and King 1999) they demonstrate a negative logarithmic relationship be-
tween returns and operating margin and a positive logarithmic relation-
ship between returns and the coefficient of variation of operating margin
and accounting return on equity.

This is their most important result so far because it relates returns to
fundamental measures of risk. Actually, it appears to me that operating
margin in itself works because of its strong correlation of 0.97 to market
capitalization, i.e., value. However, the coefficient of variations (CV) of
operating margin and return on equity seem to be more fundamental
measures of risk than size itself. In other words, it appears that size itself
is a proxy for the volatility of operating margin, return on equity, and
possibly other measures. Thus, we must pay serious attention to their
results.

Below is a summary of their statistical results.

Measure of Risk R 2 Standard Error of Y-Estimate

1. Log of five-year operating margin 76% 1.185%
2. Log CV(operating margin) 54% 0.957%
3. Log CV (return on equity) 54% 0.957%

22. Our standard error increased after incorporating the 1998 stock market results because it was
such a perverse year, with decile #1 performing fabulously and decile #10 losing. Thus, both
our results and Grabowski and King’s would be worse with 1998 included, and the relative
difference between the two would be less.
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In conclusion, Grabowski and King’s (1996) work is very important
in that it demonstrates that other measures of size can serve as effective
proxies for our regression equation. It is noteworthy that the finer break-
down into 25 portfolios versus Ibbotson’s 10 has a significant impact on
the reliability of the regression equation. Our 30-year results show a neg-
ative R2 (Table 4-2, I13), while their R2 was 93%.23 It did not seem to
improve the standard error of the y-estimate. Overall, our log size results
using 60-year data are superior to Grabowski and King’s results because
of the significantly smaller standard error of the y-estimate, which means
the 95% confidence intervals around the estimate are correspondingly
smaller using the 60 years of data.24

Grabowski and King’s (1999) work is even more important. It is the
first finding of the underlying variables for which size is a proxy. If Com-
pustat data went back to 1926, as do the CRSP data, then I would rec-
ommend abandoning log size entirely in favor of their variables. How-
ever, there are several reasons why I do not recommend abandoning log
size:

1. Because the Compustat database begins in 1963, it misses 1926–
1962 data.25 Because of this, their R2’s are lower and their
standard error of y-estimates are significantly higher than ours,
leading to larger confidence intervals.

2. Their sample universe consists of publicly traded firms that are
all subject to Securities Exchange Commission scrutiny. There is
much greater uniformity of accounting treatment in the public
firms than in the private firms to which professional appraisers
will be applying their results. This would greatly increase
confidence intervals around the valuation estimates.

3. The lower R2’s of Grabowski and King’s results may mean that
size still proxies for other currently unknown variables or that
size itself has a pure effect on returns that must be accounted
for in an asset pricing model. Thus, log size is still important,
and Grabowski and King themselves said that was still the case.

Heteroscedasticity

Schwert and Seguin (1990) also found that stock market returns for small
firms are higher than predicted by CAPM by using a weighted least
squares estimation procedure. They suggest that the inability of beta to
correctly predict market returns for small stocks is partially due to het-
eroscedasticity in stock returns.

Heteroscedasticity is the term used to describe the statistical condi-
tion that the variance of the error term is not constant. The standard
assumption in an ordinary least squares (OLS) regression is that the errors

23. Again, the 1998 anomalous stock market results had a large impact on this measure. For the 30
years ending 1997, the R 2 was 53%.

24. Again, the difference would be less after including 1998 results.
25. While we have eliminated the first 12 or 13 years of stock market data—a choice that is

reasonable, but arguable—that still means the Grabowski and King results eliminate 1938–
1962.
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are normally distributed, have constant variance, and are independent of
the x-variable(s). When that is not true, it can bias the results. In the
simplest case of heteroscedasticity, the variance of the error term is line-
arly related to the independent variable. This means that observations
with the largest x-values are generating the largest errors and causing
bias to the results. Using weighted least squares (WLS) instead of OLS
will correct for that problem by weighting the largest observations the
least.

In the case of CAPM, the regression is usually done in the form of
excess returns to the firm as a function of excess returns in the market,
or: (ri � rF) � � (Rm � RF). Here we are using the historical marketˆ�̂ �
returns as our estimate of future returns. If everything works properly,
should be equal to zero. If there is heteroscedasticity, then when excess�̂

market returns are high, the errors will tend to be high. That is what
Schwert and Seguin found.

Schwert and Seguin also discovered that after taking heteroscedas-
ticity into account, the relationship between firm size and risk-adjusted
returns is stronger than previously reported. They also found that the
spread between the risk of small and large stocks was greater during
periods of heavier market volatility, e.g., 1929–1933.

INDUSTRY EFFECTS

Jacobs and Levy (1988) examined rates of return in 38 different industries
by including industry as a dummy variable in their regression analyses.
Only one industry (media) showed (excess) returns different from zero
that were significant at the p � 1% level,26 which the authors speculate
was possibly related to the then recent wave of takeovers. The higher
returns to media would only be relevant to a subject company if it was
a serious candidate for a takeover.

There were seven industries where (excess) returns were different
from zero at the p � 10% level, but this is not persuasive, as the usual
level for rejecting the null hypothesis that industry does not matter in
investor returns is p � 5% or less. Thus, Jacobs and Levy’s results lead
to the general conclusion that industry does not matter in investor re-
turns.27

SATISFYING REVENUE RULING 59-60 WITHOUT A
GUIDELINE PUBLIC COMPANY METHOD

Revenue Ruling 59-60 requires that we look at publicly traded stocks in
the same industry as the subject company. I claim that our excellent re-

26. This means that, given the data, there is only a 1% probability that the media industry returns
were the same as all other industries.

27. Jacobs and Levy also found an interest rate-sensitive financial sector. They also found that
macroeconomic events appear to explain some industry returns. Their example was that
precious metals was the most volatile industry and its returns were closely related to gold
prices. Thus, there may be some—but not many—exceptions to the general rule of industry
insignificance.
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sults with the log size model28 combined with Jacobs and Levy’s general
finding of industry insignificance satisfies the intent of Revenue Ruling
59-60 for small and medium firms without the need actually to perform
a publicly traded guideline company method. Some in our profession
may view this as heresy, but I stick to my guns on this point.

We repeat equation (3-28) from Chapter 3 to show the relationship
of the PE multiple to the Gordon model.

�1 � r
PE � (1 � g )(1 � b)1 r � g

relationship of the PE multiple to the Gordon model multiple

(3-28)

The PE multiple29 of a publicly traded firm gives us information on
the one-year and long-run expected growth rates and the discount rate
of that firm—and nothing else. The PE multiple only gives us a combined
relationship of r and g. In order to derive either r or g, we would have
to assume a value for the other variable or calculate it according to a
model.

For example, suppose we use the log size model (or any other model)
to determine r. Then the only new information to come out of a guideline
public company method (GPCM) is the market’s estimate of g,30 the
growth rate of the public firm. There are much easier and less expensive
ways to estimate g than to do a GPCM. When all the market research is
finished, the appraiser still must modify g to be appropriate for the subject
company, and its g is often quite different than the public companies’. So
the GPCM wastes much time and accomplishes little.

Because discount rates appropriate for the publicly traded firms are
much lower than are appropriate for smaller, privately held firms, using
public PE multiples will lead to gross overvaluations of small and me-
dium privately held firms. This is true even after applying a discount,
which many appraisers do, typically in the 20–40% range—and rarely
with any empirical justification.

If the appraiser is set on using a GPCM, then he or she should use
regression analysis and include the logarithm of market capitalization as
an independent variable. This will control for size. In the absence of that,
it is critical to only use public guideline companies that are approximately
the same size as the subject company, which is rarely possible.

This does not mean that we should ignore privately held guideline
company transactions, as those are far more likely to be truly comparable.
Also, when valuing a very large privately held company, where the size
effect will not confound the results, it is more likely to be worthwhile to
do a guideline public company method, though there is a potential prob-
lem with statistical error from looking at only one industry.

28. In the context of performing a discounted cash flow method.
29. Included in this discussion are the variations of PE, e.g., P/CF, etc.
30. This is under the simplest assumption that g1 � g.
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SUMMARY AND CONCLUSIONS

The log size model is not only far more accurate than CAPM for valuing
privately held businesses, but it is much faster and easier to use. It re-
quires no research,31 whereas CAPM often requires considerable research
of the appropriate comparables (guideline companies).

Moreover, it is very inaccurate to apply the betas for IBM, Compaq,
Apple Computer, etc. to a small startup computer firm with $2 million in
sales. The size effect drowns out any real information contained in betas,
especially applying betas of large firms to small firms. The almost six-
fold improvement that we found in the 0.34% standard error in the 60-
year log size equation versus the 1.89% standard error from the 73-year
CAPM applies only to firms of the same magnitude. When applied to
small firms, CAPM yields even more erroneous results, unless the ap-
praiser compensates by blindly adding another 5–10% beyond the typical
Ibbotson ‘‘small firm premium’’ and calling that a specific company ad-
justment (SCA). I suspect this practice is common, but then it is not really
an SCA; rather, it is an outright attempt to compensate for a model that
has no place being used to value small and medium firms.

Several years ago, in the process of valuing a midsize firm with $25
million in sales, $2 million in net income after taxes, and very fast growth,
I used a guideline public company method—among others. I found 16
guideline companies with positive earnings in the same SIC Code. I re-
gressed the value of the firm against net income, with ‘‘great’’ results—
99.5% R2 and high t-statistics. When I applied the regression equation to
the subject company, the value came to �$91 million!32 I suspect that
much of this scaling problem goes on with CAPM as well, i.e., many
appraisers seriously overvalue small companies using discount rates ap-
propriate for large firms only.

When using the log size model, we extrapolate the discount rate to
the appropriate level for each firm that we value. There is no further need
for a size adjustment. We merely need to compare our subject company
to other companies of its size, not to IBM. Using Robert Morris Associates
data to compare the subject company to other firms of its size is appro-
priate, as those companies are often far more comparable than NYSE
firms.

Since we have already extrapolated the rate of return through the
regression equation in a manner that appropriately considers the average
risk of being any particular size, the relevant comparison when consid-
ering specific company adjustments is to other companies of the same
size. There is a difference between two firms that each do $2 million in
sales volume when one is a one-man show and the other has two Harvard
MBAs running it. If the former is closer to average management, you
should probably subtract 1% or 2% from the discount rate for the latter;

31. One needs only a single regression equation for all valuations performed within a single year.
32. The magnitude problem was solved by regressing the natural log of value against the natural

log of net income. That eliminated the scaling problem and led to reasonable results. That
particular technique is not always the best solution, but it sometimes works beautifully. We
cover this topic in more detail near the end of Chapter 2.
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if the latter is the norm, it is appropriate to add that much to the discount
rate of the former. Although specific company adjustments are subjective,
they serve to further refine the discount rate obtained from discount rate
calculations.
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APPENDIX A

Automating Iteration using Newton’s Method

This appendix is optional. It is mathematically difficult and is more an-
alytically interesting than practical.

In this section we present a numerical method for automatically it-
erating to the correct log size discount rate. Isaac Newton invented an
iterative procedure using calculus to provide numerical solutions to equa-
tions with no analytic solution. Most calculus texts will have a section on
his method (for example, see Thomas 1972). His procedure involves mak-
ing an initial guess of the solution, then subtracting the equation itself
divided by its own first derivative to provide a second guess. We repeat
the process until we converge to a single answer.

The benefit of Newton’s method is that it will enable us to simply
enter assumptions for the cash flow base and the perpetual growth, and
the spreadsheet will automatically calculate the value of the firm without
our having to manually go through the iterations as we did in Tables
4-4A, B, and C. Remember, some iteration process is necessary when
using log size discount rates because the discount rate is not independent
of size, as it is using other discount rate models.

To use Newton’s procedure, we rewrite equation (4-13) as:

CF
Let f(V) � V � � 0 (A4-1)� �(a � b ln V � g)

bCF
f�(V) � 1 � (A4-2)� �2V(a � b ln V � g)

Assuming our initial guess of value is V0, the formula that defines our
next iteration of value, V1, is:

CF
V �0 (a � b ln V � g)0V � V � (A4-3)1 0 bCF
1 � 2V (a � b ln V � g)0 0

Table A4-5 shows Newton’s iterative process for the simplest valu-
ation. In B22–B26 we enter our initial guess of value of an arbitrary $2
trillion (B22), our forecast cash flow base of $100,000 (B23), perpetual
growth g � 7% (B24), and our regression coefficients a and b (B25 and
B26, which come from Table 4-1, E42 and E48, respectively).

In B7 we see our initial guess of $2 trillion. The iteration #2 value
of $280,530 (B8) is the result of the formula in the note immediately below
Table A4-5, which is equation (A4-3).33 B9 to B12 are simply the formula
in B8 copied to the remaining spreadsheet cells.

Once we have the formula, we can value any firm with constant
growth in its cash flows by simply changing the parameters in B23 to
B24.

33. Cell B7, our initial guess, is V0 in equation (A4-3).
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T A B L E A4-5

Gordon Model Valuation Using Newton’s Iterative Process

A B

5
6

Iteration
t

Value
V(t)

0 2,000,000,000,000
8 1 280,530
9 2 612,879
10 3 599,634
11 4 599,625
12 5 599,625

14 Proof of Calculation:

16 Discount rate 23.68%
17 Gordon multiple 5.9963
18 � CF � FMV $599,625

30 Parameters

22 V(0) 2,000,000,000,000
23 CF 100,000
24 g 7%
25 a 37.50%
26 b �1.039%

29 Model Sensitivity

30 FMV Initial Guess � V(0)

31 Explodes 3,000,000,000,000
32 599,625 2,000,000,000,000
33 599,625 27,000
34 Explodes 26,000

Formula in Cell B8:
� B7 � ((B7 � (CF/(A � B * LN(B7) � G)))/(1 � (B * CF)/(B7 * (A � B * LN(B7) �G)	2)))
Note: The above formula assumes an End-Year Gordon Model. Newton’s Method converges for the midyear Gordon Model, but too
slowly to be of practical use.

B31 to B34 show the sensitivity of the model to the initial guess. If
we guess poorly enough, the model will explode instead of converging
to the right answer. For this particular set of assumptions, an initial guess
of anywhere between $27,000 and $2 trillion will converge to the right
answer. Assumptions above $3 trillion or below $26,000 explode the
model.

Unfortunately, the midyear Gordon model, which is more accurate,
has a much more complex formula. The iterative process does converge,
but much too slowly to be of any practical use. One can use the end-of-
year Gordon model and multiply the result by the square root of (1 � r).
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APPENDIX B

Mathematical Appendix

This appendix provides the mathematics behind the log size model, as
well as some philosophical analysis of the mathematics—specifically on
the nature of exponential decay function and how that relates to phenom-
ena in physics as well as our log size model. This is intended more as
intellectual observation than as required information.

We will begin with two definitions:

r � return of a portfolio
S � standard deviation of returns of the portfolio

Equation (B4-1) states that the return on a portfolio of securities (each
decile is a portfolio) varies positively with the risk of the portfolio, or:

r � a � b S (B4-1)1 1

This is a generalization of equation (4-1) in the chapter. This rela-
tionship is not directly observable for privately held firms. Therefore, we
use the next equation, which is a generalization of equation (4-2) from
the chapter, to calculate expected return.

The parameter a1 is the regression estimate of the risk-free rate,34

while the parameter b1 is the regression estimate of the slope, which is
the return for each unit increase of risk undertaken, i.e., the standard
deviation of returns. Thus, b1 is the regression estimate of the price of or
the reward for taking on risk.

r � a � b ln FMV, b � 0 (B4-2)2 2 2

Equation (B4-2) states that return decreases in a linear fashion with
the natural logarithm of firm value. The parameter a2 is the regression
estimate of the return for a $1 firm35—the valueless firm—while the pa-
rameter b2 is the regression estimate of the slope, which is the return for
each increase in ln FMV. Thus, b2 is the regression estimate of the reduc-
tion in return investors accept for investing in smaller firms. The terms
a1, a2, b1, and b2 are all parameters determined in regression equations
(4-1) and (4-2).

Using all 73 years of stock market data, our regression estimate of
a1 � 6.56% (Table 4-1, D26), which compares well with the 73-year mean
Treasury Bond yield of 5.28%. It would initially appear that the log size
regression does a reasonable job of also providing an estimate of the risk-
free return. Unfortunately, it is not all that simple, as the log size estimate
using 60 years of data fares worse. The log size 60-year estimate of a1 is
8.90% (Table 4-1, E26), which is a long way off from the 60-year mean
treasury bond yield of 5.70% (Table 4-1, E27). Thus, eliminating the first

34. A zero risk asset would have no standard deviation of returns. Thus, S � 0 and r � a1.
35. A firm worth $1 would have ln FMV � ln $1 � 0. Thus in equation (B4-2), for FMV � $1,

r � a2.
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13 years of data had the effect of shifting the regression line upwards and
flattening it slightly.

We already knew from our analysis of Table 4-2 in the chapter that
using 60 years of data was the overall best choice because of its superi-
ority in the log size equation estimates, but it was not the best choice for
estimating equation (4-1). Its R2 is lower and standard error is higher
than the 73-year results.

Focusing now on equation (B5-2), the log size equation, the 60-year
regression estimate of b1 � �1.0309% (Table 4-1, E48), which is signifi-
cantly lower in absolute value than the 73-year estimate of �1.284%
(D48). The parameter b2 is the reduction in return that comes about from
each unit increase in company value (in natural logarithms). The param-
eter a2 is the y-intercept. It is the return (discount rate) for a valueless
firm—more specifically, a $1 firm in value—as ln($1) � 0.

Equating the right-hand sides of equation (B4-1) and (B4-2) and solv-
ing for S, we see how we are implicitly using the size of the firm as a
proxy for risk.

a � a b2 1 2S � � ln FMV (B4-3)
b b1 1

Since a2 is the rate of return for the valueless firm and a1 is the re-
gression estimate of the risk-free rate—flawed as it is—the difference be-
tween them, a2 � a1 is the equity premium for a $1.00 firm, i.e., the val-
ueless firm. Dividing by b1, the price of risk (or reward) for each
increment of standard deviation, we get (a2 � a1)/b1, the standard devi-
ation of a $1 firm. We then reduce our estimate of the standard deviation
by the ratio of the relative prices of risk in size divided by the price of
risk in standard deviation, and multiply that ratio by the log of the size
of the firm. In other words, we start with the maximum risk, a $1 firm,
and reduce the standard deviation by the appropriate price times the log
of the value of the firm in order to calculate the standard deviation of the
firm.

Rearranging equation (B4-3), we get

(a � a ) � b S1 2 1ln FMV � (B4-4)
b2

Raising both sides of the equation as powers of e, the natural exponent,
we get:

(a �a )�b S (a �a ) b S1 2 1 1 2 1

b b b2 2 2FMV � e � e e , or (B4-5)

(a �a )1 2 b1kS b 2FMV � Ae , where A � e , k � � 0 (B4-6)
b2

Here we see that the value of the firm or portfolio declines exponentially
with risk, i.e., the standard deviation.

Unfortunately, the standard deviation of most private firms is un-
observable since there are no reliable market prices. Therefore, we must
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solve for the value of a private firm another way. Restating equation
(B4-2),

r � a � b ln(FMV) (B4-7)2 2

Rearranging the equation, we get:

(r � a )2ln FMV � (B4-8)
b2

Raising both sides by e, i.e., taking the antilog, we get:

(r�a )2
b 2FMV � e (B4-9)

or (B4-10)

a2
� 1mr b 2FMV � Ce , where C � e and m �

b2

This shows the FMV of a firm or portfolio declines exponentially
with the discount rate. This is reminiscent of a continuous time present
value formula; in this case, though, instead of traveling through time we
are traveling though expected rates of return. The same is true of equation
(B4-6), where we are traveling through degree of risk.

What Does the Exponential Relationship Mean?

Let’s try to get an intuitive feel for what an exponential relationship
means and why that makes intuitive sense. Equation (B4-6) shows that
the fair market value of the firm is an exponentially declining function
of risk, as measured by the standard deviation of returns. Repeating equa-
tion (B4-6), FMV � AekS, k � 0. Because we find that risk itself is primarily
related to the size of the firm, we come to a similar equation for size.
Repeating equation (B4-10), we see that FMV � Cemr, m � 0.

In physics, radioactive minerals such as uranium decay exponen-
tially. That means that a constant proportion of uranium decays at every
moment. As the remaining portion of uranium is constantly less over time
due to the radioactive decay, the amount of decay at any moment in time
or during any finite time period is always less than the previous period.
A graph of the amount of uranium remaining over time would be a
downward sloping curve, steep at first and increasing shallow over time.
Figure 4-3 shows an exponential decay curve.

It appears the same is true of the value of firms. Instead of decaying
over time, their value decays over risk. Because it turns out that risk is
so closely related to size and the rate of return is so closely related to
size, the value also decays exponentially with the market rate of return,
i.e., the discount rate. The graph of exponential decay in value over risk
has the same general shape as the uranium decay curve.

Imagine the largest ship in the world sailing on a moderately stormy
ocean. You as a passenger hardly feel the effects of the storm. If instead
you sailed on a slightly smaller ship, you would feel the storm a bit more.
As we keep switching to increasingly smaller ships, the storm feels in-
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creasingly powerful. The smallest ship on the NYSE might be akin to a
35-foot cabin cruiser, while appraisers often have to value little paddle-
boats, the passengers of which would be in danger of their lives while
the passengers of the General Electric boat would hardly feel the turbu-
lence.

That is my understanding of the principle underlying the size effect.
Size offers diversification of product and service. Size reduces transaction
costs in proportion to the entity, e.g., the proceeds of floating a $1 million
stock issue after flotation costs are far less in percentage terms than float-
ing a $100 million stock issue. Large firms have greater depth and breadth
of management, and greater staying power. Even the chances of beating
a bankruptcy exist for the largest businesses. Remember Chrysler? If it
were not a very big business, the government would never have jumped
in to rescue it. The same is true of the S&Ls. For these and other reasons,
the returns of big businesses fluctuate less than small businesses, which
means that the smaller the business, the greater the risk, the greater the
return.

The FMV of a firm or portfolio declining exponentially with the dis-
count rate/risk is reminiscent of a continuous time present value formula,
where Present Value � Principal � e�r t; in this case, though, instead of
traveling through time we are traveling though expected rates of return/
risk.
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APPENDIX C

Abbreviated Review and Use

This abbreviated version of the chapter is intended for those who simply
wish to learn the model without the benefit of additional background and
explanation, or wish to use it as a quick reference for review.

INTRODUCTION

Historically, small companies have shown higher rates of return than
large ones, as evidenced by New York Stock Exchange (NYSE) data over
the past 73 years (Ibbotson Associates 1999). Further investigation into
this phenomenon has led to the discovery that return (the discount rate)
strongly correlates with the natural logarithm of the value of the firm
(firm size), which has the following implications:

● The discount rate is a linear function negatively related to the
natural logarithm of the value of the firm.

● The value of the firm is an exponential decay function, decaying
with the investment rate of return (the discount rate).
Consequently, the value also decays in the same fashion with the
standard deviation of returns.

As we have already described regression analysis in Chapter 3, we
now apply these techniques to examine the statistical relationship be-
tween market returns, risk (measured by the standard deviation of re-
turns) and company size.

REGRESSION #1: RETURN VERSUS STANDARD
DEVIATION OF RETURNS

Columns A–F in Table 4-1 contain the input data from the Stocks, Bonds,
Bills and Inflation 1999 Yearbook (Ibbotson Associates 1999) for all of the
regression analyses as well as the regression results. We use 73-year av-
erage returns in both regressions. For simplicity, we have collapsed 730
data points (73 years � 10 deciles) into 73 data points by using averages.
Thus, the regressions are cross-sectional rather than time series. In Col-
umn A we list Ibbotson Associates’ (1999) division of the entire NYSE
into 10 different divisions—known as deciles—based on size, with the
largest firms in decile 1 and the smallest in decile 10.36 Columns B through
F contain market data for each decile which is described below.

Note that the 73-year average market return in Column B rises with
each decile, as does the standard deviation of returns (Column C). Col-
umn D shows the 1998 market capitalization of each decile, which is the
price per share times the number of shares. It is also the fair market value
(FMV).

Dividing Column D (FMV) by Column F (the number of firms in the
decile), we obtain Column G, the average capitalization, or the average

36. All of the underlying decile data in Ibbotson originate with the University of Chicago’s Center
for Research in Security Prices (CRSP), which also determines the composition of the deciles.
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fair market value of the firms in each decile. Column H, the last column
in the table titled ln (FMV), is the natural logarithm of the average FMV.

Regression of ln (FMV) against standard deviation of returns for the
period 1926–1998 (D26 to D36, Table 4-1), gives rise to the equation:

r � 6.56% � (31.24% � S) (4-1)

where r � return and S � standard deviation of returns.
The regression statistics of adjusted R2 of 98.82% (D30) a t-statistic

of the slope of 27.4 (D35), a p-value of less than 0.01% (D36), and the
standard error of the estimate of 0.27% (D28), all indicate a high degree
of confidence in the results obtained. Also, the constant of 6.56% (D26) is
the regression estimate of the long-term risk-free rate, which compares
favorably with the 73-year arithmetic mean income return from 1926–
1998 on long-term Treasury Bonds of 5.20%.37

The major problem with direct application of this relationship to the
valuation of small businesses is coming up with a reliable standard de-
viation of returns. Appraisers cannot directly measure the standard de-
viation of returns for privately held firms, since there is no objective stock
price. We can measure the standard deviation of income, and we covered
that in our discussion in the chapter of Grabowski and King (1999).

REGRESSION #2: RETURN VERSUS LOG SIZE

Fortunately, there is a much more practical relationship. Notice that the
returns are negatively related to the market capitalization, i.e., the fair
market value of the firm. The second regression in Table 4-1 (D42–D51)
is the more useful one for valuing privately held firms. Regression #2
shows return as a function of the natural logarithm of the FMV of the
firm. The regression equation for the period 1926–1998 is:

r � 42.24% � [1.284% � ln (FMV)] (4-2)

The adjusted R2 is 92.3% (D45), the t-statistic is �10.4 (D50), and the p-
value is less than 0.01% (D51), meaning that these results are statistically
robust. The standard error for the Y-estimate is 0.82% (D43), which means
that we can be 95% confident that the regression forecast is accurate
within approximately 2 � 0.82% � 1.6.

Recalculation of the Log Size Model Based on 60 Years

NYSE data from the past 60 years are likely to be the most relevant for
use in forecasting the future (see chapter for discussion). This time frame
still contains numerous data points, but it excludes the decade of highest
volatility, attributed to nonrecurring historical events, i.e., the Roaring
Twenties and Depression years. Also, Table 4-2A shows that the 60-year
regression equation has the highest adjusted R2 and lowest standard error

37. SBBI-1999, p. 140 uses this measure as the risk-free rate for CAPM. Arguably, the average bond
yield is a better measure of the risk-free rate, but the difference is immaterial.
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when compared to the other four examined. Therefore, we repeat all three
regressions for the 60-year time period from 1939–1998, as shown in Table
4-1, Column E. Regression #1 for this time period for is:

r � 8.90% � (30.79% � S) (4-3)

where S is the standard deviation.
The adjusted R2 in this case falls to 95.31% (E30) from the 98.82%

(D30) obtained from the 73-year equation, but is still indicative of a strong
relationship.

The corresponding log size equation (regression #2) for the 60-year
period is:

r � 37.50% � [1.039% � ln (FMV)] (4-4)

The regression statistics indicate a good fit, with an adjusted R2 of 96.95%
(E45).38 Equation (4-4) will be used for the remainder of the book to cal-
culate interest rates, as this time period is the most appropriate for cal-
culating current discount rates.

Need for Annual Updating
Table 4-1 should be updated annually, as the Ibbotson averages change,
and new regression equations should be generated. This becomes more
crucial when shorter time periods are used, because changes will have a
greater impact on the average values. Additionally, it is important to be
careful to match the regression equation to the year of the valuation. If
the valuation assignment is retroactive and the valuation date is 1994,
then don’t use the regression equation for 1939–1998. Instead, either use
the regression equation in the original article, run your own regression
on the Ibbotson data, or contact the author to provide the right equation.

Computation of Discount Rate Is an Iterative Process
In spite of the straightforwardness of these relationships, we have a prob-
lem of circular reasoning when it comes to computing of the discount
rate. We need FMV to obtain the discount rate, which is in turn used to
discount cash flows or income to calculate the FMV! Hence, it is necessary
to make sure that our initial estimate of FMV is consistent with the final
result. If it is not, then we have to keep repeating the process until the
results are consistent. Fortunately, discount rates remain virtually con-
stant over large ranges of values, so this should not be much of a problem.

Practical Illustration of the Log Size Model: Discounted
Cash Flow Valuations

Let’s illustrate how the iterative process works with a specific example.
The assumptions in Tables 4-4A, 4-4B, and 4-4C are identical, except for
the discount rate. Table 4-4A is a very simple discounted cash flow (DCF)
analysis of a hypothetical firm. The basic assumptions appear in Rows
B7 through B12. We assume the firm had $100,000 cash flow in 1998. We

38. For 1938–1997 data, adjusted R 2 was 99.54%. The ‘‘perverse’’ results of 1998 caused a
deterioration in the relationship.
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forecast annual growth through the year 2003 in B8 through F8 and per-
petual growth at 6% thereafter in B10. In B9 we assume a 20% discount
rate.

The DCF analysis in Rows B22 through B32 is standard and requires
little explanation other than that the present value factors are midyear,
and the value in B28 is a marketable minority interest. It is this value
($943,285) that we use to compare the consistency between the assumed
discount rate (in Row 4) and calculated discount rate according to the log
size model.

We begin calculating the of discount rate using the log size model in
B34, where we compute ln (943,285) � 13.7571. This is the natural log of
the marketable minority value of the firm. In B35 we multiply that result
by the x-coefficient from the regression, or �0.01039, to come to �0.1429.
We then add that product to the regression constant of 0.3750, which
appears in B36, to obtain an implied discount rate of 23% (rounded, B37).

Comparison of the two discount rates (assumed and calculated) re-
veals that we initially assumed too high a discount rate, meaning that we
undervalued the firm. B29–B31 contain the control premium and discount
for lack of marketability. Because the discount rate is not yet consistent,
ignore these numbers in this table, as they are irrelevant.

In Chapter 7, we discuss the considerable controversy over the ap-
propriate magnitude of control premiums. Nevertheless, it is merely a
parameter in the spreadsheet, and its magnitude does not affect the logic
of the analysis.

The Second Iteration: Table 4-4B
Having determined that a 20% discount rate is too low, we revise our
assumption to a 23% discount rate (B9) in Table 4-4B. In this case, we
arrive at a marketable minority FMV of $ 783,919 (B28). When we perform
the discount rate calculation with this value (B34–B37), we obtain a
matching discount rate of 23%, indicating that no further iterations are
necessary.

Consistency in Levels of Value
In calculating discount rates, it is important to be consistent in the level
of fair market value that we are using. Since the log size model is based
on returns from the NYSE, the corresponding values generated are on a
marketable minority basis. Consequently, it is this level of value that we
should use for the discount rate calculations.

Frequently, however, the marketable minority value is not the ulti-
mate level of fair market value that we are calculating. Therefore, it is
crucial to be aware of the differing levels of FMV that occur as a result
of valuation adjustments. For example, if our valuation assignment is to
calculate an illiquid control interest, we will add a control premium and
subtract a discount for lack of marketability from the marketable minority
value.39 Nevertheless, we use only the marketable minority level of FMV
in iterating to the proper discount rate.

39. Not all authorities would agree with this statement. There is considerable disagreement on the
levels of value. We cover those controversies in Chapter 7.
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Adding Specific Company Adjustments to the DCF Analysis:
Table 4-4C
The final step in our DCF analysis is performing specific company ad-
justments. Let’s suppose for illustrative purposes that there is only one
owner of this firm. She is 62 years old and had a heart attack three years
ago. The success of the firm depends to a great extent on her personal
relationships with customers, which may not be easily duplicated by a
new owner. Therefore, we decide to add a 2% specific company adjust-
ment to the discount rate to reflect this situation.40 If there are no specific
company adjustments, then we would proceed with the calculations in
B22–B32.

Prior to adding specific company adjustments, it is important to
achieve internal consistency in the ex ante and ex post marketable mi-
nority values, as we did in Table 4-4B. Next, we merely add the 2% to
get a 25% discount rate, which we place in B9. The remainder of the table
is identical to its predecessors, except that we eliminate the ex post cal-
culation of the discount rate in B34–B37, since we have already achieved
consistency.

It is at this point in the valuation process that we make adjustments
for the control premium and discount for lack of marketability, which
appear in B29 and B31. Our final fair market value of $642,139 (B32) is
on an illiquid control basis.

In a valuation report, it would be unnecessary to show Table 4-4A.
One should show Tables 4-4B and 4-4C only.

Total Return versus Equity Premium

CAPM uses an equity risk premium as one component for calculating
return. The discount rate is calculated by multiplying the equity premium
by beta and adding the risk free rate. In my first article on the log size
model (Abrams 1994), I used an equity premium in the calculation of
discount rate. Similarly, Grabowski and King (1995) used an equity risk
premium in the computation of discount rate.

The equity premium term was eliminated in my second article
(Abrams 1997) in favor of total return because of the low correlation be-
tween stock returns and bond yields for the past 60 years. The actual
correlation is 6.3%—an amount small enough to ignore.

Adjustments to the Discount Rate

Privately held firms are generally owned by people who are not well
diversified. The NYSE decile data were derived from portfolios of stocks

40. A different approach would be to take a discount from the final value, which would be
consistent with key person discount literature appearing in a number of articles in Business
Valuation Review (see the BVR index for cites). Another approach is to lower our estimate of
earnings to reflect our weighted average estimate of decline in earnings that would follow
from a change in ownership or the decreased capacity of the existing owner, whichever is
more appropriate, depending on the context of the valuation. In this example I have already
assumed that we have done that. There are opinions that one should lower earnings
estimates and not increase the discount rate. It is my opinion that we should definitely
increase the discount rate in such a situation, and we should also decrease the earnings
estimates if that has not already been done.
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that were diversified in every sense except for size, as size itself was the
method of sorting the deciles. In contrast, the owner of the local bar is
probably not well diversified, nor is the probable buyer. The appraiser
may want to add 2% to 5% to the discount rate to account for that. On
the other hand, a $1 million FMV firm is likely to be bought by a well-
diversified buyer and may not merit increasing the discount rate.

Another common adjustment to discount rates would be for the
depth and breadth of management of the subject company compared to
other firms of the same size. In general, the regression equation already
incorporates the size effect. No one expects a $100,000 FMV firm to have
three Harvard MBAs running it, but there is still a difference between a
complete one-man show and a firm with two talented people. In general,
this methodology of calculating discount rates will increase the impor-
tance of comparing the subject company to its peers via RMA Associates
or similar data. Differences in leverage between the subject company and
its RMA peers could well be another common adjustment.

Discounted Cash Flow or Net Income?

Since the market returns are based on the cash dividends and the market
price at which one can sell one’s stock, the discount rates obtained with
the log size model should be properly applied to cash flow, not to net
income. We appraisers, however, sometimes work with clients who want
a ‘‘quick and dirty valuation,’’ and we often don’t want to bother esti-
mating cash flow. I have seen suggestions in Business Valuation Review
(Gilbert 1990, for example) that we can increase the discount rate and
thereby apply it to net income, and that will often lead to reasonable
results. Nevertheless, it is better to make an adjustment from net income
based on judgment to estimate cash flow to preserve the accuracy of the
discount rate.

SATISFYING REVENUE RULING 59-60

As discussed in more detail in the body of this chapter, a study (Jacobs
and Levy 1988) found that, in general, industry was insignificant in de-
termining rates of return.41 Revenue ruling 59-60 requires that we look at
publicly traded stocks in the same industry as the subject company. I
claim that our excellent results with the log size model,42 combined with
Jacobs and Levy’s general finding of industry insignificance, satisfy the
intent of Revenue Ruling 59-60 without the need to actually perform a
guideline publicly traded company method (GPCM).

The PE multiple43 of a publicly traded firm gives us information on
the one-year and long-run expected growth rates and the discount rate
of that firm—and nothing else. Then the only new information to come

41. For the appraiser who wants to use the rationale in this section as a valid reason to eliminate
the GPCM from an appraisal, there are some possible exceptions to the ‘‘industry doesn’t
matter conclusion’’ that one should read in the body of the chapter.

42. In the context of performing a discounted cash flow approach.
43. Included in this discussion are the variations of PE, e.g., P/CF, etc.
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out of a GPCM is the market’s estimate of g,44 the growth rate of the
public firm. There are much easier and less expensive ways to estimate
g than doing a GPCM. When all the market research is finished, the ap-
praiser still must modify g to be appropriate for the subject company, and
its g is often quite different than the public companies. So the GPCM
wastes much time and accomplishes little.

Because discount rates appropriate for the publicly traded firms are
much lower than are appropriate for smaller, privately held firms, using
public PE multiples will lead to gross overvaluations of small and me-
dium privately held firms. This is true even after applying a discount,
which many appraisers do, typically in the 20–40% range—and rarely
with any empirical justification.

If the appraiser is set on using a GPCM, then he or she should use
regression analysis and include the logarithm of market capitalization as
an independent variable. This will control for size. In the absence of that,
it is critical to only use public guideline companies that are approximately
the same size as the subject company, which is rarely possible.

This does not mean that we should ignore privately held guideline
company transactions, as those are far more likely to be truly comparable.
Also, when valuing a very large privately held company, where the size
effect will not confound the results, it is more likely to be worthwhile to
do a guideline public company method, though there is a potential prob-
lem with statistical error from looking at only one industry.

44. This is under the simplest assumption that g1 � g.
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This chapter compares the attributes of the arithmetic and geometric
mean returns and presents theoretical and empirical evidence why the
arithmetic mean is the proper one for use in valuation.

INTRODUCTION

There has been a flurry of articles about the relative merits of using the
arithmetic mean (AM) versus the geometric mean (GM) in valuing busi-
nesses. The SBBI Yearbook (see Ibbotson Associates 1998) for many years
has taken the position that the arithmetic mean is the correct mean to use
in valuation. Conversely, Allyn Joyce (1995) initiated arguments for the
GM as the correct mean. Previous articles have centered around Professor
Ibbotson’s famous example using a binomial distribution with 50%–50%
probabilities of a �30% and �10% return. His example is an important
theoretical reason why the AM is the correct mean. The articles critical of
Ibbotson are interesting but largely incorrect and off on a tangent. There
are both theoretical and empirical reasons why the arithmetic mean is the
correct one.

THEORETICAL SUPERIORITY OF ARITHMETIC MEAN

We begin with a quote from Ibbotson: ‘‘Since the arithmetic mean equates
the expected future value with the present value, it is the discount rate’’
(Ibbotson Associates 1998, p. 159). This is a fundamental theoretical rea-
son for the superiority of AM.

Rather than argue about Ibbotson’s much-debated above example,
let’s cite and elucidate a different quote from his book (Ibbotson Associ-
ates 1998, p. 108). ‘‘In general, the geometric mean for any time period is
less than or equal to the arithmetic mean. The two means are equal only
for a return series that is constant (i.e., the same return in every period).
For a non-constant series, the difference between the two is positively
related to the variability or standard deviation of the returns. For exam-
ple, in Table 6-7 [the SBBI table number], the difference between the ar-
ithmetic and geometric mean is much larger for risky large company
stocks than it is for nearly riskless Treasury bills.’’

The GM measures the magnitude of the returns as the investor starts
with one portfolio value and ends with another. It does not measure the
variability (volatility) of the journey, as does the AM.1 The GM is back-
ward looking, while the AM is forward looking (Ibbotson Associates
1997). As Mark Twain said, ‘‘Forecasting is difficult—especially into the
future.’’

Table 5-1: Comparison of Two Stock Portfolios

Table 5-1 contains an illustration of two differing stock series. The first is
highly volatile, with a standard deviation of returns of 65% (C17), while
the second has a zero standard deviation. Although the arithmetic mean

1. Technically it is the difference of the AM and GM that measures the volatility. Put another way,
the AM consists of two components: the GM plus the volatility.
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T A B L E 5-1

Geometric versus Arithmetic Returns

A B C D E

4

5 Year

(Stock (or Portfolio) #1

Price Annual Return

Stock (or Portfolio) #2

Price Annual Return

6 0 $100.00 NA $100.00 NA
7 1 $150.00 50.0000% $111.61 11.6123%
8 2 $68.00 �54.6667% $124.57 11.6123%
9 3 $135.00 98.5294% $139.04 11.6123%
10 4 $192.00 42.2222% $155.18 11.6123%
11 5 $130.00 �32.2917% $173.21 11.6123%
12 6 $79.00 �39.2308% $193.32 11.6123%
13 7 $200.00 153.1646% $215.77 11.6123%
14 8 $180.00 �10.0000% $240.82 11.6123%
15 9 $250.00 38.8889% $268.79 11.6123%
16 10 $300.00 20.0000% $300.00 11.6123%
17 Standard deviation 64.9139% 0.0000%
18 Arithmetic mean 26.6616% 11.6123%
19 Geometric mean 11.6123% 11.6123%

differs significantly for the two, both give rise to an identical geometric
mean return. It makes no sense intuitively that the GM is the correct one.
That would imply that both stocks are equally risky since they have the
same GM; yet no one would really consider stock #2 equally as risky as
#1. A risk-averse investor will always pay less for #1 than for #2.

EMPIRICAL EVIDENCE OF THE SUPERIORITY OF THE
ARITHMETIC MEAN

Much of the remainder of this chapter is focused on empirical evidence
of the superiority of the AM using the log size model. The heart of the
evidence in favor of the AM can be found in Chapter 4, Table 4-1, which
demonstrates that the arithmetic mean of stock market portfolio returns
correlate very well (98% R2) with the standard deviation of returns, i.e.,
risk as well as the logarithm of firm size, which is related to risk. We
show that the AM correlates better with risk than the GM. Also, the de-
pendent variable (AM returns) is consistent with the independent variable
(standard deviation of returns) in the regression. The latter is risk, and
the former is the fully risk-impounded rate of return. In contrast, the GM
does not fully impound risk.

Table 5-2: Regressions of Geometric and Arithmetic
Returns for 1927–1997

Table 5-2 contains both the geometric and arithmetic means for the Ib-
botson deciles for 1926–1997 data2 and regressions of those returns

2. Note that this will not match Table 4-1, because the latter contains data through 1998. While
both chapters were originally written in the same year, we chose to update all of the
regressions in Chapter 4 to include 1998 stock market data, while we did not do so in this
and other chapters.
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T A B L E 5-2

Geometric versus Arithmetic Returns: NYSE Data by Decile & Statistical Analysis:
1926–1997

A B C D E F

5

6 Decile

Geometric

Mean

Arithmetic

Mean
Return Std Dev

Avg Cap

� FMV [1] Ln(FMV)

7 1 10.17% 11.89% 18.93% $28,650,613,989 24.0784
8 2 11.30% 13.68% 22.33% $5,987,835,737 22.5130
9 3 11.67% 14.29% 24.08% $3,066,356,194 21.8438
10 4 11.86% 14.99% 26.54% $1,785,917,011 21.3032
11 5 12.33% 15.75% 27.29% $1,126,473,849 20.8424
12 6 12.08% 15.82% 28.38% $796,602,581 20.4959
13 7 12.17% 16.39% 30.84% $543,164,462 20.1129
14 8 12.40% 17.46% 35.57% $339,165,962 19.6420
15 9 12.54% 18.21% 37.11% $209,737,489 19.1614
16 10 13.85% 21.83% 46.14% $68,389,789 18.0407
17 Std dev 0.94% 2.7%
18 Value wtd index 10.7% 12.6%

20 Regression #1: Return � f(Std Dev. of Returns)

22
23

Arithmetic
Mean

Geometric
Mean

24 Constant 5.90% 8.76%
25 Std err of Y est 0.32% 0.36%
26 R squared 98.76% 86.93%
27 Adjusted R squared 98.60% 85.29%
28 No. of observations 10 10
29 Degrees of freedom 8 8
30 X coefficient(s) 34.19% 11.05%
31 Std err of coef. 1.35% 1.52%
32 T 25.2 7.2
33 P �.01% 0.01%

35 Regression #2: Return � f [Ln(FMV)]

37
38

Arithmetic
Mean

Geometric
Mean

39 Constant 47.62% 22.90%
40 Std err of Y est 0.76% 0.27%
41 R squared 93.16% 92.79%
42 Adjusted R squared 92.30% 91.89%
43 No. of observations 10 10
44 Degrees of freedom 8 8
45 X coefficient(s) �1.52% �0.52
46 Std err of coef. 0.15% 0.05%
47 T �10.4 �10.1
48 P �0.01% �0.01%

[1] See Table 4-1 of Chapter 4 for specific inputs and method of calcuation
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against the standard deviation of returns and the natural logarithm of the
average market capitalization of the firms in the decile. It is a repetition
of Table 4-1, with the addition of the GM data.

The arithmetic mean outperforms3 the geometric mean in regression
#1, with adjusted R2 of 98.60% (C27) versus 85.29% (D27) and t-statistic
of 25.2 (C32) versus 7.2 (D32). In regression #2, which regresses the return
as a function of log size, the arithmetic mean slightly outperforms the
geometric mean in terms of goodness of fit with the data. Its adjusted
R2 is 92.3% (C42), compared to 91.9% (D42) for the geometric mean. The
absolute value of its t-statistic is 10.4 (C47), compared to 10.1 (D47) for
the geometric mean. However, the geometric mean does have a lower
standard error of the estimate.

Table 5-3: Regressions of Geometric Returns
for 1938–1997

In Chapter 4 we discussed the relative merits of using the log size model
based on the past 60 years of NYSE return data rather than 73 years.
Table 5-3 shows the regression of ln (FMV) against the geometric mean
for the 61-year period 1937–1997.

Comparing the results in Table 5-3 to Table 4-1, the arithmetic mean
significantly outperforms the geometric mean. Looking at Regression #2,
the Adjusted R2 in Table 4-1, cell E45 for the arithmetic mean is 99.54%,
while the geometric mean adjusted R2 in Table 5-3, B22 is 81.69%. The t-
statistic for the AM is �44.1 (Table 4-1, E50), while it is �6.41 (D34) for
the GM. The standard error of the estimate is 0.34% (Table 4-1, E43) for
the AM versus 0.47% for the GM.4 Looking at Regression #1, in Table
4-1, E30, Adjusted R2 for the AM is 95.31%, while it is 51.52% (B41) for
the GM. T-statistics are 13.6 for the AM (Table 4-1, E35) and 3.3 (D53)
for the GM. The standard error of the estimate is 0.42% (Table 4-1, E28)
for the AM and 0.76% (B42) for the GM. Using the past 60 years of data,
the AM significantly outperforms the GM by all measures.

GM does correlate to risk. Its R2 value in the various regressions is
reasonable, but it is just not as good a measure of risk as the AM.

Eliminating the volatile period of 1926–1936 reduces the difference
between the geometric and arithmetic means in the calculation of dis-
count rates. We illustrate this at the bottom of Table 4-3, where discount
rates are compared for a $20 million and $300,000 FMV firm using both
regression equations. For the $20 million firm, the difference in discount
rate decreases from 7.9% (E57) using the 72-year equations to 4.9% (E58)
for the 60-year equations. We see a larger difference for smaller firms, as
shown in Rows 59–60 for the $300,000 FMV firm. In this case, the differ-
ence in discount rates falls from 12.1% (E59) to 7.5% (E60), or almost by
half.

3. In other words, the AM is more highly correlated with risk than the GM.
4. The standard error was 0.14% for the AM for the years 1938–1997.
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T A B L E 5-3

Geometric Mean versus FMV: 60 Years

A B C D E F G

4

5 Decile

Year End Index Value [1]

1937 1997 GM 1937–1997 [2] Ln FMV Std Dev.

6 1 1.369 1064.570 11.732% 24.0784 15.687%
7 2 1.345 2232.833 13.154% 22.5130 17.612%
8 3 1.182 2834.406 13.849% 21.8438 18.758%
9 4 1.154 3193.072 14.121% 21.3032 20.704%
10 5 1.141 4324.787 14.721% 20.8424 21.829%
11 6 0.983 3686.234 14.701% 20.4959 22.750%
12 7 0.957 3906.82 14.863% 20.1129 24.909%
13 8 0.894 4509.832 15.269% 19.6420 26.859%
14 9 1.093 4958.931 15.066% 19.1614 28.415%
15 10 2.647 11398.583 14.966% 18.0407 36.081%

17 SUMMARY OUTPUT: GM vs Ln FMV, 60 years

19 Regression Statistics

20 Multiple R 91.50%
21 R square 83.73%
22 Adjusted R square 81.69%
23 Standard error 0.47%
24 Observations 10

26 ANOVA

27 df SS MS F Significance F

28 Regression 1 0.0009 0.0009 41.1611 0.0002
29 Residual 8 0.0002 0.0000
30 Total 9 0.0011

32 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

33 Intercept 26.20% 1.87% 14.0 0.00% 21.89% 30.51%
34 Ln (FMV) �0.57% 0.09% �6.4 0.02% �0.78% �0.37%

36 SUMMARY OUTPUT: GM vs. Std. Dev., 60 Years

38 Regression Statistics

39 Multiple R 75.44%
40 R square 56.91%
41 Adjusted R square 51.52%
42 Standard error 0.76%
43 Observations 1000.00%

The Size Effect on the Arithmetic versus Geometric Means

It is useful to note that the greater divergence between the AM and GM
as firm size decreases and volatility increases means that using the GM
results in overvaluation that is inversely related to size, i.e., using the GM
on a small firm will cause a greater percentage overvaluation than using
the GM on a large firm.
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T A B L E 5-3 (continued)

Geometric Mean versus AFMV: 60 Years

A B C D E F G

45 ANOVA

46 df SS MS F Significance F

47 Regression 1 0.0006 0.0006 10.5650 0.0117
48 Residual 8 0.0005 0.0001
49 Total 9 0.0011

51 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

52 Intercept 11.04% 1.01% 10.9 0.00% 8.70% 13.38%
53 Std dev. 13.71% 4.22% 3.3 1.17% 3.98% 23.44%

55 Comparison of Discount Rates Using 60 and 72 Year Models

56 FMV Regression Model Geometric Mean Arithmetic Mean Difference

57 $20,000,000 72 year 14.2% 22.1% 7.9%
58 60 year 16.6% 21.5% 4.9%
59 $300,000 72 year 16.3% 28.5% 12.1%
60 60 year 19.0% 26.5% 7.5%

[1] Values from Ibbotson’s 1998 SBBI Yearbook, Table 7-3
[2]Geometric mean for 1937-1997 was calculated using Year End Index Values for 1937 (for year starting 1938) and 1997 according to the formula rg � [vn / vo]1 / n�1
[3] From Table 4-1, Chapter 4

Table 5-4: Log Size Comparison of Discount Rates and
Gordon Model Multiples Using AM versus GM

Table 5-4 illustrates this, where discount rates are calculated using the log
size model, with both the arithmetic and geometric mean regression equa-
tions derived from Tables 4-1 and 5-3, respectively. There is a dramatic
difference in discount rates, especially with small firms. The log size dis-
count rate for a $250,000 firm is 26.76% using the AM (B7) and 19.12%
using the GM (C7). The resulting midyear Gordon model multiples are
5.42 (D7) using the AM and 8.32 (E7) using the GM.

Column F is the ratio of the Gordon model multiples using the ge-
ometric mean to the Gordon model multiples using the arithmetic mean.
Dividing the 8.32 GM multiple by the 5.42 AM multiple gives us a ratio
of 153.41%, i.e., the GM leads to a valuation that is 53.41% higher than
the AM for such a small firm (this is assuming a firm with 6% constant
growth). Notice that the ratio declines continuously as we move down
Column F. The overvaluation of a $10 billion firm using the GM is
12.57%—far less than the overvaluation of the $250,000 firm. The differ-
ences are significantly greater when using the 72-year log size models, as
including the most volatile years in the regression makes for a greater
difference in the AM versus GM Gordon model multiples. These numer-
ical examples underscore the importance of using the arithmetic mean
when valuing expected future earnings or cash flow.

INDRO AND LEE ARTICLE

This article (Indro and Lee 1997) is extremely mathematical, exceedingly
difficult reading. The authors begin by citing (Brealey and Myers 1991),
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T A B L E 5-4

Comparison of Discount Rates Derived from the Log Size Model Using 60-Year
Arithmetic and Geometric Means

A B C D E F

5

6 Firm Size AM [1] GM [2]

Gordon Model
Multiples Using

AM [3] GM [3]

Ratio

GG/AG [4]

7 $250,000 26.76% 19.12% 5.42 8.32 153.41%
8 $1,000,000 25.09% 18.33% 5.86 8.83 150.61%
9 $25,000,000 21.21% 16.49% 7.24 10.29 142.14%
10 $50,000,000 20.38% 16.10% 7.63 10.67 139.85%
11 $100,000,000 19.54% 15.70% 8.07 11.09 137.34%
12 $500,000,000 17.60% 14.78% 9.35 12.20 130.52%
13 $10,000,000,000 14.00% 13.08% 13.35 15.03 112.57%

Conclusion: The ratio of Gordon Model Multiples decreases with firm size (Column F)

Notes:
[1] Arithmetic Mean (AM) Regression Equation, 60 year model r � 41.72% � 0.01204 � Ln (FMV)
[2]Geometric Mean (GM) Regression Equation, 60 year model. r � 26.2% � 0.0057 � Ln (FMV)
[3]Gordon Model Multiple calculated assuming 6% growth in earnings-midyear assumption. Discount rates are not rounded in these
calculations.
[4] Geometric Gordon Model Multiple / Arithmetic Gordon Model Multiple

who say that if monthly returns are identically and independently dis-
tributed, then the arithmetic average of monthly returns should be used
to estimate the long-run expected return. They then cite empirical evi-
dence that there is significant negative autocorrelation in long-term equity
returns and that historical monthly returns are not independent draws
from a stationery distribution. This means that high returns in one time
period will tend to mean that on average there will be low returns in the
next period, and vice-versa. Based on this, Copeland, Koller, and Murrin
(1994) argue that the geometric average is a better estimate of the long-
run expected returns.

Indro and Lee show that the arithmetic and geometric means have
upward and downward biases, respectively, and that a horizon-weighted
average of the two is the least biased and most efficient estimator.

If the authors are correct, it would mean that there would no longer
be a single discount rate. Every year would have its own unique
weighted-average discount rate. That would also add complexity to the
use of the Gordon model to calculate a residual value.

Because of the extremely difficult mathematics in the article, it was
necessary to speak to academic sources to evaluate it. Professor Myers,
cited above, did agree that long-term (five-year) returns are negatively
autocorrelated but that there are ‘‘very few data points.’’ He had not fully
read the article, is not sure of its significance, and did not have an opinion
of it. Ibbotson Associates does not feel the evidence for mean reversion
is that strong, and on that basis is not moved to change its opinion that
the AM is the correct mean. It seems that it will take some time before
this article gets enough academic attention to cause the valuation profes-
sion to make any changes in the way it operates.
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your best guess of the FMV of equity or you can use the net
book value of equity. Eventually your initial guess will make no
difference.

Steps 1–6 are not repeated. The following steps are iterative.

7. Calculate a relevered beta and equity discount rate using your
initial capital structure and use it to value the firm.

8. Substitute the first calculated fair market value of equity into a
new capital structure and use the new weights to calculate the
next iteration of beta, equity discount rate, and FMV of equity.

9. Keep repeating 7 and 8 until you reach a steady state value for
beta, equity discount rate, and FMV of equity.

Let’s illustrate this with a couple of examples.

Table 6-1A: The First Iteration

We use a deliberately simple discounted future earnings approach in Ta-
ble 6-1A to illustrate how this process works. Starting with a firm whose
net income before taxes (NIBT) in 1997, the previous year, was $400,000
(cell D28), we assume a declining growth rate in income: 15% (B7) in
1998, 13% (C7) in 1999, finishing with 8% (F7) in 2002. We use these
growth rates to forecast income in 1998–2002. Subtracting 40% for income
taxes, we arrive at net income after taxes (NIAT) of $276,000 in 1998 (B9),
rising to $407,531 in 2002 (F9). The bottom row of the top section is the
present value of NIAT, using the calculated equity discount rate and a
midyear assumption.

The valuation section begins in cell D17 with the sum of the present
value of NIAT for the first five years. The next seven rows are interme-
diate calculations using a Gordon model with an 8% constant growth rate
and the midyear assumption (D17–D23). Forecast income in 2003 is the
2002 net income times one plus the growth rate [F9 � (1 � D18) � D19 �
$440,134]. The midyear Gordon model multiple, D20, is equal to SQRT(1 �
r)/(r � g)� SQRT(1�D36)/(D36�D18)� 8.1456.Multiplying $440,134�
8.1456� $3,585,135 (D21),which is thepresent valueofnet incomeafteryear
2002 as of December 31, 2002. The present value factor for five years is
0.377146 (D22).Multiplying$3,585,135�0.377146�$1,352,121 (D23),which
is the present value of income after 2002 as of the valuation date, January 1,
1998.

Adding the present value of thefirst five years’ net incomeof $1,055,852
(D17) to the present value of the net income after five years of $1,352,121
(D23), we arrive at our first approximation of the FMV of the equity of
$2,407,973 (D24).

Rows 28 through 35 contain the assumptions of themodel and the data
necessary to lever and unlever industry average betas and calculate equity
discount rates. The discount rate is in cell D36, though it is calculated inG54
and transferred from there.

Rows 42 through 46 detail the calculation of an unlevered beta of 0.91
(F46) from an average of publicly traded guideline companies. In the capital
structure and iterations section, Row 54 shows themarket value of debt and
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T A B L E 6-1A

Equity Valuation Approach with Iterations Beginning with Book Equity: Iteration #1

A B C D E F G H

5 1998 1999 2000 2001 2002

6 Net inc before taxes 460,000 519,800 576,978 628,906 679,219
7 Growth rate in NIBT 15% 13% 11% 9% 8%
8 Income taxes (184,000) (207,920) (230,791) (251,562) (271,687)
9 Net inc after taxes 276,000 311,880 346,187 377,344 407,531
10 Present value factor 0.9071 0.7464 0.6141 0.5053 0.4158
11 Pres value NIAT $250,357 $232,777 $212,601 $190,675 $169,441

16 Final Valuation:

17 PV 1998–2002 net income $1,055,852
18 Constant growth rate in income � G 8%
19 Forecast net income-2003 440,134
20 Gordon model mult � SQRT(1 � R)/(R � G) 8.1456
21 Present value-net inc after 2002 as of 12/31/2002 3,585,135
22 Present value factor-5 years 0.377146
23 Present value of net income after 2002 as of 1/1/98 1,352,121
24 FMV of equity-100% interest $2,407,973

27 Assumptions:

28 Net income before tax-1997 400,000
29 Income tax rate 40%
30 Discount rate-debt: pre-tax 10%
31 Discount rate-debt: after-tax 6%
32 Unlevered beta (from F46) 0.91
33 Risk free rate 6%
34 Equity premium 8%
35 Small company premium 3%
36 Equity discount rate � R 21.534%

38 Calculation of Equity Discount Rate Using Comparables

40 Equity Unlevered
41 Beta Debt Equity D/E Beta

42 Guideline Company #1 1.15 454,646 874,464 52.0% 0.88
43 Guideline Company #2 1.20 146,464 546,454 26.8% 1.03
44 Guideline Company #3 0.95 46,464 705,464 6.6% 0.91
45 Guideline Company #4 0.85 52,646 846,467 6.2% 0.82
46 Totals or averages 1.04 700,220 2,972,849 23.55% 0.91

49 Capital Structure & Iterations

51 Interest-
52 Bearing Equity Before Relevered Equity FMV
53 t Debt Iteration D/E Beta Disc. Rate Equity

54 FMV debt, eqty at t � 1 1 900,000 750,000 1.20 1.5668 21.534% 2,407,973
55 FMV debt, eqty at t � 1 2 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
56 FMV debt, eqty at t � 1 3 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
57 FMV debt, eqty at t � 1 4 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
58 FMV debt, eqty at t � 1 5 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
59 FMV debt, eqty at t � 1 6 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
60 FMV debt, eqty at t � 1 7 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
61 FMV debt, eqty at t � 1 8 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
62 FMV debt, eqty at t � 1 9 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
63 FMV debt, eqty at t � 1 10 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
64 FMV debt, eqty at t � 1 11 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
65 FMV debt, eqty at t � 1 12 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
66 FMV debt, eqty at t � 1 13 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
67 FMV debt, eqty at t � 1 14 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
68 FMV debt, eqty at t � 1 15 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
69 FMV debt, eqty at t � 1 16 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
70 FMV debt, eqty at t � 1 17 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
71 FMV debt, eqty at t � 1 18 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
72 FMV debt, eqty at t � 1 19 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
73 FMV debt, eqty at t � 1 20 900,000 2,407,973 0.37 1.1152 17.921% 2,407,973
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the book value of equity (our initial guess of market value) as well as the
implieddebt/equityratioandreleveredbetaaccordingtoHamada’sformula
(Hamada 1972):2

Debt
� � � � 1 � (1 � Tax Rate)� �levered unlevered Equity

Cell G54 is the discount rate of 21.534% for the first iteration, calculated ac-
cording to the formula

Disc Rate � Risk Free Rate � (� � Equity Premium)levered

� Small Company Premium

We use this discount rate to calculate the first iteration of FMV of equity in
cell H54.

Table 6-1B: Subsequent Iterations of the First Scenario

Table 6-1B is identical to Table 6-1A, except that it contains nine iterations
in the capital structure section instead of 1. Also, cell D36 contains the
final equity discount rate from Row 62.3 We denote the iteration number
as t, which appears in Column B, Rows 54–62. When t � 1, we obtain
an equity discount rate of 21.534% (G54) and a FMV of the equity of
$2,407,973 (H54), as before. This tells us that our initial guess of the FMV
of the equity, which was the book value of the equity of $750,000 (D54),
is too low.

We substitute the $2,407,973 (H54) first iteration of equity into the
new capital structure in D55 to get a debt/equity ratio of 0.37 (E55), as
seen in the second iteration of Table 6-1B. This changes the discount rate
to 17.921% (G55). This results in the second iteration of equity value of
$3,245,701 (H55). We use the new equity as the basis for our third itera-
tion, which we calculate in the same fashion as the previous iteration. We
follow these steps until we reach a steady state, which in this case occurs
in the eighth iteration, with a FMV of $3,404,686 (H61). We must carry
out an additional iteration to know for sure that we have reached a steady
state, which is the purpose of iteration #9.

Table 6-1C: Initial Choice of Equity Doesn’t Matter

Tables 6-1B and 6-1C demonstrate that the initial choice of equity doesn’t
matter. Instead of choosing book equity as the starting point, in Table
6-1C we make an arbitrary guess of $5,000,000 (D54) as a starting point.4

2. This equation is most accurate when the firm’s pretax discount rate for debt is close to the risk-
free rate.

3. Actually, D36 takes on the value calculated in each iteration in G54 through G62, so the discount
rate used in all the calculations changes in each iteration of the spreadsheet.

4. For those who buy the electronic spreadsheet from the author, which is not included with this
book, the steps are: (1) input your initial guess of equity in D54; (2) initialize the
spreadsheet by pressing Control-X; (3) press Control-Z for each iteration. Every time you
press Control-Z, the spreadsheet will calculate one iteration of value, as in Rows 54 to 62.
Repeat pressing Control-Z until you have reached a steady state, i.e., the value in Column
H is the same twice in a row.
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T A B L E 6-1B

Equity Valuation Approach with Iterations Beginning with Book Equity

A B C D E F G H

5 1998 1999 2000 2001 2002

6 Net inc before taxes 460,000 519,800 576,978 628,906 679,219
7 Growth rate in NIBT 15% 13% 11% 9% 8%
8 Income taxes (184,000) (207,920) (230,791) (251,562) (271,687)
9 Net inc after taxes 276,000 311,880 346,187 377,344 407,531
10 Present value factor 0.9228 0.7857 0.6690 0.5696 0.4850
11 Pres value NIAT $254,680 $245,045 $231,602 $214,952 $197,669

16 Final Valuation:

17 PV 1998–2002 net income $1,143,949
18 Constant growth rate in net income � G 8%
19 Forecast net income-2003 440,134
20 Gordon model mult � SQRT(1 � R)/(R � G) 11.4763
21 Present value-net inc after 20002 as of 12/31/2002 5,051,106
22 Present value factor-5 years 0.447573
23 Pres value of net income after 2002 as of 1/1/98 2,260,738
24 FMV of equity-100% interest $3,404,686

27 Assumptions:

28 Net income before tax-1997 400,000
29 Income tax rate 40%
30 Discount rate-debt: pre-tax 10%
31 Discount rate-debt: after-tax 6%
32 Unlevered beta (from F46) 0.91
33 Risk free rate 6%
34 Equity premium 8%
35 Small company premium 3%
36 Equity discount rate � R 17.443%

38 Calculation of Equity Discount Rate Using Comparables

40 Equity Unlevered
41 Beta Debt Equity D/E Beta

42 Guideline Company #1 1.15 454,646 874,464 52.0% 0.88
43 Guideline Company #2 1.20 146,464 546,454 26.8% 1.03
44 Guideline Company #3 0.95 46,464 705,464 6.6% 0.91
45 Guideline Company #4 0.85 52,646 846,467 6.2% 0.82
46 Totals or averages 1.04 700,220 2,972,849 23.55% 0.91

49 Capital Structure & Iterations

51 Interest-
52 Bearing Equity Before Relevered Equity FMV
53 t Debt Iteration D/E Beta Disc. Rate Equity

54 FMV debt, eqty at t � 1 1 900,000 750,000 1.20 1.5668 21.534% 2,407,973
55 FMV debt, eqty at t � 1 2 900,000 2,407,973 0.37 1.1152 17.921% 3,245,701
56 FMV debt, eqty at t � 1 3 900,000 3,245,701 0.28 1.0625 17.500% 3,385,037
57 FMV debt, eqty at t � 1 4 900,000 3,385,037 0.27 1.0562 17.450% 3,402,345
58 FMV debt, eqty at t � 1 5 900,000 3,402,345 0.26 1.0555 17.444% 3,404,409
59 FMV debt, eqty at t � 1 6 900,000 3,404,409 0.26 1.0554 17.443% 3,404,653
60 FMV debt, eqty at t � 1 7 900,000 3,404,653 0.26 1.0554 17.443% 3,404,682
61 FMV debt, eqty at t � 1 8 900,000 3,404,682 0.26 1.0554 17.443% 3,404,686
62 FMV debt, eqty at t � 1 9 900,000 3,404,686 0.26 1.0554 17.443% 3,404,686
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T A B L E 6-1C

Equity Valuation Approach with Iterations Beginning with Arbitrary Equity

A B C D E F G H

5 1998 1999 2000 2001 2002

6 Net inc before taxes 460,000 519,800 576,978 628,906 679,219
7 Growth rate in NIBT 15% 13% 11% 9% 8%
8 Income taxes (184,000) (207,920) (230,791) (251,562) (271,687)
9 Net inc after taxes 276,000 311,880 346,187 377,344 407,531
10 Present value factor 0.9228 0.7857 0.6690 0.5696 0.4850
11 Pres value NIAT $254,680 $245,045 $231,602 $214,952 $197,669

16 Final Valuation:

17 PV 1998–2002 net income $1,143,949
18 Constant growth rate in net income � G 8%
19 Forecast net income-2003 440,134
20 Gordon model mult � SQRT(1 � R)/(R � G) 11.4763
21 Present value-net inc after 20002 as of 12/31/2002 5,051,106
22 Present value factor-5 years 0.447573
23 Pres value of net income after 2002 as of 1/1/98 2,260,738
24 FMV of equity-100% interest $3,404,686

27 Assumptions:

28 Net income before tax-1997 400,000
29 Income tax rate 40%
30 Discount rate-debt: pre-tax 10%
31 Discount rate-debt: after-tax 6%
32 Unlevered beta (from F46) 0.91
33 Risk free rate 6%
34 Equity premium 8%
35 Small company premium 3%
36 Equity discount rate � R 17.443%

38 Calculation of Equity Discount Rate Using Comparables

40 Equity Unlevered
41 Beta Debt Equity D/E Beta

42 Guideline Company #1 1.15 454,646 874,464 52.0% 0.88
43 Guideline Company #2 1.20 146,464 546,454 26.8% 1.03
44 Guideline Company #3 0.95 46,464 705,464 6.6% 0.91
45 Guideline Company #4 0.85 52,646 846,467 6.2% 0.82
46 Totals or averages 1.04 700,220 2,972,849 23.55% 0.91

49 Capital Structure & Iterations

51 Interest-
52 Bearing Equity Before Relevered Equity FMV
53 t Debt Iteration D/E Beta Disc. Rate Equity

54 FMV debt, eqty at t � 1 1 900,000 5,000,000 1.18 1.0093 17.074% 3,538,676
55 FMV debt, eqty at t � 1 2 900,000 3,538,676 0.25 1.0499 17.399% 3,420,038
56 FMV debt, eqty at t � 1 3 900,000 3,420,038 0.26 1.0547 17.438% 3,406,499
57 FMV debt, eqty at t � 1 4 900,000 3,406,499 0.26 1.0553 17.442% 3,404,901
58 FMV debt, eqty at t � 1 5 900,000 3,404,901 0.26 1.0554 17.443% 3,404,712
59 FMV debt, eqty at t � 1 6 900,000 3,404,712 0.26 1.0554 17.443% 3,404,689
60 FMV debt, eqty at t � 1 7 900,000 3,404,689 0.26 1.0554 17.443% 3,404,687
61 FMV debt, eqty at t � 1 8 900,000 3,404,687 0.26 1.0554 17.443% 3,404,686
62 FMV debt, eqty at t � 1 9 900,000 3,404,686 0.26 1.0554 17.443% 3,404,686
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Table 6-1C is identical to Table 6-1B except in the initial choice of value
of the equity and the intermediate iterations. The final FMV is identical.
Note that it does not matter whether your initial guess is too low or too
high: as Table 6-1B is too low and Table 6-1C is too high, but they both
lead to the same FMV.

Convergence of the Equity Valuation Method

While rare, it can happen that the FMV diverges instead of converges. If
the method described above does not converge, an alternative is to take
the average of the resulting FMV of equity and the previously assumed
value as your input into column D when starting the next iteration as
opposed to using just the latest iteration of equity alone. This can be done
by making a small alteration to the spreadsheet.5

INVESTED CAPITAL APPROACH

Tables 6-2A and 6-2B are examples of the invested capital approach. They
are very similar to Table 6-1B for the equity valuation method, with the
following exceptions:

1. We determine earnings before interest but after taxes (EBIBAT)
as the income measure.6 This should be normalized EBIBAT.7

2. We discount EBIBAT using the WACC.
3. We must subtract the market value of debt from the calculated

market value of invested capital to get the market value of
equity.

4. We must calculate a new WACC for every new iteration of FMV
of equity.

5. We do not show the calculation of unlevered beta but will
assume that it has already been calculated to be 1.05.

Let’s illustrate this with a couple of examples.

Table 6-2A: Iterations Beginning with Book Equity

Earnings before interest and taxes (EBIT) in 1997, the previous year, was
$600,000 (cell D28). We assume a declining growth rate in earnings as
before: 15% (B6) in 1998, 13% (C6) in 1999, finishing with 8% (F6) in 2002.
We use these growth rates to forecast EBIT in 1998–2002. Subtracting 40%
for income taxes, we arrive at earnings before interest, but after taxes
(EBIBAT) of $414,000 in 1998 (B8), rising to $611,297 in 2002 (F8). The
growth rates in EBIBAT are identical to those for EBIT because we assume
a constant 40% income tax (D29). The last row of the top section is the

5. Change the formula in D55, which previously was �H55, to �AVERAGE(D54,H54). Then copy
the formula down Column D.

6. It is better to use cash flow (before interest but after taxes), but for simplicity we use EBIBAT.
7. This does not necessarily correspond to the NIBT in Tables 6-1A, 6-1B, and 6-1C, because we are

dealing with a different hypothetical company.
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T A B L E 6-2A

WACC Approach with Iterations Beginning with Book Equity

A B C D E F G H I J

4 1998 1999 2000 2001 2002

5 EBIT 690,000 779,700 865,467 943,359 1,018,828
6 Growth rate in EBIT 15% 13% 11% 9% 8%
7 Income taxes (276,000) (311,880) (346,187) (377,344) (407,531)
8 EBIBAT 414,000 467,820 519,280 566,015 611,297
9 Growth rate-EBIBAT 15% 13% 11% 9% 8%
10 Present value factor 0.9308 0.8064 0.6986 0.6052 0.5243
11 Pres value-EBIBAT $385,341 $377,237 $362,767 $342,566 $320,523

14 Final Valuation:

15 PV 1998–2002 EBIBAT $1,788,434
16 Constant growth rate in EBIBAT 8%
17 Forecast EBIBAT-2003 660,200
18 Gordon model mult � SQRT(1 � R)/(R � G) 14.4646
19 PV-EBIBAT after 2002 as of 1-1-2003 9,549,547
20 Present value factor-5 years 0.488036
21 PV-EBIBAT after 2002 4,660,523
22 Enterprise FMV-100% interest $6,448,957
23 Less FMV of debt (2,000,000)
24 FMV of equity-100% interest $4,448,957

27 Assumptions:

28 EBIT-1997 600,000
29 Income tax rate 40%
30 Discount rate-debt: pre-tax 10%
31 Discount rate-debt: after-tax 6%
32 Unlevered beta 1.05
33 Risk free rate 6%
34 Equity premium 8%
35 Small company premium 3%
36 Wtd avg cost of capital (WACC) 15.428%

38 Capital Structure & Iterations

40 Interest- Interest-
41 Bearing Bearing Equity FMV
42 t Debt Equity Total Debt Equity Disc. Rate WACC Equity

43 FMV debt, eqty at t � 1 1 2,000,000 800,000 2,800,000 71.4% 28.6% 30.000% 12.857% 7,776,091
44 FMV debt, eqty at t � 1 2 2,000,000 7,776,091 9,776,091 20.5% 79.5% 18.696% 16.099% 3,927,835
45 FMV debt, eqty at t � 1 3 2,000,000 3,927,835 5,927,835 33.7% 66.3% 19.966% 15.254% 4,599,240
46 FMV debt, eqty at t � 1 4 2,000,000 4,599,240 6,599,240 30.3% 69.7% 19.592% 15.473% 4,411,165
47 FMV debt, eqty at t � 1 5 2,000,000 4,411,165 6,411,165 31.2% 68.8% 19.685% 15.416% 4,458,814
48 FMV debt, eqty at t � 1 6 2,000,000 4,458,814 6,458,814 31.0% 69.0% 19.661% 15.431% 4,446,410
49 FMV debt, eqty at t � 1 7 2,000,000 4,446,410 6,446,410 31.0% 69.0% 19.667% 15.427% 4,449,617
50 FMV debt, eqty at t � 1 8 2,000,000 4,449,617 6,449,617 31.0% 69.0% 19.665% 15.428% 4,448,787
51 FMV debt, eqty at t � 1 9 2,000,000 4,448,787 6,448,787 31.0% 69.0% 19.666% 15.428% 4,449,002
52 FMV debt, eqty at t � 1 10 2,000,000 4,449,002 6,449,002 31.0% 69.0% 19.666% 15.428% 4,448,946
53 FMV debt, eqty at t � 1 11 2,000,000 4,448,946 6,448,946 31.0% 69.0% 19.666% 15.428% 4,448,960
54 FMV debt, eqty at t � 1 12 2,000,000 4,448,960 6,448,960 31.0% 69.0% 19.666% 15.428% 4,448,957
55 FMV debt, eqty at t � 1 13 2,000,000 4,448,957 6,448,957 31.0% 69.0% 19.666% 15.428% 4,448,957
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present value of EBIBAT, using the calculated WACC as the discount rate
and a midyear assumption.

The valuation section begins in cell D15 with the sum of the present
value of the first five years of EBIBAT. The next seven rows are the same
intermediate calculations as in Tables 6-1A, 6-1B, and 6-1C, using a Gor-
don model with an 8% constant growth rate and the midyear assumption
(D16–D21). Our final iteration of the FMV of the equity plus debt (enter-
prise value, or enterprise FMV) is $6,448,957 (D22). From this we subtract
the FMV of the debt of $2,000,000 to arrive at the final iteration of FMV
of equity of $4,448,957 (D24).

Let’s look at the calculation of WACC for the first iteration. For this
firm, we assume the FMV of interest-bearing debt is $2,000,000 (C43). We
further temporarily assume the FMV of the equity is its book value of
$800,000 (D43). Using these two initial values as our first approximation,
debt is 71.4% (F43) of the invested capital and equity is 28.6% (G43). We
calculate the first iteration of equity discount rate of 30% in cell H43 in
the same way as in the previous tables. We calculate the WACC to be:

WACC � [(1 � Tax Rate) � Debt Discount Rate � % Debt]
� [Equity Discount Rate � % Equity]

or

WACC � [(1 � 0.4) � 0.10 � 71.4%] � (.30 � 28.6%]
8� 12.857% (I43)

We discount EBIBAT at this WACC to get the FMV of equity of $7,776,091
in cell J43. This iteration of equity is then transferred to cell D44, and the
process is repeated. After 12 iterations we arrive at a FMV of equity of
$4,448,957 (J54). We then confirm this value by iterating once more in
Row 55.

Table 6-2B: Initial Choice of Equity Doesn’t Matter

Tables 6-2A and 6-2B demonstrate that the initial choice of equity doesn’t
matter. Instead of choosing book equity as the starting point, in Table
6-2B we make an arbitrary guess of $10,000,000 (D43) as a starting point.
Table 6-2B is identical to Table 6-2A, except in the initial choice of value
of the equity and the intermediate iterations. The final result is identical.
Note that it does not matter whether your initial guess is too low or too
high: Table 6-2A is too low and Table 6-2B is too high, but they both lead
to the same result.

Convergence of the Invested Capital Approach

As with the equity valuation method, if the method described above does
not converge, an alternative is to take the average of the resulting FMV
of equity and the previously assumed value as your input into column D

8. There is an apparent rounding error, as the percentages of debt and equity to six decimal places
are 0.714286 and 0.285714.
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T A B L E 6-2B

WACC Approach with Iterations Beginning with Arbitrary Guess of Equity Value

A B C D E F G H I J

4 1998 1999 2000 2001 2002

5 EBIT 690,000 779,700 865,467 943,359 1,018,828
6 Growth rate in EBIT 15% 13% 11% 9% 8%
7 Income taxes (276,000) (311,880) (346,187) (377,344) (407,531)
8 EBIBAT 414,000 467,820 519,280 566,015 611,297
9 Growth rate-EBIBAT 15% 13% 11% 9% 8%
10 Present value factor 0.9308 0.8064 0.6986 0.6052 0.5243
11 Pres value-EBIBAT $385,341 $377,237 $362,767 $342,566 $320,523

14 Final Valuation:

15 PV 1998–2002 EBIBAT $1,788,434
16 Constant growth rate in EBIBAT 8%
17 Forecast EBIBAT-2003 660,200
18 Gordon model mult � SQRT(1 � R)/(R � G) 14.4646
19 PV-EBIBAT after 2002 as of 1-1-2003 9,549,547
20 Present value factor-5 years 0.488036
21 PV-EBIBAT after 2002 4,660,523
22 Enterprise FMV-100% interest $6,448,957
23 Less FMV of debt (2,000,000)
24 FMV of equity-100% interest $4,448,957

27 Assumptions:

28 EBIT-1997 600,000
29 Income tax rate 40%
30 Discount rate-debt: pre-tax 10%
31 Discount rate-debt: after-tax 6%
32 Unlevered beta 1.05
33 Risk free rate 6%
34 Equity premium 8%
35 Small company premium 3%
36 Wtd avg cost of capital (WACC) 15.428%

38 Capital Structure & Iterations

40 Interest- Interest-
41 Bearing Bearing Equity FMV
42 t Debt Equity Total Debt Equity Disc. Rate WACC Equity

43 FMV debt, eqty at t � 1 1 2,000,000 10,000,000 12,000,000 16.7% 83.3% 18.408% 16.340% 3,761,117
44 FMV debt, eqty at t � 1 2 2,000,000 3,761,117 5,761,117 34.7% 65.3% 20.080% 15.192% 4,654,820
45 FMV debt, eqty at t � 1 3 2,000,000 4,654,820 6,654,820 30.1% 69.9% 19.565% 15.489% 4,397,731
46 FMV debt, eqty at t � 1 4 2,000,000 4,397,731 6,397,731 31.3% 68.7% 19.692% 15.412% 4,462,354
47 FMV debt, eqty at t � 1 5 2,000,000 4,462,354 6,462,354 30.9% 69.1% 19.659% 15.432% 4,445,498
48 FMV debt, eqty at t � 1 6 2,000,000 4,445,498 6,445,498 31.0% 69.0% 19.667% 15.427% 4,449,853
49 FMV debt, eqty at t � 1 7 2,000,000 4,449,853 6,449,853 31.0% 69.0% 19.665% 15.428% 4,448,725
50 FMV debt, eqty at t � 1 8 2,000,000 4,448,725 6,448,725 31.0% 69.0% 19.666% 15.428% 4,449,017
51 FMV debt, eqty at t � 1 9 2,000,000 4,449,017 6,449,017 31.0% 69.0% 19.666% 15.428% 4,448,942
52 FMV debt, eqty at t � 1 10 2,000,000 4,448,942 6,448,942 31.0% 69.0% 19.666% 15.428% 4,448,961
53 FMV debt, eqty at t � 1 11 2,000,000 4,448,961 6,448,961 31.0% 69.0% 19.666% 15.428% 4,448,956
54 FMV debt, eqty at t � 1 12 2,000,000 4,448,956 6,448,956 31.0% 69.0% 19.666% 15.428% 4,448,958
55 FMV debt, eqty at t � 1 13 2,000,000 4,448,958 6,448,958 31.0% 69.0% 19.666% 15.428% 4,448,957
56 FMV debt, eqty at t � 1 14 2,000,000 4,448,957 6,448,957 31.0% 69.0% 19.666% 15.428% 4,448,957
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when starting the next iteration as opposed to just using the latest itera-
tion of equity. This can be done by making a small alteration to the
spreadsheet.

LOG SIZE

The log size model converges far faster than the CAPM versions of the
invested capital approach or the equity valuation method. The reason is
that when we use logarithms to calculate the discount rate, large absolute
changes in equity value cause fairly small changes in the discount rate,
which is not true of CAPM.

SUMMARY

When using CAPM, using this iterative approach will improve appraisal
accuracy and eliminate arguments over the proper leverage. One look at
the difference between the beginning guess of the FMV of equity and the
final FMV will show how much more accuracy can be gained. While it
is true that had we guessed a number based on industry average capi-
talization we would have been closer, the advantage of this approach is
that it obviates the need for precise initial guesses.

The iterative approach should give us the ability to get much closer
answers from both the invested capital and the direct capital approaches,
as long as the subject firm is sufficiently profitable. The iterative approach
does not seem to work for very small firms with little profitability, but
those are the firms for which you are least likely to want to bother with
the extra work involved in the iterations.
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P A R T T H R E E

Adjusting for Control and
Marketability

INTRODUCTION

Part 3 of this book, consisting of Chapters 7, 8, and 9, deals with calcu-
lating control premiums, the discount for lack of control (DLOC), and
discount for lack of marketability (DLOM). These topics correspond to
the third and fourth steps in valuing businesses. These are practical,
‘‘how-to’’ chapters.

Adjusting for levels of control and marketability is probably the most
controversial topic in business valuation. As such, Chapter 7 is almost a
book unto itself. It is the longest chapter in this book, and it probably has
the most startling research results of any chapter.

Chapter 7 is divided into two parts: the first part primarily dealing
with control and the second primarily with marketability. I chose that
order because of the one-way relationship—control affects marketability,
but marketability does not affect control. The chapter begins with a com-
prehensive overview of the major professional articles on the topic and
then proceeds to review a number of academic articles that provide in-
sight into the issue of control.

In part 2 of Chapter 7 we review two quantitative models (other than
my own): Mercer’s quantitative marketability discount model (QMDM)
and Kasper’s bid-ask spread model. We then analyze restricted stock dis-
counts with multiple regression analysis for two reasons. The first reason
is that this is intrinsically useful in restricted stock discount studies. The
second, more important, reason is that restricted stock discounts serve as
one of the components of my economic components model of DLOM,
which makes up the majority of part 2. At the end of the chapter, Z.
Christopher Mercer provides a rebuttal to my critique of the quantitative
marketability discount model, and we go back and forth with arguments
that the profession should find interesting and enlightening, and possibly
somewhat confusing and frustrating as well.

Economic Components Model

The heart of Chapter 7 is my own economic components model for
DLOM, which consists of four components:

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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1. The economic consequences of the delay to sale experienced by
all privately-held firms. I model this component using a
regression analysis of restricted stock discount data published
by Management Planning, Inc. in Mercer’s book.1

2. Extra bargaining power (‘‘monospony power’’) to the buyer
arising from thin markets. The academic article by Schwert
contains a key finding that enables us to estimate this
component of DLOM reliably.

3. Buyer’s transactions costs in excess of transactions costs for
publicly held stocks.

4. Seller’s transactions costs in excess of transactions costs for
publicly held stocks.

We present research on the magnitude of transactions costs for both
buyers and sellers with different business sizes as well as regression anal-
yses of each. This enables us to calculate transactions costs for any busi-
ness size for both buyer and seller.

Items 3 and 4 above, which we label components #3A and #3B in the
chapter, occur every time the business is sold. Those fees and costs leave
the system by being paid to outsiders such as business brokers, account-
ants, attorneys, and appraisers. Thus, we need to be able to calculate the
present value effect of the infinite continuum of periodic transactions
costs, which we do in the form of one formula for buyers’ excess trans-
actions costs and another formula for sellers’ excess transactions costs.2

This process is now vastly simplified over the process in my original
Business Valuation Review article on the topic. We also give an example of
how to calculate DLOM.

A very important test that we perform in Chapter 7 is a comparison
of several models in their ability to explain the restricted stock discounts
from the Management Planning, Inc. data: the Black–Scholes options pric-
ing model (BSOPM) put formula using specifically calculated standard
deviations of returns (volatility) of the public stocks, the BSOPM put us-
ing indirectly calculated (through log size equations) standard deviations,
the quantitative marketability discount model (QMDM), a regression
equation, and the mean discount. The regression equation was the best
forecast of restricted stock discounts, with the BSOPM with directly cal-
culated volatility a very close second. Both the BSOPM using indirectly
calculated volatility and the QMDM were worse than the mean in fore-
casting discounts, with QMDM being farthest out of the money. This is
significant because it is the first empirical test of any model to calculate
restricted stock discounts.

Chapters 8 and 9 are practical applications of the work in Chapter 7
in the form of sample reports. Chapter 8 is a sample restricted stock dis-
count report, and Chapter 9 is a sample fractional interest discount study
for a Limited Liability Company interest in real property. Chapter 8 is

1. The data have been corrected since publication in Mercer’s book, and Management Planning,
Inc. provided us with additional data.

2. That is because the seller’s costs on the first sale do not count in calculating DLOM, whereas
buyer’s costs do. In all subsequent sales of the business, both count.
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purely an application of Chapter 7 and contains no research that is not
already in Chapter 7, while Chapter 9 does contain two types of new
research:

1. My own regression analysis of discounts from net asset value
compiled by Partnership Profiles, Ltd.

2. My regression analysis of private fractional interest data.

Thus, in Chapter 10 we use three models for calculating the fractional
interest discount: the economic components model, the partnership pro-
files database regression, and the private data regression.

If any chapter may have rough edges to it, Chapter 7 is it. I hope to
be able to smooth those edges in future editions of this book. For now,
however, this chapter will have to remain as it is.

The calculation of the discount for lack of control in Chapter 9 is also
subject to further research and revision. Nevertheless, this is valuable and
novel material well worth the struggle through the quantitative parts.

I caution the reader not to get bogged down in the quantitative parts
of Chapter 7. Read it through lightly first for understanding the gist, and
do not worry about understanding every statistic in the academic articles.
The most important thing to get out of Chapter 7 in a first reading is an
understanding of why the acquisition premium data that we have been
using for the past 30 years tell us almost nothing useful about the value
of control of a private firm and why we have to look elsewhere. It is then
worth a second reading to master the technical details.
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C H A P T E R 7

Adjusting for Levels of Control
and Marketability

INTRODUCTION
THE VALUE OF CONTROL AND ADJUSTING FOR LEVEL OF
CONTROL
Prior Research—Qualitative Professional

Nath
Mercer (1990)
Bolotsky
Jankowske
Roach
Mercer (1998) and (1999)
Summary of Professional Research on Control Premiums

Prior Research—Academic
Schwert (1996)
Lease, McConnell, and Mikkelson (1983)
Megginson (1990)

My Conclusions from the Megginson Results
My Analysis of the Megginson Results

The Houlihan Lokey Howard & Zukin (HLHZ) Study
International Voting Rights Premia
Bradley, Desai, and Kim (1988)
Maquieira, Megginson, and Nail (1998)
Other Corporate Control Research
Menyah and Paudyal

My Synthesis and Analysis
Decomposing the Acquisition Premium
Inferences from the Academic Articles
The Disappearing Control Premium
The Control Premium Reappears
Estimating the Control Premium
DLOC

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.



196 PART 3 Adjusting for Control and Marketability

DISCOUNT FOR LACK OF MARKETABILITY (DLOM)
Mercer’s Quantitative Marketability Discount Model
Kasper’s BAS Model
Restricted Stock Discounts

Regression of MPI Data
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F I G U R E 7-1

Traditional Levels of Value Chart

Level of Value Adjustment up To Adjustment Down To

Control interest Control premium NA
Marketable minority interest Reverse out DLOM DLOC
Private Minority Interest NA DLOM

Mercer’s Mercer (1998) modified traditional levels of value chart

Strategic value Value of synergies NA
Control value Control premium Eliminate synergies
Marketable minority interesta Reverse out DLOM DLOC
Private minority interest NA DLOM

aOften referred to in the literature as the ‘‘as-if-freely-traded-value’’ for private firms.

INTRODUCTION

Adjusting for levels of control and marketability is a complicated and
very important topic. We will be discussing control premiums (CP), their
opposite, discount for lack of control (DLOC), and discount for lack of
marketability (DLOM).

Historically, these valuation adjustments have accounted for substan-
tial adjustments in appraisal reports—often 20–40% of the net present
value of the cash flows—and yet valuation analysts may spend little to
no time calculating and explaining these adjustments.

This is a long chapter, with much data and analysis. It will be helpful
to break the discussion into two parts. The first part will deal with pri-
marily with control and the second part primarily with marketability. I
say primarily, because the two concepts are interrelated. The level of con-
trol of a business interest impacts its level of marketability. Therefore, it
is logical to begin with a discussion of control. Because of the interrela-
tionship, two academic articles that we will discuss in the section on
control relate more to marketability, yet they fit in better in the control
discussion.

THE VALUE OF CONTROL AND ADJUSTING FOR LEVEL
OF CONTROL

We will begin our analysis of the effects of control on value by reviewing
prior qualitative professional research and prior academic research. Then
we will present some additional data and come to some conclusions
about the magnitude of control premiums and DLOC.

The top portion of Figure 7-1 shows the traditional level of values
chart.3 The conventional wisdom represented in the traditional levels of
value chart holds that it is appropriate to add a control premium to the

3. The bottom portion shows Chris Mercer’s modified traditional levels of value chart, which is
identical to the one above, except with the addition of the strategic value. We will cover this
later in the chapter.
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F I G U R E 7-2

Two-Tiered Levels of Value Charta

Public Private

Control x x
Minority x x

aNote: these are also the four basic types of ownership interests.

marketable minority interest value. There are significant opinions to the
contrary, i.e., that one should not add any control premium whatsoever.
Additionally, there is controversy over the appropriate magnitude of the
control premium among those who do add them to the marketable mi-
nority interest value. We will cover that in greater depth later in the chap-
ter. Of course, if the valuation method is a guideline company approach
using a database of sales of privately held firms, the starting value is a
private control interest, and a control premium is inappropriate.

It is extremely important to understand that the valuation adjust-
ments in Figure 7-1 be appropriate to the valuation method used. If we
are valuing a control interest and we used a discounted cash flow analysis
with discount rates calculated using New York Stock Exchange data, the
resulting value is a marketable minority interest, and a control premium
must be considered.4

The alternative levels of value chart is two tiered, i.e., it is a 2 � 2
chart (2 rows and 2 columns, versus the traditional chart, which is 3 �
1). It represents the four basic types of ownership interests, which are
combinations of public versus private and control versus minority inter-
est. Obviously, there are shades of gray in between the extremes. Bolotsky
(1991) was the first to propound this chart, although he used it for slightly
different purposes, which we discuss below. Much later in the chapter,
we will discuss Figure 7-3, which is my own extension of Bolotsky’s levels
of value chart to a 3 � 2 chart.

The traditional sources of control premiums are the Mergerstat and
the Houlihan Lokey Howard & Zukin (HLHZ) studies.5 Table 7-1, col-
umns B and C show Mergerstat’s compilation of average (mean) and
median five-day acquisition premiums from 1985–1997. The premiums
were measured as (POffer/P5Day) � 1, where the numerator is the offering
price and the denominator is the minority trading price five days before
the announcement of the offer. Mean acquisition premiums have ranged
from 35–45%, with the average being 39.5% (B21), while median premi-
ums have ranged from 27–35%, with an average of 30.5% (C21).

4. It is also important to make sure the measure of income is consistent with the interest valued.
When valuing a control interest, it is appropriate to add back excess salaries of the owners.
When valuing a minority interest that cannot force salaries lower, the add-back is
inappropriate.

5. HLHZ now owns Mergerstat, although the latter was previously owned by Merrill Lynch and
the W. T. Grimm Co.
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T A B L E 7-1

Synergies as Measured by Acquisition Minus Going-Private Premiums

A B C D E F G

5 Acquisition
Premiums [1]

Going Private
Prem [2]

Difference �
Synergy?

6 Mean Median Mean Median Mean Median

7 1985 37.1% 27.7% 30.9% 25.7% 6.2% 2.0%
8 1986 38.2% 29.9% 31.9% 26.1% 6.3% 3.8%
9 1987 38.3% 30.8% 34.8% 30.9% 3.5% �0.1%
10 1988 41.9% 30.9% 33.8% 26.3% 8.1% 4.6%
11 1989 41.0% 29.0% 35.0% 22.7% 6.0% 6.3%
12 1990 42.0% 32.0% 34.3% 31.6% 7.7% 0.4%
13 1991 35.1% 29.4% 23.8% 20.0% 11.3% 9.4%
14 1992 41.0% 34.7% 24.8% 8.1% 16.2% 26.6%
15 1993 38.7% 33.0% 34.7% 20.0% 4.0% 13.0%
16 1994 41.9% 35.0% 41.9% 35.0% 0.0% 0.0%
17 1995 44.7% 29.2% 29.8% 19.2% 14.9% 10.0%
18 1996 36.6% 27.3% 34.8% 26.2% 1.8% 1.1%
19 1997 35.7% 27.5% 30.4% 24.5% 5.3% 3.0%
20 1998 40.7% 30.1% 29.1% 20.4% 11.6% 9.7%
21 Mean 39.5% 30.5% 32.1% 24.1% 7.4% 6.4%

[1] Mergerstat-1999, Chart 1-8, Page 23 (Mergerstat-1994, Figure 41, Page 98 for 1985-1988). Mergerstat is a division of Houlihan
Lokey Howard & Zukin.
[2] Mergerstat-1999, Table 1-39, Page 42. For 1985-1988, Mergerstat-1994, Figure 39, Page 96.

Note that we deliberately use the term acquisition premium instead of
the more common term control premium. Eventually we will distinguish
between the amounts that are paid for control versus the amounts that
are paid for synergies, as the latter are generally part of investment value
and not fair market value.

The mean and median going-private premiums are 32.1% and 24.1%
(D21 and E21), and the difference of means and medians of acquisition
versus going private premiums are 7.4% and 6.4%, respectively. At a first
glance, it would seem that the 7.4% mean or 6.4% median difference is a
potential measure of synergies, as going private transactions do not have
synergies. Also, the 32.1% mean or 24.1% median going private premium
would be good candidates as a benchmark for measuring control pre-
miums.

Table 7-1A shows additional detail of the premiums as measured by
different points in time. An n-day acquisition premium is equal to

� 1, where the denominator is the stock price n days before
PAnnouncement

Pn

the announcement date. It is clear that acquisition premiums increase
with an increase in n, as can be seen by moving to the right across any
row. Rows 6 and 7 show median and mean acquisition premiums for
ordinary acquisitions, while columns B through D in rows 10 and 11 show
the same premiums with the potential 7.4% synergies from Table 7-1, F21
subtracted. These are a net acquisition premium for ordinary acquisitions
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T A B L E 7-1A

Acquisition and Going-Private Transactions Premiums

A B C D F G H J K L

4 Ordinary Acquisitions
Going Private
Transactions Difference

5 Gross Acquisition Premiums 1 Day 5 Days 30 Days 1 Day 5 Days 30 Days 1 Day 5 Days 30 Days

6 Median 22.8% 28.4% 36.7%
7 Mean (with max. of 100%) [1] 27.2% 32.9% 42.7%

9 Premiums net of 7.4% synergies
10 Median 15.4% 21.0% 29.3% 20.0% 23.0% 26.9% �4.6% �2.0% 2.4%
11 Mean (with max. of 100%) [1] 19.8% 25.5% 35.3% 25.7% 27.2% 31.7% �5.9% �1.7% 3.6%

[1] All premiums � 100% treated as 100%
Data Source: Mergerstat database. This contains going private premiums from 3/89 to 5/98 and ordinary acquisition premiums from 12/83 to 1/99. There are 46 to 69 going private
premiums and 1,175 to 1,430 ordinary premiums.

that is a candidate for the control premium. Columns F through H in
rows 10 and 11 are the going private transactions, and columns J through
L are the difference of the net acquisition premiums for ordinary acqui-
sitions and the going private premiums. Notice that only the one-day
differences at �4.6% and �5.9% (J10 and J11) are significant in size, while
the five-day and thirty-day differences are quite small. Again it seems
that going private premiums are a strong contender for the measure of
the value of control.

The traditional calculation of discount for lack of control (DLOC) is
based on the control premium. If the marketable minority FMV is $100
per share and one buys control for $140 per share, the control premium
(CP) is $40 per share. In percentages, the premium is $40 per share di-
vided by the marketable minority price of $100 per share, or $40/$100 �
40%. Going in the other direction, DLOC is the $40 premium divided by
the control price of $140, or 28.6%. Symbolically, DLOC � CP/(1 � CP).

The vast majority of valuation assignments for valuation profession-
als call for a fair market value standard of value. Unless a market is
dominated by strategic buyers and the subject company is a reasonable
candidate to be bought by a strategic buyer in the mergers & acquisitions
(M&A) market, it is necessary to remove any synergistic element in ac-
quisition premiums before applying a control premium. The data are con-
fusing, and there are different ideological camps in the valuation profes-
sion. The goal of the control section of this chapter is to present a large
body of professional and academic research, arrive at a coherent expla-
nation of the diverse data, and provide guidance and quantitative bench-
marks for use in the profession.

Prior Research—Qualitative Professional

As mentioned earlier, we examine two types of prior research: profes-
sional and academic. In this section we examine prior professional re-
search on control premiums. The professional research itself is composed
of a long series of articles that develop important valuation theory that
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is primarily qualitative. We will now review the main articles, which are
written by Eric Nath, Chris Mercer, Michael Bolotsky, and Wayne Jan-
kowske. Again, because control and marketability are so intertwined,
these articles also contain material relevant to adjusting for marketability.

Nath
The original attack on the traditional position came from Eric Nath (1990).
Nath later clarified and slightly modified his initial position (Nath 1994
and 1997). Nath argued:

● Fewer than 4% of all public firms are taken over each year.
Using an efficient markets hypothesis argument, Nath said that
the LBO funds, strategic buyers, and their bankers, who
collectively represent hundreds of billions of dollars scouring the
market for deals, keep the market clean. Any good takeover
opportunity will not last long. If there were hidden premiums in
the firms, their stock prices would rapidly be bid up to that
level.

● Minority shares in publicly held firms are liquid. The existence of
liquidity tends to eliminate nonstrategic acquisition premiums if
the companies are well managed and management
communicates effectively with investors (I would add that they
must be benevolent to minority interests, which is the usual case
in publicly held firms and is not usual in privately held firms).

● The previous points lead to the conclusion that the publicly
traded prices are control values and not just minority values. His
major conclusion, which contradicts conventional wisdom of the
three-tiered levels of value chart, is that starting from a public
market derived value, one must take both DLOM and DLOC to
value a privately held minority interest. Apparently influenced
by articles from Bolotsky and Jankowske, both discussed below,
Nath later (1997) switched to the two-tiered levels of value
structure. Doing so had no material effect on his conclusions,
merely the presentation.

● Buyers are often strategically motivated, and therefore what they
pay is not equivalent to FMV. Nath’s evidence is that similar
premiums are paid for minority interest acquisitions. More
recently, his position has modified. Nath is concerned whether
the market of relevant buyers for a subject company is likely to
consist of many strategic buyers who would participate in an
auction for the company. If so, then he contends that strategic
value essentially becomes fair market value. If there are not
many strategic buyers, then he is still concerned that the M&A
multiples may contain a strategic element in the acquisition
premium, leading to overvaluation of the company unless that
element is removed. He determines this by an analysis of three
entities: the company itself, the market for firms in that industry,
and the M&A databases.

● Several problems with the computations of control premiums
cause them to be misleading. Mergerstat’s control premium
statistics exclude acquisition discounts, i.e., some acquisitions
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occur at lower prices than the minority trading price. Other
problems are that the range of premiums is enormous and
Mergerstat uses simple averages instead of market weighted
averages.

● There are at least two additional problems in using takeover
prices as an indicator of value. The first is that transactions are
unique and time-specific. Just because a specific buyer pays a
specific premium for a particular firm, that does not mean that
another buyer would pay a similar premium for a comparable
firm, let alone for a much smaller and less exciting company. The
second problem, Nath contends, is that some people overpay.
These points are related to the comments above on the strategic
element of acquisition premiums in the M&A market.

Mercer (1990)
In his initial article on the topic, Mercer (1990) disagreed with Nath.6

Mercer was the most notable proponent of the traditional viewpoint and
levels of value chart. He disagreed with Nath’s belief that firms that are
taken over are different than those that are not, which led him to disagree
with Nath’s conclusion that the public minority price is a control value.
Bolotsky (1991) said that that is a matter of opinion and cannot be tested.

Mercer also contested Nath’s statement that most takeovers are fully
or partially motivated by strategic reasons and that this makes the trans-
action prices unsuitable measures of FMV. Essentially, Mercer said that
buyer motivations are irrelevant and that it is not up to us to question
their motivations—just to use the data generated by their actions.

He also wrote that premiums paid for minority interests are premi-
ums paid for creeping control, not for synergies. Bolotsky agreed with
Mercer on this point.

Mercer has since changed his views considerably, and we will cover
his 1998 article separately in this professional review.

Bolotsky7

Michael Bolotsky (1991) and (1995) agrees with many of Nath’s criticisms
of conventional wisdom but disagrees with his conclusions. With regard
to the results of his analysis, he represents a middle position between
Mercer and Nath. With regard to the theoretical underpinnings, his work
is unique in that it is the first article that abandons the linear levels of
value concept entirely and replaces it with a multifactor, multidimension
matrix of fundamental attributes. For example, he gets rid of the concept
that 100% ownership value must always be somehow higher than or
equal to minority ownership value. He contends that both Mercer and
Nath are still arguing around a linear concept of going from ‘‘up here’’
to ‘‘down there.’’

Bolotsky has a comprehensive, logical framework of analysis that
includes differences in ownership rights, liquidity, information access,

6. He has since changed his views considerably, and we will cover his 1998 article later.
7. I thank Michael Bolotsky for editing this section and helping me to interpret his work correctly.
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and information reliability between the four types of ownership interests
listed in Figure 7-2. Bolotsky’s article is important theoretical work and
obviously influenced subsequent articles by both Nath and Mercer. Bol-
otsky’s article contains no empirical evidence nor any attempt to quantify
the implications of his framework into an economic model. The practical
significance of the article is that he disagrees with Nath’s conclusion that
valuing a private minority interest with reference to public minority in-
terests as a starting point requires applying both a DLOM and a DLOC.

It is significant that Bolotsky did not attempt to squash four levels
of value (public-control, public-minority, private-control, and private-
minority) into three, as both Nath and Mercer did.8 Bolotsky’s assertion
that the more the buy side knows about the seller and the more he or
she can rely on it, the higher the price, is also significant and logical.

Bolotsky characterized the public markets as a consensus opinion of
value that may occasionally experience an anomalous trade, but that trade
will be quickly bid back to a rational, equilibrium consensus value. He
says:

[T]he purchase of an entire company is typically a one-time purchase of a
unique item; the price that ultimately gets recorded is not the consensus
opinion of the limited group of buyers and sellers for a particular entire
company but is rather the winning bid, which is normally the highest bid.
There is no ‘‘market’’ process going on here in the sense described above
for public minority blocks. It is analogous to a situation where the single
anomalous trade described earlier does not get rapidly bid down to a con-
sensus price; instead, it gets memorialized in Mergerstat Review, to be re-
lied upon by valuation consultants. Clearly, relative to fair market value,
there is an upwards bias in prices that represent either the highest bid, the
only bid, or the bid of a buyer bringing special attributes to the table.

Bolotsky takes a middle position on whether the takeovers are for
typical or atypical public companies, the former position being taken by
Mercer and the latter by Nath. Bolotsky says that it is inappropriate to
insist that unless a subject company is in play, one must assume there is
no control premium. He thus disagrees with Nath on that point.

Bolotsky’s theoretical framework has no concept of sequential levels
of value, with control value at the top, followed by minority marketable
value, and nonmarketable minority value at the bottom. Rather, Bolotsky
advances the concept that the value of various types of ownership inter-
ests is the result of building up the contribution to value of fundamental
ownership attributes, to the degree that each attribute applies to the in-
terest in question. In addition, Bolotsky’s framework implies that rather
than discounts and premiums, there are adjustments for differences in own-
ership attributes and that the adjustment can be positive, negative, or
zero. In this framework there is nothing that mandates that a 100% own-

8. Nath stopped doing that in his December 1997 article. Until fairly recently, Mercer believed that
there are only three levels of value, as he contends that there is no discount for lack of
marketability (DLOM) for private control interests, as the private control interest has control
over cash flows (I disagree that control over cash flows eliminates DLOM and will cover
that later in the chapter). He has more recently added a strategic level of value, as shown in
the lower section of Figure 7-1, but it is still linear, i.e., a single column of values.
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ership position will be equal to or greater in value than a public minority
price; indeed, Bolotsky’s framework implies that if investors in a security
value liquidity and the options that liquidity provides to a greater degree
than they value power, then public minority pricing for that security will
exceed 100% ownership pricing.

Thus, Bolotsky says that for those public companies where we would
conclude that the per share 100% ownership value is the same amount
as the public minority value, the two prices might be the same but for
very different reasons. In effect, the same price for different ownership
interests is resulting from the net of the differences in the impact of var-
ious ownership attributes on each interest. Since the concept is of the net
of differences, there is no reason why the net difference in price between
a 100% ownership position and a public minority position cannot be zero
or even negative. Accordingly, when we state that the public minority
value and the 100% ownership value are the same, we are really saying
that we should apply a net value adjustment of zero. I agree with his
position that there is a very important distinction in saying we are ap-
plying a net zero premium versus saying that by definition there is no
premium.

Bolotsky also states that Nath’s conclusion is internally flawed in that
in valuing private minority interests with reference to public minority
prices as a starting point we need to take both a DLOM and a DLOC. He
argues that if a public minority block of shares happens to have the same
per-share value as a 100% ownership interest, this does not affect the fact
that the block in question is still a minority block of stock having no
attributes of control over the company. He contends it would be illogical
to subtract a DLOC from a block that has no attributes of control.9 Rather,
the oftentimes extreme price differentials between public and private mi-
nority interests must be explained by other ownership attributes besides
control, including but not limited to differentials in relative liquidity, rel-
ative level of information availability, and relative information reliability.

Bolotsky claims—reasonably, in my opinion—that there are many
public firms whose perceived 100% ownership value will be more than
their minority value, but not enough more to make a tender offer worth-
while. In addition, Bolotsky’s theoretical framework is the only one that
can readily accommodate several market features that appear anomalous
when relying on the linear levels of value framework, such as 100% own-
ership pricing at levels considerably below IPO pricing for many com-
panies in today’s markets.

Jankowske
Wayne Jankowske’s article (Jankowske 1991) corrects certain key errors
in the articles by Nath and Bolotsky. He says one does not have to accept
Nath’s assertion that the marketable minority value is a control value to
accept the proposition that DLOC can differ between public and private

9. This is a very logical statement and appears to be self-evident. Nevertheless, I will disagree with
this later in the chapter.
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firms. He says differences in legal and contractual protection, agency
costs, relative incentives, and differential economic benefits can account
for differences in the public versus private DLOC.

Prevailing wisdom’s assertion is that since public market prices are
minority prices, we can use public guideline company prices to value
private minority shares, with only DLOM necessary. Jankowske says that
for that to be true, it implies that the economic disadvantages of lack of
control associated with public minority shares is equal to that of private
minority shares, which is unrealistic.

Conceptually, the magnitude of DLOC in guideline public prices
makes no difference, whether it is 30%, or, as Nath contended in his first
two articles, 0%. The difference between the public and subject company’s
DLOC must be recognized to avoid an overvaluation.

He developed the following formula to value a private minority in-
terest:10

FMVMMAdditional DLOC � � (DLOC � DLOC )� � SC GC1 � DLOCGC

where

FMVMM � the marketable minority fair market value
DLOCGC � discount for lack of control in the public guideline companies
DLOCSC � discount for lack of control in the subject company

He gave the following example: FMVMM, the marketable minority interest
value is $900; DLOCGC, the discount for lack of control implicit in the
public minority stock is 10%; and DLOCSC, the discount for lack of control
appropriate to the subject company, is 40%. His calculation of incremental
discount is:

$900
� (40% � 10%) � $1,000 � 30% � $300

1 � 10%

He disagrees with Bolotsky that the guideline firms must have iden-
tical shareholder attributes.

In his second article on the topic (Jankowske 1995), he stressed that
it is the economic benefits to which we must look as a justification for
control premiums, not the powers that come with control. He cites the
following economic benefits of control:

● Company level.
● Performance improvements.
● Synergy.

● Shareholder Level.
● Wealth transfer opportunities—the Machiavellian ability to
transfer wealth from the minority shareholders.

● Protection of investment—the flip side of the above point is
that control protects the shareholder from being exploited. This

10. I have changed his notation.
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T A B L E 7-2

Acquisition Premiums by SIC Code

SIC Code Differences Between Buyer & Seller 5-Day Avg Prem

0 37.2%
1–9 41.0%
10–48 37.1%
50+ 50.8%

Source: George P. Roach, ‘‘Control Premiums and Strategic Mergers,’’ Business Valuation Review (June 1998), Table IV, p. 47.

motivation is important because it relates to ambiguity
avoidance in the academic literature reviewed in this chapter.

● Liquidity—control enhances liquidity in privately held
businesses.

Of the company level advantages, the extent to which performance
improvements on a standalone basis account for control premiums prop-
erly belongs in our calculations of fair market value. That portion ac-
counted for by synergy is investment value and should not be included
in fair market value.

Roach
George Roach (1998) summarized percentage acquisition premiums from
a database of business sales. The premiums were measured as (PAcq/P5Day)
� 1, where the numerator is the acquisition price and the denominator
is the minority trading price five days before the announcement of the
acquisition. He also provided the premium based on the price 30 days
prior. We excerpt from his Exhibit IV to our Table 7-2.

There is no pattern to the first three premiums listed in Table 7-2.
The 50� SIC code difference level between buyers and sellers has the
highest premium, which is counterintuitive. Roach found similar patterns
in the results for median premiums. Additionally, while the 30-day pre-
miums were higher than the 5-day premiums, the patterns were similar.

Under the assumption that acquisitions of firms in the same or al-
most the same SIC code are more likely to be strategic acquisitions than
firms acquired in very different SIC codes, Roach’s analysis appears to be
strong evidence that premiums paid for strategic buys are no larger than
premiums paid for financial buys. This leads to the conclusion that ac-
quisition premiums are control premiums, not premiums for synergy.

This conclusion supports Mercer (1990) and Bolotsky in their opinion
that the similarity of premiums for acquiring minority positions and con-
trol positions can be explained as acquiring ‘‘creeping control,’’ because
it appears to rule out synergy as an explanation. This is in contrast to
Nath’s position and Mercer (1998 and 1999).

Mercer (1998) and (1999)
Mercer (1998) represents a significant change in thinking since his 1990
article. He now believes that the majority of premiums for mergers and
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acquisitions recorded in Houlihan Lokey Howard & Zukin’s Mergerstat
represent strategic premiums for synergies, which do not qualify for fair
market value. He has modified the traditional levels of value chart in the
top of Figure 7-1 to the one in the middle. It is the same as the one above,
with the addition of a strategic value above the control value.

For sake of discussion, let’s look at an end-of-year Gordon model
formula to calculate value.

CF (1 � b)t�1PV(Cash Flows) �
r � g

where r is the discount rate, g is the constant growth rate, and b is the
retention ratio for the company, i.e., it retains b (with 0 � b � 1), leaving
(1 � b) times the next year’s forecast cash flow as forecast dividends.

Mercer’s position (Mercer 1999) is that the discount rate is the same
at the marketable minority level as it is in all levels of value above that
(though not the same as the private minority level, which almost always
carries a higher discount rate). The main difference in the valuation comes
from the numerator, not the denominator. Control buyers, whether finan-
cial or strategic, upwardly adjust forecast cash flows. He details the types
of adjustments as follows:

1. Normalizing adjustments: these adjust private company earnings
to well-run public company equivalent. Mercer classifies two
types of normalizing adjustments. Type 1 is to eliminate
nonrecurring items and adjust for non-operating assets. Type 2
is to adjust insider compensation to an arm’s length level,
including eliminating discretionary expenses that would not
exist in a public company.

2. Control adjustments: Mercer lists two types of control
adjustments. Type 1 are for what Jankowske calls performance
improvements and apply to both financial buyers and strategic
buyers. Mercer says these are adjustments for improving the
(existing) earnings stream, i.e., running the company more
efficiently. This could also include the volume discounts coming
from the buying efficiencies achievable by being owned by a
larger company that is a financial buyer. Type 2 are for changing
the earnings stream, i.e., running the company differently, and
apply only to strategic buyers. These include consolidating G&A
expenses, eliminating duplicate operations, selling more product,
and negotiating power with suppliers, distributors, or customers
that is above and beyond that which can be achieved by a
financial buyer.

Mercer is in very good company in this position. Consider (Pratt
1998, p. 134): ‘‘The exploitation of minority shareholders is far less prev-
alent in public companies than in private companies, at least in larger
public companies. If company cash flows are already maximized and the
returns are already distributed pro rata to all shareholders, then there
may be no difference between a control value and a minority value.’’
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Other similar opinions can be found in Ibbotson (1999), Zukin (1998), and
Vander Linden (1998).

Actually, Mercer is not the originator of this position on control pre-
miums, but he may be the person who has written the most about it. The
original statement of this position came from Glass and McCarter (1995).

Summary of Professional Research on Control Premiums
Now we will summarize the past 10 years of professional research on
control premiums. The primary research supporting the traditional con-
trol premiums of 35% to 40�% is Roach’s. The other extreme—a zero
control premium—is represented by Nath and Mercer. While the original
gap between Nath’s and Mercer’s positions on control premiums was
large, the current gap is much smaller and often may not even exist. The
logic of how they arrived at their opinions is different, but they would
probably come to similar calculations of control premiums in the majority
of circumstances.

Nath does not ever use control premiums. Mercer, following Glass
and McCarter, now agrees that after taking into consideration increases
in forecast cash flows from performance improvements and arm’s length
salary adjustments for the control shareholder that are appropriate for a
financial buyer, there are no control premiums. In the absence of infor-
mation to do so, he says control premiums should be very small—no
more than 10%, with the implication that it could still be as little as zero.
That is essentially Nath’s position, that the public minority value is a
control value and therefore we should not apply control premiums to a
discounted cash flow valuation. Mercer rarely assigns control premiums
unless there are identifiable increases in forecast cash flows at the control
level. In that case, he would simply increase the cash flow forecast and
the control level value would increase vis-à-vis the marketable minority
interest level. Nath would do the same thing, except he does not like the
term marketable minority level of value (or its synonym, as if freely traded).
Their terminology differs far more than their results, at least with regard
to control premiums.

Regarding the discount for lack of marketability (DLOM), neither
Mercer nor Nath believes in taking DLOM for a control interest—a po-
sition with which I disagree in the DLOM section of this chapter. Nath’s
reason for this position is that the M&A and business brokerage markets
are very active, and that activity negates any tendency to a DLOM. He
makes an analogy of the real estate market to the market for companies.
Rather than apply DLOM, real estate appraisers put an ‘‘expected mar-
keting time’’ on their values. Mercer’s main reason for opposing DLOM
for control interests is that they control cash flows until a sale.

Nath always begins with a controlling owner’s value, which in his
view is the greater of the values obtained by the M&Amarkets, the public
markets (reduced by the restricted stock discount that one would expe-
rience in going public), and liquidation. It is extremely important to note
that to the extent that the M&A market values contains synergies and
whenever the M&A valuation dominates, Nath’s fair market values will
contain synergies.

His opinion is that that is what buyers will pay, and therefore that
is fair market value. There is a question as to whether that is investment
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value rather than fair market value. I agree that it probably is not in-
vestment value, as it is not value to a particular buyer. It is value to an
entire class of buyers. If all buyers in the M&A market are strategic—
which is certainly not completely true, but may be largely true is some
industries—then that is what buyers would pay. With this fine distinction,
it is very important to make sure that if one follows Nath’s method, one
must be careful that the subject company fits with the assumptions un-
derlying Nath’s logic.

I do not believe that most small firms and many midsized firms are
serious candidates for the M&A market. They are business broker mate-
rial, and such buyers would rarely ever be synergistic. Therefore, it is
imperative to be realistic about the market in which the subject company
is likely to sell.

For a private minority interest, Nath takes both the discount for lack
of marketability and lack of control. In conversation, he has revealed his
own dissatisfaction with the lack of relevant information for calculating
DLOC, since there is still nothing to use other than the traditional flip
side of the control premiums that he personally demolished as being valid
premiums to add to a ‘‘minority value.’’

Mercer comes to what probably amounts to a very similar result
through a different path. He does not calculate a discount for lack of
control for private minority interests. Instead, he uses his quantitative
marketability discount model (QMDM) (which we cover in more detail
later in this chapter) to subsume any DLOC, which he feels is automati-
cally included in his DLOM. I agree with Mercer that the QMDM includes
the impact of DLOC because, in the QMDM, one must forecast the spe-
cific cash flows to the minority shareholder and discount them to present
value. Thus, by using the QMDM, Mercer does not need a DLOC. Mer-
cer’s position is internally consistent.

Prior Research—Academic

Now that we have summarized the professional literature, we will sum-
marize the results of various academic studies relevant to our topic. The
primary orientation of academic research in finance is on publicly traded
stocks. It is generally not directly concerned with the issues of the valu-
ation profession, which is focused on valuing private firms. Often a
slightly interesting side point in an academic article is a golden nugget
for the valuation profession—if not a diamond.

There are two types of evidence of the value of control. The first is
the value of complete control. The second deals with the value of voting
rights. Voting rights do not represent control, but they do represent some
degree of influence or partial control.11

The academic research falls into the following categories:

1. The article by Schwert focuses primarily on analyzing returns in
mergers and acquisitions during two periods: the runup period,

11. Mergerstat Review does track premiums for acquisitions of minority interests, which make up a
third category of evidence. I am not aware of any academic literature dealing with this
issue.
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which is the time before announcement of the merger, and the
markup period, which is the time period after the
announcement. This is significant in the context of this book
primarily as providing empirical evidence that is relevant in my
economic components model for the discount for lack of
marketability (DLOM). It could easily belong to the DLOM part
of this chapter, but I include it here with the rest of the
academic articles.

2. The articles by Lease, McConnell, and Mikkelson; Megginson;
Houlihan Lokey Howard & Zukin (HLHZ); and the section on
international voting rights premia all deal with the value of
voting rights and provide insight on the value of control that
fits in the definition of fair market value.12

3. The articles by Bradley, Desai, Kim and Maquieira, Megginson,
and Nail are about the value of complete control. In particular,
their focus is on measuring the synergies in acquisitions, which
is a critical piece of evidence to understand in sorting through
the apparently conflicting results and opinions in the
professional literature.

4. The article by Menyah and Paudyal is an analysis of bid–ask
spreads and is primarily related to DLOM, not control. It could
also have been included in section on marketability.

Schwert (1996)
Since business appraisers calculate control premiums and discounts for
lack of control from merger and acquisition (M&A) data of publicly
traded firms, it is important to understand what variables drive control
premiums in order to be able to properly apply them to privately held
firms. Schwert’s article has some important findings.

Schwert’s main purpose is to examine the relationship between run-
ups and markups in M&A pricing. (The runup period is that period of
time before the announcement of a merger in which the target firm’s price
is increasing.) Schwert finds that cumulative abnormal returns (CARs)13

begin rising around 42 days before an acquisition. Thus, he defines the
runup period from day �42 to day �1, with day 0 being the announce-
ment of the merger. The markup period is from day 1 to day 126 or
delisting, whichever is first. The sum of the runup and markup period is
the entire relevant timeline of an acquisition, and the sum of their CARs
is the total acquisition premium.

Schwert finds that CARs during the runup period for successful ac-
quisitions between 1975–1991 average 25%, with CARs for unsuccessful
acquisitions, i.e., where the bidder ultimately fails to take over the target,
averaging 19%.14 After the announcement date, CARs for successful ac-

12. The HLHZ article is professional rather than academic, but its topic fits in better in our
discussion of academic research.

13. These are the cumulative error terms for actual returns minus market returns calculated by
CAPM.

14. One thousand, eight hundred and fourteen transactions in total, which are later reduced to
1,523 in his main sample.
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quisitions increase to 37%, while for unsuccessful acquisitions they de-
crease to zero.

He discusses two opposite bidding strategies, the substitution hy-
pothesis and the markup pricing hypothesis.

The substitution hypothesis states that each dollar of preannounce-
ment runup reduces the post-bid markup dollar for dollar. The assump-
tions behind this hypothesis are that both the bidder and the target have
private information that is not reflected in the market price of the stock
and that no other bidder has valuable private information. Therefore,
both the bidder and the target will ignore price movements that occur
prior to and during the negotiations in setting the final deal price.

The markup pricing hypothesis is that each dollar of preannounce-
ment runup has no impact on the post-bid markup. Thus, the prean-
nouncement runup increases the ultimate acquisition premium dollar for
dollar. The assumption behind this hypothesis is that both the bidder and
the target are uncertain about whether movements in the market price of
the target’s shares reflect valuable private information of other traders.
Therefore, runups in the stock price could cause both the bidder and the
target to revise their valuations of the target’s stock. Schwert used the
example that if they suspect that another bidder may be acquiring shares,
both the bidder and the target will probably revise their valuations of the
target’s stock upward.

The markup hypothesis reflects rational behavior of bidders and tar-
gets when they have incomplete information. A different explanation of
the markup hypothesis is that of Roll (1986), who postulates that bidders
are interested in taking over targets regardless of cost (the hubris hy-
pothesis). This would reflect irrational behavior. Using regression analy-
sis, Schwert finds strongly in favor of the markup hypothesis, while re-
jecting Roll’s hubris explanation as well as the substitution hypothesis.

Had the substitution hypothesis been the winner, this would have
implied that the acquisition premiums that occur in the market would
require major adjustments for calculating fair market value. It would have
meant that the post-bid markups are based on private information to a
particular buyer and seller, who ignore the effects of the pre-bid runup
because they both believe that no other bidder has valuable private in-
formation. This would then be investment value, not fair market value.
With the markup hypothesis being the winner, at least we do not have
that complication.

For professional appraisers, the most important finding in Schwert’s
paper is the impact of competitive bidding, i.e., when there is more than
one bidder for a target, on the cumulative abnormal returns on the tar-
get’s stock. Approximately 20% of the takeovers were competitive (312
out of 1,523), with 80% (1,211 out of 1,523) noncompetitive. Table 4 in the
article shows that the presence of competitive bidding increases the pre-
mium paid by 12.2%.15 This is significant evidence of the impact of com-
petition that will have an important role to play in calculating D2, the

15. That is, it adds an absolute 12.2% to the premium. It does not increase the premium by 12.2%.
For example, if the average premium with only one bidder is 30%, with two or more
bidders it is 42.2%.
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component in Abrams’ economic components model of the discount for
lack of marketability due to the absence of competition in thin markets.
We will cover that in detail later in this chapter.

Lease, McConnell, and Mikkelson (1983)
Lease, McConnell, and Mikkelson (LMM) examined all companies with
two classes of common stock outstanding sometime between 1940 and
1978. Both classes of common shares were entitled to identical dividends
and liquidation preferences. In total, 30 companies met the criteria, al-
though never more than 11 companies in any one year. On average, there
were only 7 companies in the population per year.

LMM found a statistically significant voting rights premium. They
split their population into three categories. Category 1 firms had only
voting and nonvoting common, with no voting preferred stock. Category
2 firms had two classes of voting common—one with superior voting
rights and one with inferior voting rights. Category 3 firms had superior
voting common, either nonvoting or inferior voting common, and voting
preferred. Their results were as follows:

Category Mean Voting Rights Premium

1 3.8%
2 7.0%
3 �1.1%

The mean voting premium of the Category 1 and 2 firms is 5.44%.
There is no logical reason why Category 2 firms should have a higher
voting rights premium than Category 1 firms, and the authors labeled
this result ‘‘a puzzle.’’ The relationship should have been the opposite.
There was one large outlier in Category 2. Without it, the Category 2
premium is only 1.9%. However, the authors investigated this outlier
thoroughly and found no reason to exclude it from the data. It had no
distinguishing characteristics.

As to the other puzzling result of a voting rights discount to the
superior common shares in the presence of voting preferred stock, the
authors speculate that there might be some incremental costs borne by
the superior rights shares that are not borne by the inferior rights shares.
However, Megginson (1990) and the HLHZ articles did not find this re-
sult. Megginson found a 23% premium for Category 3.

Megginson (1990)
The author analyzes 152 British firms traded on the London Stock
Exchange in the 28 years from 1955–1982 that have at least two classes
of common stock, with one class possessing superior voting (SV) power
to the other, for the purpose of explaining the underlying variables that
explain the voting rights premium (VRP) to the SV shares. He labels the
inferior common shares those with restricted voting (RV) power. While
the article does not say so, in one of many telephone conversations that
I had with Professor Megginson, he said that all of the RV shares are
simply nonvoting, even though he was using a more generic terminology.
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A minority of firms in his sample also had preferred shares. His work is
a continuation of that of Lease, McConnell, and Mikkelson in a different
environment.

Megginson was hoping for his regression analysis to shed light on
which of three competing hypotheses explain the voting rights premium
to SV shares. Ultimately, the regression results could not shed any light
on the source of VRP. However, his article does provide some information
to determine the magnitude of the control premium that is purely for
control and not for anticipated higher cash flows.

Under the ownership structure hypothesis, there is an optimal
amount of stock ownership for insiders—management and directors. If
insiders hold too little SV stock, company performance can be improved
by increasing insider ownership. However, if insiders own too much SV
stock, they can become overly entrenched and immune to forced removal,
lowering the value of all classes of stock in general and restricted voting
(RV) stock in particular.

Under this hypothesis, the voting rights premium is positively re-
lated to insider holdings of SV shares and negatively related to RV shares.
The reason for the former is the entrenchment effect, and the reason for
the latter is that the larger the percentage of RV shares owned by insiders,
the more incentive they have to maximize the value of RV shares.

Some of the more interesting summary statistics from Megginson are
listed below. Pay particular attention to numbers 3 and 4—as they contain
the main information for our analysis below.

1. SV shares represented 38.4% of total common equity but 94.3%
of total voting power.

2. Insiders held 28.7% of SV shares (29.8% for companies with
voting preferred) and 8.6% of RV shares (2.7% for companies
with voting preferred).

3. The mean voting rights premium was 13.3% across all firms,
23% for firms with voting preferred, and 6% for firms that were
subsidiaries of other companies.

4. Forty-three of the 152 firms (28.3%) were taken over during the
sample period. In 37 out of the 43 cases, which is 86% of the 43
firms or 24.3% percent of the entire sample of 152 firms, the SV
shares received higher prices than the RV shares by an average
27.6%.16 The existence of significant tender offer premiums that
go disproportionately to SV shares and whose timing is
generally unknown could possibly explain the VRP, though
Megginson feels the magnitudes of the VRP are too high to be
explained by 28% premiums at unknown times.

5. His regression analysis in logarithmic form17 with the ratio of
the price of SV shares to the RV shares as the dependent
variable found the percentage holdings of insiders of SV and RV

16. It is unclear whether the 27.6% refers to all 43 firms or just the 37 firms where the SV shares
received a premium over the RV shares. Assuming the former instead of the latter changes
the conclusion later in the chapter in Table 7-3, cell D24 from 1.4% to 1.5%.

17. The logarithm of the price variables most closely approximates a normal distribution.
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shares as the only statistically significant variables. The former
was positively related and the latter negatively related to the
ratio of prices. Even then, the adjusted R2 was only 11%.

My Conclusions from the Megginson Results. The British VRP of
13.3% is significantly higher than the American VRP, which in the Lease,
McConnell, and Mikkelson study is 5.4% and in the Houlihan Lokey
Howard & Zukin study (which follows the section on Megginson) is 3.2%.
The purpose of this section is to determine how much of the 13.3% VRP
is for the power of the vote versus the higher expected cash flows to the
SV shareholders.

The analysis that follows shows that of the 13.3% VRP, 11.9% is due
to higher expected cash flows to the SV shareholders and 1.4% is being
paid purely for the right to vote.

The rest of this section is a detailed explanation of Table 7-3, which
is my quantitative analysis of the Megginson results. The reader who
wants to save time can safely skip the rest of this section and continue
with the Houlihan Lokey Howard & Zukin (Much and Fagan) study.

My Analysis of the Megginson Results. We assume that the average
holding period on the London Stock Exchange during the 1955–1982 pe-
riod was five years. The table begins with expected cash flows to the
shareholders in rows 6 to 13, which we show in two different scenarios.
In scenario #1 (Columns A–F), the firm will not be acquired during the
shareholder’s tenure. In scenario #2 (Columns H–M), the firm will be
acquired during the shareholder’s tenure.

The assumptions of the model are as follows:

1. Using large capitalization NYSE firm data from the SBBI
yearbooks,18 for the years 1955–1982, total returns were 10.48%
(B30), which we use as our discount rate. This broke down to a
dividend yield of 3.94% (B27) and capital gains return of 6.54%
(B29).

2. The voting rights premium is 13.3% (B28), per Megginson
(1990).

3. When firms were acquired, we assume a 20% acquisition
premium to the RV shares.19 The final results are insensitive to
the magnitude of this assumption.

4. The SV shares receive a premium that is 27.6% (B32) higher than
the RV shares in the event of an acquisition.

The RV shareholder cash flows appear in cells C6 to C12. The share-
holder invests $1.00 (C6) at time zero. In Year 1, he or she receives divi-
dends of 3.94% � $1.00 � $0.0394 (C7). As the shares rise in price by
6.54% (B29) annually, applying the constant dividend yield is equivalent

18. London Stock Exchange data were unavailable to us. We use NYSE data as a proxy for the LSE
data. According to Professor Megginson, the NYSE data should be a good proxy for the
LSE.

19. These data did not appear in the article and are no longer available.
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T A B L E 7-3

Analysis of Megginson Results

A B C D E F H I J K L M

4 Scenario #1: SV Shares-No Acquisition Scenario #2: SV Shares-Acquisition

5 Yr SV RV PV Factor [1] NPV SV NPV RV Yr SV RV PV Factor [1] NPV SV NPV RV

6 0 �1.1330 �1.0000 1.0000 �1.1330 �1.0000 0 �1.1330 �1.0000 1.0000 �1.1330 �1.0000
7 1 0.0394 0.0394 0.9051 0.0357 0.0357 1 0.0394 0.0394 0.9051 0.0357 0.0357
8 2 0.0420 0.0420 0.8193 0.0344 0.0344 2 0.0394 0.0394 0.8193 0.0323 0.0323
9 3 0.0447 0.0447 0.7416 0.0332 0.0332 3 0.0394 0.0394 0.7416 0.0292 0.0292
10 4 0.0476 0.0476 0.6712 0.0320 0.0320 4 0.0394 0.0394 0.6712 0.0264 0.0264
11 5 0.0508 0.0508 0.6075 0.0308 0.0308 5 0.0394 0.0394 0.6075 0.0239 0.0239
12 5 1.5552 1.3727 0.6075 0.9449 0.8340 5 2.101819 1.647194 0.6075 1.2770 1.0008

13 Total �0.0221 0.0000 Total 0.2915 0.1483

15 Summary of NPVs SENSITIVITY ANALYSIS: NPV of RV-SV

16 No Acq Acquisition Total

17 SV �0.0221 0.2915 Capital RV-SV
18 RV 0.0000 0.1483 Apprec

19 Probabilities [2] 94.95% 5.05% 100.00% 0.00% 0.0461
20 Probability Wtd NPVs 2.00% 0.0371
21 SV �0.0210 0.0147 �0.0062 4.00% 0.0273
22 RV 0.0000 0.0075 0.0075 6.54% 0.0137
23 RV-SV 0.0137 8.00% 0.0053
24 RV-SV (in percent) 1.4% 10.48% �0.0100

26 Assumptions
27 Dividend yield [3] 3.94%
28 Voting rights prem 0.133
29 Cap apprec � g [3] 6.54%
30 Disc rate � r [3] 10.48%
31 Acq prem-RV [4] 20%
32 SV/RV acq prem 27.6%

[1] Present value factors are end-of-year. Using midyear factors makes no difference in the final result to four decimal places.
[2] Probability of acquisition 5 year holding period/[152 Firms/(43 Acquisitions/28 Years)], or 5 Years / 98.98 years
[3] Derived from SBBI-1999 for 1955-1982. We use the US data as a proxy for UK data, as the latter were unavailable.
[4] This is an assumption, as the data were unavailable. However, the final results are insensitive to the assumption.
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to having dividends rise by the same capital appreciation percentage of
6.54%. Thus, $0.0394 � (1 � 0.0654) � $0.0420 (C8). As we go down
the column, each year’s dividend is 6.54% higher than the previous
year’s. The final dividend is $0.0508 (C11). Finally, at the end of Year
5, the shareholder sells for $1.3727 (C12), which is the original invest-
ment of $1.00, with five years of compound growth at the 6.54% or
$1.00 � 1.06545 � $1.3727.

The SV share cash flows begin with a $1.133 investment (B6). The SV
shareholders receive the same dividend stream as the RV shareholders,
so B7 through B11 is the same as those rows in column C. At the end of
Year 5, the SV shareholder sells at the voting rights premium of 13.3%,
i.e., $1.3727 � 1.133 � $1.5552 [C12 � (1 � B28) � B12].

We discount the forecast cash flows at the average return of 10.48%
(B30). The end-of-year present value factors at 10.48% appear in D6 to
D12. Multiplying the SV and RV forecast cash flows by the present value
factors leads to present values of the SV and RV forecast cash flows in
E6 through E12 and F6 through F12, respectively. The totals are the net
present values of the investments, which are �$.0221 (E13) and 0 (F13)
for SV and RV.

The analysis of scenario #2 is structured identically to that of scenario
#1. The forecast cash flows in I6 through J11, which are the initial in-
vestments and the dividends, are identical to their counterparts in col-
umns B and C. The only differences are in Year 5, where we assume
the firms are acquired. The acquisition amount for the RV shares is com-
posed of two parts. The first is the five years of growth at 6.54% (B29), or
1.06545 � $1.3727, which is the same as C12. We then multiply that by 1
plus the assumed acquisition premium for RV shares of 20% (B31), or
$1.3727 � 1.2 � $1.647194 (J12). The actual premium is unknown; how-
ever, a sensitivity analysis showed our final results are insensitive to this
assumption within a fairly wide range around our assumption.

The SV buyout occurs at the SV-over-RV premium of 27.6% (B32), or
$1.647194 � 1.276 � $2.101819 (I12). The present values of the cash flows
are $0.2915 (L13) and $0.1483 (M13) for SV and RV shares when there is
an acquisition.20

We now proceed to the summary of the net present values (NPVs)
and begin with the no-acquisition scenario. In B17 and B18, we transfer
the NPVs of �$0.0221 and zero from E13 and F13 for the SV and RV
shares. We then multiply those conditional FMVs by the probability of
not being acquired in our assumed five-year holding period, which is
94.95% (B19) and is calculated in footnote [2] to Table 7-3. The probability-
weighted NPVs for the SV and RV shares are �$0.0210 and 0 (B21, B22).

Next we transfer the acquisition scenario NPVs of $0.2915 and
$0.1483 for SV and RV shares from L13 and M13 to C17 and C18, re-
spectively. We multiply those NPVs by the probability of acquisition of
5.05% (C19), which is 1 minus the 94.95% in B19, to obtain the probability-

20. Actually, the present values are slightly higher, as the acquisitions could take place before Year
5. However, this simplification has no material impact on the outcome of the analysis.
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weighted NPVs of $0.0147 (C21) and $0.0075 (C22) for the SV and RV
shares.

We add columns B and C to obtain the probability-weighted NPVs
of SV shares of �$0.0062 (D21) and $0.0075 (D22). The RV minus SV NPV
difference is $0.0137 (D23), or approximately 1.4% (D24) of the RV share
price.

Let’s do a recap of this table, as it is very detailed. At the 10.48%
(B30) discount rate, the RV shares are priced exactly right, assuming there
will be no acquisition, i.e., they have a zero present value (F13), while
they actually have a small, positive weighted average NPV of $0.0075
(D22) after including the 5% probability of an acquisition premium. Thus,
RV shares are a good buy based on expected cash flows for one with a
10.48% hurdle rate.

The SV shares, on the other hand, are a bad buy on a pure discounted
cash flow basis. In the absence of an acquisition, which is a 95% proba-
bility for a five-year holding period, the NPV is �$0.0221 (E13, trans-
ferred to B17). The positive NPV of $0.2915 (L13, transferred to C17) in
the event of an acquisition, which is only a 5% probability, is insufficient
to outweigh the negative NPV absent the acquisition. Overall, the SV
shares have a negative NPV of �$0.0062 (D21). On a pure basis of NPV
of forecast cash flows, the RV shares have a $0.0137 (D23) NPV differential
over the SV shares. The investor in SV shares passed up $0.014 (rounded)
of NPV to buy the vote, or 1.4% (D24) of the $1.00 RV price. We subtract
this from the average SV price of $1.133, and $1.119, or 11.9% of the 13.3%
voting rights premium is justified by higher expected cash flows, while
1.4% of it appears to be paid for the right to vote and the marginal power
that goes with it.

In the middle-right section of the table, we present a sensitivity anal-
ysis of the SV-RV NPV differential. The SV-RV NPV differential rises as
the fraction of the total return shifts more towards dividend yield and
away from capital appreciation. For example, if capital appreciation ac-
counted for none of the 10.48% yield, then the portion of the $0.133 voting
rights premium attributable to the power of the vote rises to $0.0461 (I19)
versus the base case.

The intuition for this result is that when returns are weighted more
heavily towards dividends, the SV shares receive a lower effective divi-
dend yield. This is because the SV shares receive the same absolute div-
idends as the RV shares but paid a higher price per share to receive them.
Also, both SV and RV share prices grow more slowly, and the absolute
cash value of the 27.6% SV-over-RV premium upon acquisition is less than
when returns are primarily in the form of capital gains.

Table 7-3A is identical to Table 7-3, but it is for the Lease, McConnell,
and Mikkelson study. The net VRP is 1.1% (D24).

The Houlihan Lokey Howard & Zukin (HLHZ) Study
Much and Fagan (2000), of HLHZ, describe their own update of the Lease,
McConnell, and Mikkelson study. The HLHZ study consists of 18 dual-
class firms with identical dividend rights and liquidity preference. While
this is professional rather than academic research, we include it here be-
cause it is an update of academic research and fits in better topically.
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T A B L E 7-3A

Analysis of American VRP Results

A B C D E F H I J K L M

4 Scenario #1: SV Shares-No Acquisition Scenario #2: SV Shares-Acquisition

5 Yr SV RV PV Factor [1] PV SV NPV RV Yr SV RV PV Factor [1] PV SV NPV RV

6 0 �1.0544 �1.0000 1.0000 �1.0544 �1.0000 0 �1.0544 �1.0000 1.0000 �1.0544 �1.0000
7 1 0.0394 0.0394 0.9051 0.0357 0.0357 1 0.0394 0.0394 0.9051 0.0357 0.0357
8 2 0.0420 0.0420 0.8193 0.0344 0.0344 2 0.0394 0.0394 0.8193 0.0323 0.0323
9 3 0.0447 0.0447 0.7416 0.0332 0.0332 3 0.0394 0.0394 0.7416 0.0292 0.0292
10 4 0.0476 0.0476 0.6712 0.0320 0.0320 4 0.0394 0.0394 0.6712 0.0264 0.0264
11 5 0.0508 0.0508 0.6075 0.0308 0.0308 5 0.0394 0.0394 0.6075 0.0239 0.0239
12 5 1.4473 1.3727 0.6075 0.8793 0.8340 5 1.921726 1.921726 0.6075 1.1675 1.1675

13 Total �0.0090 0.0000 Total 0.2607 0.3151

15 Summary of NPVs SENSITIVITY ANALYSIS: NPV of RV-SV

16 No Acq Acquisition Total Discount RV-SV

17 SV �0.0090 0.2607 Rate

18 RV 0.0000 0.3151 8% 0.0061
19 Probabilities [2] 94.95% 5.05% 100.00% 10.48% 0.0113
20 Probability Wtd NPVs 12% 0.0142
21 SV �0.0086 0.0132 0.0046 14% 0.0176
22 RV 0.0000 0.0159 0.0159
23 RV-SV 00.0113 Capital RV-SV
24 RV-SV (in percent) 1.1% Apprec

25 0.00% 0.0230

26 Assumptions 2.00% 0.0230
27 Dividend yield [3] 3.94% 4.00% 0.0162
28 Voting rights prem [5] 0.0544 6.54% 0.0113
29 Cap apprec � g [3] 6.54% 8.00% 0.0083
30 Disc rate � r [3] 10.48% 10.48% 0.0027
31 Acq perm-both [4] 40%
32 SV/RV acq prem 0.0%

[1] Present value factors are end-of-year. Using midyear factors makes no difference in the final result to four decimal places.
[2] Probability of acquisition is from the British data. However, increasing cell C19 to 25% causes D24 to rise to only 2%.
[3] Derived from SBBI-1999 for 1955-1982.
[4] This is an assumption, as the data were unavailable. However, the final results are insensitive to the assumption.
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The HLHZ study presents the VRP over a very short period of time
ending with December 31, 1994.21 In this respect it is very different than
the two previous studies, which present VRP averages over many years.
The Lease, McConnell, and Mikkelson VRP results are the averages over
38 years, while the Megginson results are averages over 28 years. In con-
trast, the HLHZ study covers a short snippet of time.

The 260-day moving average mean and median voting rights pre-
miums were 3.2% and 2.7%, respectively, while they were 1.5% and 1.15%
for 60-day moving averages. The longer the time period, the more reliable
is the result, unless there are clear trends that render older data obsolete,
which is not the case here. Therefore, the 260-day moving average of 3.2%
is the best measure of the VRP in this study. These are lower premiums
than those in the Lease, McConnell, and Mikkelson study, although the
mean VRP was monotonically increasing with the length of the moving-
average time period (the authors also presented data for 120- and 180-
day moving averages. Given the reported results, it is possible that ex-
panding the time horizon would have led to a larger VRP.

The authors point out anecdotally that the voting rights premium
can be affected by other factors. They mentioned that until the fourth
quarter of 1994, the Class A stock of Pacificare Health Systems, Inc. was
included in the S&P 400 index. During this time, the Class A voting shares
consistently traded at a 1.5–2.5% premium over the nonvoting shares.
During the fourth quarter 1994, the Class B nonvoting stock replaced the
Class A stock in the S&P 400 index. Since then, Class A traded at a 1.5%
discount to the nonvoting shares. The authors conclude that the visibility
of the stock, not its voting rights, accounted for its premium.

Another example they give is Playboy Enterprises, whose Class A
voting shares also trade at a discount from the nonvoting shares. How-
ever, the company’s largest shareholder owns over 70% of the Class A
voting stock. Institutional investors are interested in liquidity and prefer
to trade in the Class B stock, which has higher trading volume. The au-
thors conclude that the liquidity difference appeared to account for the
voting rights discount. Their final conclusion is that the 5.4% voting rights
premium in Lease, McConnell, and Mikkelson is too high, given their
more current data.

The anecdote about the liquidity difference depressing the voting
rights premium is consistent with Megginson (1990), where it was far
more obvious in the British markets. My conclusion from this is that the
3.2% voting rights premium would likely be higher after adjusting for
liquidity differences.

International Voting Rights Premia
Maher and Andersson (1999) refer to a number of articles that deal with
voting rights premia.22 Zingales (1995) finds that while the voting rights
premium in the US is normally small, it rises sharply in situations where

21. In their chapter, they say as of December 31, 1994. However, I assume their use of moving
averages means that it is a span of time ending on that date.

22. I was unable to obtain those articles before this book went to press.
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control is contested, from which he infers that control shareholders re-
ceive private benefits at the expense of minority shareholders.

The remaining evidence in this section is from other countries, where
concentrated ownership is the norm. Rydqvist (1987) finds a 6.5% voting
rights premium for Sweden. Levy (1982) finds a 45.5% VRP in Israel,
Horner (1988) finds a 20% VRP for Switzerland, and Zingales (1994) finds
an 82% VRP on the Milan Stock Exchange. The large voting premium in
Italy suggests high private benefits of control, and Zingales (1994) and
Barca (1995) suggest that managers in Italy divert profits to themselves
at the expense of nonvoting shareholders. Zingales also measures the av-
erage proportion of private benefits to be around 30% of the firm value.
Zingales (1994) conjectures that the private benefits of control in Italy are
so large because the legal system is ineffective in preventing exploitation
by controlling shareholders.

Bradley, Desai, and Kim (1988)
The authors document that successful tender offers increase the combined
value of the target and acquiring firm by an average of 7.4% over the
period 1963–1984. In this article the 7.4% remains stable over the entire
22 years of analysis, which the Maquieira, Megginson, and Nail results
(in the next section) do, too. However, there was a constant movement
over time for the target shareholders to capture the lion’s share of syn-
ergies, with the acquirer faring worse over time. Also noteworthy is that
the authors present theoretical arguments why multiple-bidder contests
lead to larger payments to target stockholders.

The breakdown of the 7.4% overall synergy is very important to busi-
ness appraisers. The targets, who are, on average, 20% of the combined
entity (i.e., one-fourth of the size of the bidders), experienced an average
31.8% synergistic gain, as measured by cumulative abnormal returns
(CARs), and the bidders experienced a 1% synergistic gain. However, the
specific results in different subperiods varied and will be significant in
my synthesis and analysis later in the chapter. The acquirers had CARs
of 4.1%, 1.3%, and �2.9% for July 1963–June 1968, July 1968–December
1980, and January 1981–December 1984, respectively. There is a clear
downward trend in the synergistic gains of the acquirers.

They also presented data showing that targets experience cumulative
abnormal returns (CARs) of 9.8% from five trading days before the an-
nouncement of the first bid to five trading days after the announcement.
A multiple bidding scenario increases the CARs by an absolute 13.0%,
which is consistent with the result from Schwert discussed above, al-
though not directly comparable in magnitude. Another interesting finding
is that synergies were higher in multiple-bidder scenarios. As to the na-
ture of the synergies, the authors cite work (Eckbo 1983, 1985 and Stillman
1983) that indicates that the corporate acquisitions have no measurable
effect on the firm’s degree of market power in the economy. This is con-
sistent with Maquieira, Megginson, and Nail’s results, discussed imme-
diately below, that the synergies are operating and not financial.

Maquieira, Megginson, and Nail (1998)
The authors examine wealth changes for all 1,283 publicly traded debt
and equity securities in 260 pure stock-for-stock mergers. They find non-
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conglomerate mergers create financial synergies. They define conglom-
erate mergers as those mergers in which the first two digits of the SIC
code of the acquirer and the target are different. They determine the SIC
code by examining the primary line of business listing for each company
in the relevant edition of the Moody’s manual. This data source differs
from Roach (1998), described earlier, and the SIC code scheme is different,
which may explain their different results.

To compute the synergy from the mergers, the authors used data
from two months before the merger to predict what would have been the
value of the two companies (and their individual classes of equity and
debt) as separate entities two months after the merger. They then added
the two separate company values together to form a ‘‘predicted value’’
of the merged entity. From this, they subtracted the actual market valu-
ation of the merged entity at two months after the merger, and they call
this difference the valuation prediction error (VPE), as well as the mea-
sure of synergy.

The mean and median VPEs for common and preferred stock were
8.58% and 8.55% for nonconglomerate mergers—and statistically signifi-
cant at the 1% level—while they were 3.28% and 1.98% for conglomerate
mergers—and statistically insignificant. For all classes of securities, which
also include convertible and nonconvertible preferred stock and bonds,
the mean and median net synergistic gains were 6.91% and 6.79% for
nonconglomerate mergers—and statistically significant at the 1% level—
while they were 3.91% and 1.25% for conglomerate mergers—and statis-
tically insignificant. The positive VPEs in nonconglomerate mergers occur
in a statistically significant 66.4% of the mergers, while a statistically in-
significant 56.3% of the conglomerate mergers yield positive VPEs.

The breakdown between acquirers and targets is significant. In non-
conglomerate mergers, the acquirers had mean and median VPEs of
6.14% and 4.64%, while the targets were at 38.08% and 24.33%. In con-
glomerate mergers, the acquirers were the only losers, with mean and
median VPEs of �4.79% and �7.36%.

Maquieira, Megginson, and Nail also mention similar synergy figures
provided by Lang et al. (1991), Eckbo (1992), and Berkovitch and Naray-
anan (1993). Another very significant conclusion of their analysis is that
the stock-for-stock merger synergies are operating synergies, not financial.

The authors also report the time to complete each merger, which are
interesting data and provide a benchmark for the delay-to-sale compo-
nent of my economic components model, described later in the chapter.
The time to complete the mergers ranged from a low of 11 months to a
high of 31 months—roughly 1 to 2 1/2 years. This underestimates the
time to complete a merger, as it starts from the announcement date rather
than the date at which the parties first thought of the idea.

Other Corporate Control Research
This section is brief. Its purpose is to present summary findings of other
researchers that will ultimately add to the discussion of what business
appraisers need to know about corporate control.

Franks and Harris (1989) analyze 1,445 takeovers in British stock
markets using the London Share Price Database. Their findings are very
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similar to those in the United States discussed in the previous sections,
i.e., that targets capture the majority of the gains from acquisition.

Cumulative abnormal returns (CARs)23 to the target shareholders in
Month 0 for single bids for which there were no revisions and no contest
were 20.6% and CARs for contested bids were 29.1%, for a differential of
8.5%. This is fairly similar, although somewhat lower than Schwert. The
CARs for Months �4 to �1 are much higher: 27.4% for the single bids
and 46.6% for contested bids, for a differential of 19.2%, which is higher
than Schwert’s result. There is an interesting intermediate category of
revised, but uncontested, bids, which the authors say probably reflects
results when the buyers are worried that another firm might compete
with their initial lower bid. The CARs for this category are 28.7% in
Month 0 and 40.5% for Months �4 to �1. These might provide interesting
benchmarks for different levels of competition, both actual and potential.
CARs to bidders are very low, which echo the US results.

In a cross-sectional analysis of total wealth gains, multiple bidders
increase the control premium by an absolute 8.44%.24 This is also similar
to Schwert’s result, although slightly lower.

Harris (1994) provides an explanation of why any firm would want
to be the bidder rather than the target. If target shareholders are the big
winners and bidders barely break even, then why bother being a bidder?
Why not wait for the other firm to be the bidder and be the target instead?
The answer is that while the target’s shareholders are the winners, the
target’s management are losers. Harris cites another author who cites a
Wall Street Journal article that reported 65% of a sample of 515 target CEOs
left their firms shortly after the acquisitions (less so in mergers). The re-
ward for the bidder is that management gets to keep their jobs. The re-
ward for target management is that the bidder pays a high price for their
stock, which gives many of them plenty of time to take life graciously
while looking for their next job.

Menyah and Paudyal
This research provides a method of quantifying the bid–ask spread (BAS).
Later in the chapter we review some of the work on DLOM by Larry
Kasper, which involves using an econometric equation to determine the
BAS to add to the CAPM-determined discount rate before DLOM. Those
interested in using Kasper’s method may want to understand this re-
search. Otherwise, this work is not used in my own models and can be
skipped.

The authors study stocks on the London Stock Exchange and find
the security prices, volume of transactions, risk associated with security
returns, and the degree of competition among market makers explain 91%
of the cross-sectional variations in bid–ask spreads (BAS) (Menyah and
Paudyaul 1996).

23. The authors actually use the term total abnormal returns.
24. See the x-coefficient for variable �2 in their Table 9.
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The average inside spread25 for liquid stocks was 0.83% before the
October 1987 stock market crash. It increased to 2% but has since declined
to 0.71% by the end of 1993. The average inside spread for less liquid
stocks declined from 10% to 6% over the same period. Transactions over
£2000 have lower BASs.26

The academic literature has identified three components to the BAS:
order processing, inventory adjustment, and adverse information. The au-
thors quote Stoll (Stoll 1978a, b), who says that because dealers must
service their customers, they cannot maintain an optimal portfolio suit-
able to their risk–return strategy. Therefore, total risk, not just systematic
risk—as measured by beta—is the relevant variable in determining the
BAS.

Their regression equation is: ln BAS � �0.097 � 0.592 ln Price �
0.649 ln � � 0.369 ln # Market Makers � 0.209 ln Volume. All coefficients
were significant at the 5% level, except the y-intercept. R2 � 91%.

The BAS equation shows that in the public markets, an increase in
volatility increases the BAS—and thus DLOM—while an increase in the
number of market makers decreases BAS and DLOM. With privately held
firms, there is no market maker, i.e., a dealer who is willing to buy and
sell. Business brokers and investment bankers never take possession of
the firm. This is an substantial intellectual problem for one wishing to
use this model. Nevertheless, it may provide some useful benchmarks.

My Synthesis and Analysis

Trying to make sense of the oceans of research and opinions is like trying
to put together a giant picture puzzle. For a long time it was difficult to
see where some of the pieces fit, and some did not seem to fit at all.
However, some coherence is beginning to form.

Decomposing the Acquisition Premium
Let’s begin by decomposing the acquisition premium into its potential
components:

1. Performance improvements.
2. Synergies.
3. Control premium, i.e., the pure value of control.

Performance improvements are the additional expected cash flows
from the target when the bidder runs the target more efficiently. In val-
uation profession parlance, synergies mean the additional value that
comes from combining the target with the bidder—let’s call that pure
synergy. Specifically, it is that portion of the pure synergy in the control

25. The best bid and offer prices at which market makers are prepared to deal in specified
quantities are quoted on the yellow strip of the Stock Exchange Automated Quotation
(SEAQ) screens.

26. Commission rates are also lower since 1986. In 1991 the commission rate for small trades was
2% of transaction value, while trades over £1 million incurred commissions of 0.15% and
declined further in 1993 to 0.13%.
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premium for which the bidder pays. We never see the portion that the
bidder keeps in the Mergerstat acquisition premiums.27 However, in the
academic literature cited, synergy is used to mean the increase in value
of the combined entity regardless of the source. It is the combination of
the added value from performance improvements and pure synergy.28

Ideally, if we could quantify each component, we would want to
apply only the pure control premium, item 3, to a marketable minority
interest fair market value (FMV) to arrive at a marketable control FMV.
We would not want to apply the average amount of performance im-
provements in the market to a subject company, as it is more appropriate
to quantify the specific expected performance improvements for the sub-
ject company and add those to the forecast cash flows. This follows Mer-
cer (1998) and McCarter and Glass (1995). Finally, synergies normally
belong in investment value, not fair market value—unless the market is
dominated by strategic buyers and the subject company is a serious can-
didate for the M&A market.

Inferences from the Academic Articles
The Bradley, Desai, and Kim results are very revealing. On average over
22 years, the acquirers actually gained, with a CAR of 1%. This means
that the acquirers are not paying for control! They are paying for expected
cash flows. There is no information in this article to tell us how to break
down the CAR to the target between performance improvements and
synergies. However, the Maquieira, Megginson, and Nail article provides
some information to enable us to do that. The VPEs for the nonconglom-
erate acquirers were about 11% higher than they were for the conglom-
erate acquirers, which suggests that synergies account for the entire pre-
mium. Bidders are approximately four times the size of the targets in
their study.29 Multiplying the VPE differential of 11% � 4 � 44% attrib-
utable to synergies. Since acquisition premiums are rarely even that large,
this is evidence that acquisition premiums are being paid exclusively for
pure synergies and not for performance improvements.

The Roach article suggests the opposite—that the majority of the
increase should be from performance improvements, since there was no
pattern to the acquisition premiums by the difference in SIC codes. The
two articles used different schemes for determining a potential synergistic
merger. Maquieira, Megginson, and Nail only require that the two firms
be in the same two-digit SIC code. A merger of SIC codes 3600 and 3699
would be nonconglomerate, while in Roach’s work they would be a dif-
ference greater than 50 and presumably the equivalent of conglomerate,
although he did not use that terminology. On the other hand, a merger

27. That also would be true about the portion of performance improvements that the bidder keeps.
28. We could add valuation corrections for underpricing errors to the previous list. To the extent

that bidders spot undervalued firms and pay a premium for some or all of that
undervaluation, that portion does not belong in the control premium applicable to private
companies, as we already presume that the valuation before discounts and premiums was
done correctly.

29. The book value of total assets of the bidding firms made up 81.2% of total assets of both firms
combined, and the targets made up 18.8% of total assets.
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T A B L E 7-4

Mergerstat Mean Premiums: Control versus Minority Purchases

A B C D E F G H I J K L

4 1990 1991 1992 1993 1994 1995 1996 1997 1998 Average

5 Control interest [1] 42.3% 35.4% 41.3% 38.7% 40.7% 44.1% 37.1% 35.9% 40.7%
6 Minority interest [1] 39.6% 32.6% 38.3% 38.3% 54.5% 61.7% 29.4% 22.4% 39.5%
7 Difference 2.7% 2.8% 3.0% 0.4% �13.8% �17.6% 7.7% 13.5% 1.2% �0.16%
8 Minority/control interest 93.6% 92.1% 92.7% 99.0% 133.9% 139.9% 79.2% 62.4% 97.1% 99.11%
9 SYD weights 2.8% 5.6% 8.3% 11.1% 13.9% 16.7% 19.4% 22.2% 25.0% 100.00% ← Total
10 SYD difference 0.1% 0.2% 0.3% 0.0% �1.9% �2.9% 1.5% 3.0% 0.3% 0.17%
11 SYD minority/control 2.6% 5.1% 7.7% 11.0% 18.6% 23.3% 15.4% 13.9% 24.3% 97.63%

13 # Transactions
14 Control interest 154 125 127 151 237 313 358 480 506
15 Minority interest 21 12 15 22 23 11 16 7 6

[1] Mergerstat 1999, Table 1-17, Page 25 (Mergerstat 1994, Figure 43, Page 100 for 1990-1993). Mergerstat is a division of Houlihan Lokey Howard & Zukin.

of SIC codes 3599 and 3600 would be a conglomerate merger according
to Maquieira, Megginson, and Nail, but a difference of one in the SIC
code in Roach’s work. It is logical that one can achieve synergies from
combining two firms in similar but different businesses and that the two-
digit SIC code scheme is better for that purpose. For our analysis, we will
assume that the academic article is the more correct approach.30

Strong evidence supports this conclusion that acquirers are paying
for synergies and not control in Table 7-4, which compiles Mergerstat
acquisition premiums for control and minority interests. The average dif-
ference of control and minority purchase acquisition premiums was
�0.16% (K7), and the average minority-to-control ratio was 99.11% (K8).31

If acquisition premiums were really measuring the value of control, then
minority interest acquisitions should have had a significantly lower pre-
mium. Instead, this is strong evidence that acquisition premiums are mea-
suring synergies, not control.

Back to Bradley, Desai, and Kim, in the 1981–1984 subperiod, the
acquirers did suffer a loss of 2.9%, as measured in CARs. This could mean
that the acquiring firms were willing to suffer a net loss of 2.9% of market
capitalization for the privilege of control over the target. Since targets
were, on average, about one-fourth the size of the bidders, this translates
to 11.6% of target value. However, 4 years out of 22 does not seem enough
to assert strongly that this is a reliable control premium—let alone the
control premium.32

The Maquieira, Megginson, and Nail article provides similar results.
The only negative VPE was for the acquirers in conglomerate mergers,
who had a mean and median VPE of �4.79% and �7.36%. Multiplying
that mean VPE by four for the bidder-to-target size ratio leads to a pos-

30. This is not to denigrate Roach’s work, which was very creative and is still significant evidence.
I made the same mistake in my own research.

31. In the data provided to me by Mergerstat, the average size of minority purchase was 38%.
32. Even though the regression coefficient was significant at the 0.01 level.
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sible control premium of 19.2% of the target’s pre-announcement value.
Perhaps this is a subset of the market that is paying something for pure
control, but it is not representative of the market as a whole.

Thus, it appears that our tentative conclusion, that the 7.4% differ-
ence between acquisition premiums in ordinary acquisitions and going
private premiums represents synergies, appears to be incorrect. However,
it is still possible that going private premiums might be the true control
premium. We will come back to this question.

The Disappearing Control Premium
Let’s consider the acquisition process. Conventional wisdom is that Com-
pany A buys control of Company B and pays, say, a 40% premium for B.
Therefore, B is worth 40% more on a control basis than on a marketable
minority basis. However, what happens after the acquisition? B no longer
exists as an entity. It is absorbed into A, which itself is a public firm
owned by a large number of minority shareholders.

How can one justify the 40% premium to the shareholders of A?
Won’t the minority shareholders of A lose? If it is true that A is paying
purely for the control of B, then yes, they will lose, because the minority
shareholders of A pay for control that they ultimately do not receive.
Paying for control means that the buyer is willing to accept a lower rate
of return in order to be in control of the seller, and the Bradley, Desai,
and Kim results do not support that contention.33 After the acquisition,
who is in control of B? The management of A is in control, not the share-
holders of A. For there to be a pure value of control, it must go to man-
agement, who may enhance their salaries and perquisites for running a
larger organization. It makes sense that if firms are paying for control
anywhere, it is in conglomerates. That only goes so far, though, before
the shareholders revolt or another firm comes along and makes a hostile
takeover, booting out the inefficient management team (or a team who
looks after its own interests at the expense of the shareholders).

This seems to suggest that Mercer (1998) and McCarter and Glass
(1995) are correct. There is no value to control in itself. The appraiser
should simply try to quantify the performance improvements that one
can implement in the subject company, if they are relevant to the purpose
of the valuation, and proceed with the discounted cash flow or guideline
company valuation. The difference in the marketable minority value and
the ‘‘control value’’ comes from the changes in cash flows, not from a
control premium.

The Control Premium Reappears
Does this mean there is no such thing as a value to control? No. It’s just
that we cannot find it directly in the U.S. M&A market or in the public
markets, with the possible exception of the conglomerate mergers in the
Maquieira, Megginson, and Nail article. The reason is that there has to
be one individual or a small group of individuals34 actually in control

33. Again, with the possible exception of the 1981–1984 period.
34. Henceforth, for ease of exposition, reference to one individual in this context will also include

the possibility of meaning a small group of individuals.
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who derive psychic benefits from it for there to be a pure control pre-
mium—and there is no such thing in the United States—almost.

Estimating the Control Premium
We begin the process of estimating the control premium by starting with
the voting rights premium (VRP) data, which show that there is a value
of the vote to individual shareholders. If the vote has value, then logically
control must have more value—but again only to an individual who is
really in control.

Our VRP analysis shows two levels of voting rights premium. The
gross premiums were 5.4% and 3.2% in the United States from the Lease,
McConnell, and Mikkelson study and the HLHZ study, and 13.3% in
England, per Megginson (1990). The net premiums—meaning those
above and beyond expected higher cash flows to the voting stock—were
1–1.4%. For the valuation of most small and medium-size businesses, the
gross VRP is the more relevant measure, for reasons we will discuss
shortly.

The U.S. gross VRPs average 4.3%, i.e., the average of the 5.44% and
3.2% gross VRPs from Lease, McConnell, and Mikkelson and HLHZ ar-
ticles. According to Professor Megginson, we then need to add another
2% to 3%, say 2.5%, for the depressing effect on the VRP of the illiquidity
of the voting shares, which brings us to 6.8%, which we round to 7%.

Control must be worth at least three to four times the value of the
vote. That would place the value of control to an individual at at least
21–28%. It could easily be more. Currently, the only possible direct evi-
dence in the United States is the conglomerate control premium of 19.2%
in the Maquieira, Megginson, and Nail article, which is very close to the
above estimate. The VRP in Switzerland, Israel, and Milan of 20%, 45.5%,
and 82%, respectively, is another indication of the value of control when
minority shareholders are not well protected, again keeping in mind that
those were the value of the vote, not control.

Another piece of data indicating the value of control is the one outlier
in the Lease, McConnell, and Mikkelson study, which had a 42% VRP.
Such a high VRP in the United States is probably indicative of control
battles taking place and could rapidly reduce to a more normal VRP.
Thus, the voting shareholders probably could not rely on being able to
resell their shares at a similar premium at which they buy. That 42%
premium is evidence of the value of the vote in an extreme situation when
small blocks of shares would have a large impact on who has control.

The reason why the gross VRP is relevant for most businesses in the
process of inferring the value of control is that as long as the buyer of a
business can turn around and sell the business for the same control pre-
mium as he or she bought it, there is no loss in net present value of cash
flows, other than the pure control portion, which derives from the net
VRP.35 The buyer will eventually recoup the control premium later on as
a seller. That works as long as the business is small enough that its buyers

35. There is actually a second-order effect where this is not literally true. To the extent that the
owner is taking implicit dividends in the form of excess salary, there is some loss in present
value from this.
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will be either private individuals or private firms. If the business grows
large enough to be bought by a public firm or undergoes its own IPO,
then instead of recouping a private control premium, the owner may
receive an acquisition premium with synergies in the case of a buyout.
In the case of an IPO, the company will experience an increase in value
from increased marketability.36 Also, while the control premium will be
smaller, DLOM may also be smaller.

The best source of data for control premiums and DLOC for private
firms in the United States will probably come from a thorough analysis
of the international literature. The publicly traded firms overseas are
probably better guidelines to use to understand the value of control than
United States firms for two reasons. The first reason is that in most foreign
countries—especially those outside the United Kingdom—ownership of
public firms is far more concentrated than it is in the United States. The
second reason is that the minority shareholders there are far more vul-
nerable to abuse by the control interests, which is closer to the case in
privately held firms in the United States.

Unfortunately, that will have to remain as future research. In the
meantime, I would suggest that the 21–28% control premium based on
the gross VRP is probably reasonable to add to a marketable minority
FMV—at least for small and medium firms. For large private firms, that
range may still be right if a synergistic buy is likely in the future. Oth-
erwise, it is probably more appropriate to use a smaller control premium
based on the net VRP, which would be in the 3–6% range.

At this point, we need to compare our control premium inferred by
VRPs with going private premiums, as the latter is also a candidate for
our measure of the value of control. The median going private premium
of 24.1% (Table 7-1, E21) is right in the middle of our 21–28% range for
control calculated by VRPs. However, the mean going private premium
of 32.1% (Table 7-1, D21) is above our VRP-calculated range. Which is
more likely to be right?

The going private premiums have the advantage of being directly
calculated rather than indirectly inferred, so that is one point in their
favor. There is no consensus in the valuation profession in general
whether medians or means are better measures. All other things being
equal, then, it would make sense to use the median, as it is consistent
with the VRP-calculated control premium. I more often use means than
medians, which leaves me a little dissatisfied relying solely on the con-
sistency of the two measures.

There is other logic that convinces me that the lower measure of
control is more correct. What are the motivations for going private? The
management team may believe:

(1) The company is underpriced in the market.
(2) Removing the burdens of SEC reporting will increase

profitability.

36. The appraiser must consider the issue of restricted stock discounts in this case.



CHAPTER 7 Adjusting for Levels of Control and Marketability 229

(3) If the going private transaction is a division of a public
company, it can operate more efficiently without interference
and the burden of overhead from the corporate people.

(4) The management group and the buyout group want to be in
control of the company.

Item (1) implies that the universe of going private transactions may
have a sample bias with respect to the valuation of privately held firms.
However, to the extent that (1) is true, that portion of the control premium
is inapplicable to the valuation of private firms, as we presume that the
valuation is done correctly up to this point. Item (2) is also inapplicable
to the valuation of private firms, as this represents a performance im-
provement to the going private firm that is unavailable to the firm that
has always been private. Therefore, that portion of the going private pre-
mium represented by the economic efficiencies of being private also does
not belong in our calculation of the value of control.

Item (3) is a performance improvement and not really a value of
control itself. It represents improvements in cash flow, and thus could be
considered a control premium to the extent that we believe that the av-
erage going private firm would achieve the same amount of performance
improvements that an already private firm could expect with new man-
agement, but I find that very speculative.

A direct measurement of the premium associated with item (4) would
be the closest to our VRP approach to calculating the value of control.
However, I find it hard to believe that there is a single shareholder who
is in control in the large going private transactions recorded in Mergerstat.
Who is in control of the buyout group? Management?

I think that the composition of the observed going private premium
is a mixture of all four items above and probably others of which I am
unaware. It is likely that some of the going private premium is irrelevant
to the valuation of private firms, some of it is for performance improve-
ments that might be applicable to private firms, and some is for the value
of control itself, although the latter certainly is less for going private trans-
actions than it is for true control of a firm by a single individual.

Let’s make a wild guess as to how the four components comprise
the going private premium. Suppose each item is one-fourth of the pre-
mium, i.e.:

(1) Company underpriced 8%
(2) Remove SEC reporting 8%
(3) Eliminate corporate overhead 8%
(4) Control 8%
Total—Mean 32%

If this were the true breakdown of the going private premium, then the
value of pure control would be only 8%. But, perhaps that is reasonable
in a situation where control is not concentrated in a single individual but
rather is spread among a few people in the buyout group and a few
people in management. This would tell us fairly little about how to apply
it to an already private company.
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F I G U R E 7-3

3 � 2 Levels of Value Chart

Public Private

Control x x
Minority (well treated) x x
Minority (exploited) x x

Ultimately, I am more comfortable with the VRP inference of the
value of control than the going private premium, as it makes a clean
separation of performance improvements from control. In any case, it
seems clear that the mean going private premium is probably too high
as a measure of the value of control, and we should stick with the 21–
28% control premium.

DLOC
It is my opinion that Nath is correct in his assertion that both DLOM and
DLOC are needed from the marketable minority interest.37 Bolotsky dis-
agrees with this more in form than in substance. He asks—logically
enough—how one can subtract a DLOC from an interest that has no
control attributes to it. The answer is that control matters much less in
publicly held firms in the United States than it does in privately held
firms. The public minority shareholder has little fear of control share-
holders ruining the company or abusing the minority shareholders. Even
if he or she does, there are remedies such as class action lawsuits, take-
overs, shareholder meetings, etc. that the private minority shareholder
can only wish for.

I suggest that Bolotsky’s 2 � 2 levels of value chart, as depicted in
Figure 7-2, is still too simple.38 Using his own very innovative and per-
ceptive framework of differing shareholder attributes, it is possible to see
why it may still be appropriate to subtract an incremental DLOC in val-
uing a private minority interest. Figure 7-3 is my own expansion of Bol-
otsky’s 2 � 2 levels of value chart. Here I have split minority interests
into well treated and exploited. Most U.S. public minority interests are
well treated, and the values are in row 2, column 2 of Figure 7-3. Most
private minorities in the United States are poorly treated or, if not, may
have to fear being poorly treated with a change in control ownership or
a change in attitude of the existing owners. Thus, most U.S. private mi-
norities are in row 3, column 2. The DLOC calculated as the flip side of
the control premium going from a well-treated minority to control is in-
sufficient to measure the lower position of an exploited minority. You will

37. This distinction is more important vis-à-vis Mercer’s original position than it is in using his
quantitative marketability discount model.

38. In fairness, his 2 � 2 levels of value chart is his own simplification of his more complicated
system.
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see this later in the chapter in the section on international voting rights
premia, where we examine the difference in market value of voting versus
nonvoting stock in international public markets. When minority rights
are poorly protected, the voting rights premium is as high as 82%, i.e.,
voting stock sells for an 82% higher price than nonvoting stock. Control
must be very valuable in Milan!

It often may be appropriate to use control premia from other coun-
tries to calculate a DLOC that is appropriate for U.S. minorities. Then one
can use Jankowske’s formula to make the incremental adjustment. Thus,
it is my opinion that we should subtract both an incremental DLOC and
DLOM from the marketable minority value to arrive at a private minority
value. However, this is an area that requires further research.

It is important to understand that those are not six unique and dis-
crete cells in the figure. While public or private is an either/or concept,
both the degree of control and how well treated are the minority interests
are continuums. Thus, there are not only six values that one could cal-
culate as DLOM, but an infinity of values, depending on the magnitudes.

In my correspondence with Mike Bolotsky, he agrees in substance
with this view. He prefers to think in a multidimensional matrix of fac-
tors, labeled something like ‘‘SEC oversight and enforcement power,’’ in-
stead of a control issue. Even so, I will quote from his letter to me. ‘‘In
valuing private minority interests that are either poorly treated, which is
typical of most, or even have reason to fear being poorly treated, I think
it is reasonable to subtract DLOC. However, we cannot learn what that
is from the American public stock markets, where minority interests are
well protected administratively and legally.’’ I agree completely.

That is a research task to be done in the future. In the meantime, the
above simplification works and is easier than a multifactor matrix.

What measure of control premium should we use to calculate DLOC?
Starting with a marketable minority FMV, we have to decide whether we
are coming down to a well-treated private minority or an exploited pri-
vate minority interest. Additionally, even a well-treated private minority
today may turn into a poorly treated minority tomorrow, and the fear of
that alone should create a positive DLOC from the marketable minority
level. I would suggest again that the 40% range for the foreign VRPs and
the American outlier in the Lease, McConnell, and Mikkelson study
(which, by coincidence, are similar to American acquisition premiums)
plus some additional amount for control being more valuable than the
vote, is a reasonable range from which to calculate DLOC. One caveat: if
you are valuing an ‘‘exploited’’ minority interest and have not added back
excessive salaries taken by the control shareholders, the 40�% range con-
trol premium would translate to a 28.6% DLOC, which might be exces-
sive, depending on the magnitude of excessive salary. The reason for this
is that the 40�% VRP may, to some extent, represent excess salaries to
holders of voting shares. Therefore, if we have already accounted for it
in the discounted cash flow, we do not want to double-count and take
the full discount.

It is important to note that, given the previous analysis, I do not
consider the decrease in value from a public ‘‘control’’ value to a mar-
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ketable minority level to be DLOC. It tells us nothing about control. It
only tells us the magnitude of synergies in acquisitions. I would not use
it go from a private control interest to a private minority interest.

DISCOUNT FOR LACK OF MARKETABILITY (DLOM)

Three quantitative models for calculating DLOM have appeared in the
professional literature: Jay Abrams’ economic components model
(Abrams 1994a),39 Z. Christopher Mercer’s quantitative marketability dis-
count model (Mercer 1997), and Larry Kasper’s discounted time to market
model (Kasper 1997). In this section we will review Mercer’s and Kasper’s
work. In the next section we will cover Abrams’ model in greater depth.

Mercer’s Quantitative Marketability Discount Model

Mercer presents the quantitative marketability discount model (QMDM)
in his impressive volume devoted entirely to the topic of discount for
lack of marketability. His book contains much important research in the
field and does an excellent job of summarizing prior research and iden-
tifying and discussing many of the important issues involved in quanti-
fying DLOM. I consider his book mandatory reading in the field, even
though I will present my own competing model that I contend is superior
to the QMDM. I will not attempt to give more than a bare summary of
his work—not because it is not important, but for the opposite reason: it
is too important to be adequately represented by a summary.

With that caveat in mind, the QMDM is based on calculating the net
present value of forecast cash flows to shareholders in a business entity.
His key concept is that one can evaluate the additional risk of minority
ownership in an illiquid business entity compared to ownership of pub-
licly traded stock and quantify it. The appraiser evaluates a list of various
factors that affect risk (Mercer 1997, p. 323) and quantifies the differential
risk of minority ownership of the private firm compared to the public
firm or direct ownership of the underlying assets—whichever is appro-
priate—and discounts forecast cash flows to present value at the higher
risk-adjusted rate of return to calculate the discount.

To simplify the calculations, Mercer usually assumes a growing an-
nuity. He presents an approximate formula for the present value of an
annuity with growth (p. 276). In using the QMDM, one improvement the
appraiser can make is to use the exact annuity discount factors (ADFs)
with growth that we developed in Chapter 3 and that we repeat below.

n1 1 � g
ADF � 1 �� � � �r � g 1 � r

ADF with perpetual growth: End-of-year formula (3-6b)
n�1 � r 1 � g

ADF � 1 �� � � �r � g 1 � r

ADF with perpetual growth: midyear formula (3-10a)

39. There is no name for the model in the article cited. I have named it since.
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Note that the first terms on the right-hand-side of equations (3-6b) and
(3-10a) are the end-of-year and midyear Gordon models. As

n1 � g
n → �, → 0� �1 � r

and the ADF reduces to the Gordon model with which we are all familiar.
In his Chapter 12, Mercer reiterates his opposition to a DLOM for

controlling interests from his original article (Mercer 1994). His primary
objection seems to be that the control owner has control of cash flows
until he or she sells the business, at which time there is no longer DLOM.
I disagree, as the ability to enjoy cash flows one day at a time and to
instantaneously actualize the present value of all cash flow to perpetuity
are quite different, the difference being measured by the DLOM that Mr.
Mercer suggests does not exist.

In support of his belief that a DLOM is inappropriate for a controlling
interests, Mercer (p. 340) cites an article (Phillips and Freeman 1995) that
finds that after controlling for size, margin, and industry, privately held
firms do not sell for lower multiples than publicly held firms when the
buyer is another publicly held firm. There are a few problems with this
study:

1. Since the buyers are all publicly held firms, once the sellers’
businesses are absorbed into the buyers’, there is no DLOM that
applies anymore. When a privately held firm sells to a publicly
held firm, ignoring any other differences such as potential
synergies, there are at least two FMVs for the seller: a ‘‘floor
FMV,’’ which is the FMV of the standalone business, including
DLOM, and a ‘‘ceiling FMV,’’ which is the FMV without DLOM.
The seller should not be willing to sell below the floor FMV, and
the buyer should not be willing to pay more than the ceiling
FMV. An actual transaction can take place anywhere between
the two, and Mergerstat will record that as the FMV. The articles
by Schwert (1996) and Bradley, Desai, and Kim (1988) cited
earlier in this chapter show that the lion’s share of excess
returns in acquisitions go to the seller. Thus, it is normal that
the buyer pays top dollar, which would mean that the seller
would insist that the buyer forgo the DLOM, which disappears
in any case after the transaction. Therefore, at a minimum, the
Phillips/Freeman article’s applicability is limited to privately
held firms that are large enough to attract the attention of and
be acquired by publicly held buyers.

2. In both regressions—the Mergerstat and the SDC database—
banks show up as having different valuations than all other
industries. However, the signs of the regression coefficients for
banks are opposite in the two regressions. The regression of the
Mergerstat database demonstrates at the 99.99% significance
level that buyers pay lower multiples of sales for banks than for
other industries, and the regression of the SDC database
demonstrates at the 99.99% significance level that buyers pay
higher multiples of sales for banks than other industries! There
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were several other inconsistencies in the results of the two
regressions.

3. The log–log form of regression that Phillips and Freeman used
can have the effect of making large variations look small. The
standard errors of their regressions were very high. The
standard error of the Mergerstat regression was 0.925. Two
standard errors is 1.85. Exponentiating, the 95% confidence
interval is approximately equal to multiplying the (value/sales)
estimate by two standard errors on either side of the regression
estimate. The high side of the 95% confidence interval is e1.85 �
6.36 times the regression estimate, and the low side is e�1.85 �
0.157 times the regression estimate. Let’s put some specific
numbers into their equation to see what the confidence intervals
look like. Let’s assume we are forecasting the value of the
common stock as a percentage of sales for a firm over $100
million in value that is neither a bank, a private placement, nor
a subsidiary. Their regression equation is ln(Value/Sales) �
3.242 � 0.56 ln net margin � 0.45 ln (1/PE of the S&P 500).
Let’s assume a 5% after-tax margin and an average PE for the
S&P 500 of 15, so 1/PE � 0.067. Then, ln(Value/Sales) � 3.242
� (0.56 � ln 0.05) � (0.45 � ln 0.067) � 3.242 � 1.678 � 1.219
� 0.345. Thus, the regression estimate of (Value/Sales) � e0.345 �
1.413, or value is approximately 1.4 times sales, which seems
high. If sales are $100, then net income after taxes is $5, which
when multiplied by a PE ratio of 15 leads to a value of $75,
which implies value should be 0.75 � Sales, not 1.4. The
reliability of the forecast is low. The 95% confidence interval is
approximately: 0.22 � Sales � Value � 8.99 � Sales.

4. There were fairly few transactions with a private seller. In the
Mergerstat database, private targets were 18 out of 416
transactions, and in the SDC database, private targets were 33
out of 445 targets. In total, private targets were approximately
6% of the combined databases.

The small number of transactions with privately held sellers is not
necessarily worrisome in itself, but combined with the limitations of the
results in 1, the inconsistent results in 2, and the very wide confidence
intervals in 3, the results of this study are insufficient to reject DLOM for
control interests of privately held firms.

Kasper’s BAS Model

Larry Kasper (Kasper 1997, p. 106) uses an econometric equation devel-
oped by Amihud and Mendelson (Amihud and Mendelson 1991) to cal-
culate the bid-ask spread (BAS). Their equation is: r � 0.006477 � 0.01012
� � 0.002144 ln BAS, where r is the excess monthly returns on a stock
portfolio over the 90-day Treasury Bill rate and the BAS is multiplied by
100, i.e., a BAS of 25% is denominated as 25, not 0.25.

Kasper says that most business brokers would not list a business that
had to be discounted more than 25%. Substituting 25 into the above equa-
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tion, the excess return required for a BAS of 25% is 0.0069 per month, or
approximately 8.28% per year. One would then seek out business brokers
(or through IBA, Pratt’s Stats, BIZCOMPS, etc.) for actual BASs. Anyone
interested in using Kasper’s model must read his outstanding book, as
this summary is inadequate for understanding his work.

A number of differences in the environment of NASDAQ and pri-
vately held business can weaken the applicability of this regression equa-
tion from the former to the latter:

1. The BAS in NASDAQ compensates the dealer for actually taking
possession of the stock. The dealer actually stands to gain or
lose money, whereas business brokers do not.

2. It takes much longer to sell a private business than stock on
Nasdaq.

3. The market for privately held firms is much thinner than it is
with Nasdaq.

4. Transactions costs are far higher in privately held business than
in Nasdaq.

Note that items 2 through 4 are the components of the economic
components approach, which we will cover shortly in my model. Also,
the reservation in 1 also applied in the Menyah and Paudyal results ear-
lier in the chapter, where the BAS depends on the number of market
makers. Again, business brokers are not market makers in the same sense
that dealers are. Additionally, as Kasper points out, the regression coef-
ficients will change over time. Kasper also presents a different model, the
discounted time to market model (Kasper 1997, pp. 103;–04) that is worth
reading. Neither of his models considers transactions costs or the effects
of thin markets.40

Restricted Stock Discounts

We will now discuss DLOM for restricted stocks as a preparation for our
general model for DLOM. We use two valuation methodologies in cal-
culating the restricted stock discount. The first is based on my own mul-
tiple regression analysis of data collected by Management Planning, Inc.
(MPI),41 an independent valuation firm in Princeton, New Jersey. The sec-
ond method involves using a Black–Scholes put option as a proxy for the
discount.

Regression of MPI Data
Ten studies of sales of restricted stocks have been published.42 The first
nine appear in Pratt, Reilly, Schweihs (1996, chap. 15) and Mercer (1997);

40. That is not to say that I downgrade his book. It is brilliant and a must read for anyone in the
profession.

41. Published in Chapter 12 of Mercer (1997). I wish to thank MPI for being gracious and helpful
in providing us with its data and consulting with us. In particular, Roy H. Meyers, Vice
President, was extremely helpful. MPI provided us with four additional data points and
some data corrections.

42. See Mercer (1997, p. 69) for a summary of the results of the first nine studies.
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in those studies, the authors did not publish the underlying data and
merely presented their analysis and summary of the data. Additionally,
only the Hall/Polacek study contains data beyond 1988 (through 1992).
The Management Planning study, which Mercer justifiably accords a sep-
arate chapter and extensive commentary in his book, contains data on
trades from 1980–1996 and thus is superior to the others in two ways:
the detail of the data exists and the data are more current.

Table 7-5 is two pages long. The first page contains data on 53 sales
of restricted stock between 1980–1996. Column A is numbered 1 through
53 to indicate the sale number. Column C, our dependent (Y) variable, is
the restricted stock discount for each transaction. Columns D through J
are our seven statistically significant independent variables, which I have
labeled X1, X2, . . ., X7. Below is a description of the independent variables:

# Independent Variable

1 Revenues squared.
2 Shares Sold—$: the discounted dollar value of the traded restricted shares.
3 Market capitalization � price per share times shares outstanding, summed for all classes

of stock.
4 Earnings stability: the R 2 of the regression of net income as a function of time, with time

measured as years 1, 2, 3, etc.
5 Revenue stability: the R2 of the regression of revenue as a function of time, with time

measured as years 1, 2, 3, etc.
6 Average years to sell: the weighted average years to sell by a nonaffiliate based on SEC

Rule 144. I calculated the holding period for the last four issues (DPAC, UMED, NEDI,
and ARCCA) based on changes in Rule 144, even though it was not effective yet,
because the change was out for review at that time and was highly likely to be
accepted.43 These transactions occurred near the beginning of March 1996, well after
the SEC issued the exposure draft on June 27, 1995. This was approximately 14
months before the rule change went into effect at the end of April 1997. The average
time to resale for the shares in these four transactions was determined based on the
rule change, resulting in a minimum and maximum average holding period of 14
months and 2 years, respectively.44

7 Price stability: This ratio is calculated by dividing the standard deviation of the stock
price by the mean of the stock price—which is the coefficient of variation of price—
then multiplying by 100. The end-of-month stock prices for the 12 months prior to the
valuation date are used.

I regressed 30 other independent variables included in or derived
from the Management Planning study, and all were statistically insignif-
icant. I restrict our commentary to the seven independent variables that
were statistically significant at the 95% level.

The third page of Table 7-5 contains the regression statistics. In re-
gression #1 the adjusted R2 is 59.47% (B9), a reasonable though not stun-
ning result for such an analysis. This means that the regression model
accounts for 59.47% of the variation in the restricted stock discounts. The

43. According to John Watson, Jr., Esq., of Latham & Watkins in Washington, D.C., the securities
community knew the rule change would take place. In a telephone conversation with Mr.
Watson, he said it was only a question of timing.

44. In other words, I assumed perfect foreknowledge of when the rule change would become
effective.
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T A B L E 7-5

Abrams Regression of Management Planning Study Data

A B C D E F G H I J

4 Y X1 X2 X3 X4 X5 X6 X7
6 Discount Rev2 Shares Sold-$ Mkt Cap Earn Stab Rev Stab AvgYrs2Sell Price Stab

7 1 Air Express Int’l 0.0% 8.58E+16 $4,998,000 25,760,000 0.08 0.22 2.84 12.0
8 2 AirTran Corp 19.4% 1.55E+16 $9,998,000 63,477,000 0.90 0.94 2.64 12.0
9 3 Anaren Microwave, Inc. 34.2% 6.90E+13 $1,250,000 13,517,000 0.24 0.78 2.64 28.6
10 4 Angeles Corp 19.6% 7.99E+14 $1,800,000 16,242,000 0.08 0.82 2.13 8.4
11 5 AW Computer Systems, Inc. 57.3% 1.82E+13 $1,843,000 11,698,000 0.00 0.00 2.91 22.6
12 6 Besicorp Group, Inc. 57.6% 1.57E+13 $1,500,000 63,145,000 0.03 0.75 2.13 98.6
13 7 Bioplasty, Inc, 31.1% 6.20E+13 $11,550,000 43,478,000 0.38 0.62 2.85 44.9
14 8 Blyth Holdings, Inc. 31.4% 8.62E+13 $4,452,000 98,053,000 0.04 0.64 2.13 58.6
15 9 Byers Communications Systems, Inc. 22.5% 4.49E+14 $5,007,000 14,027,000 0.90 0.79 2.92 6.6
16 10 Centennial Technologies, Inc. 2.8% 6.75E+13 $656,000 27,045,000 0.94 0.87 2.13 35.0
17 11 Chantal Pharm. Corp. 44.8% 5.21E+13 $4,900,000 149,286,000 0.70 0.23 2.13 51.0
18 12 Choice Drug Delivery Systems, Inc. 28.8% 6.19E+14 $3,375,000 21,233,000 0.29 0.89 2.86 23.6
19 13 Crystal Oil Co. 24.1% 7.47E+16 $24,990,000 686,475,000 0.42 0.57 2.50 28.5
20 14 Cucos, Inc. 18.8% 4.63E+13 $2,003,000 12,579,000 0.77 0.87 2.84 20.4
21 15 Davox Corp. 46.3% 1.14E+15 $999,000 18,942,000 0.01 0.65 2.72 24.6
22 16 Del Electronics Corp. 41.0% 4.21E+13 $394,000 3,406,000 0.08 0.10 2.84 4.0
23 17 Edmark Corp 16.0% 3.56E+13 $2,000,000 12,275,000 0.57 0.92 2.84 10.5
24 18 Electro Nucleonics 24.8% 1.22E+15 $1,055,000 38,435,000 0.68 0.97 2.13 21.4
25 19 Esmor Correctional Svces, Inc. 32.6% 5.89E+14 $3,852,000 50,692,000 0.95 0.90 2.64 34.0
26 20 Gendex Corp 16.7% 2.97E+15 $5,000,000 55,005,000 0.99 0.71 2.69 11.5
27 21 Harken Oil & Gas, Inc. 30.4% 7.55E+13 $1,999,000 27,223,000 0.13 0.88 2.75 19.0
28 22 ICN Paramaceuticals, Inc. 10.5% 1.50E+15 $9,400,000 78,834,000 0.11 0.87 2.25 23.9
29 23 Ion Laser Technology, Inc. 41.1% 1.02E+13 $975,000 10,046,000 0.71 0.92 2.82 22.0
30 24 Max & Erma’s Restaurants, Inc. 12.7% 1.87E+15 $1,192,000 31,080,000 0.87 0.87 2.25 18.8
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T A B L E 7-5 (continued)

Abrams Regression of Management Planning Study Data

A B C D E F G H I J

4 Y X1 X2 X3 X4 X5 X6 X7
6 Discount Rev2 Shares Sold-$ Mkt Cap Earn Stab Rev Stab AvgYrs2Sell Price Stab

31 25 Medco Containment Svces, Inc. 15.5% 5.42E+15 $99,994,000 561,890,000 0.84 0.89 2.85 12.8
32 26 Newport Pharm. Int’l, Inc. 37.8% 1.10E+14 $5,950,000 101,259,000 0.00 0.87 2.00 30.2
33 27 Noble Roman’s Inc. 17.2% 8.29E+13 $1,251,000 11,422,000 0.06 0.47 2.79 17.0
34 28 No. American Holding Corp. 30.4% 1.35E+15 $3,000,000 79,730,000 0.63 0.84 2.50 22.1
35 29 No. Hills Electronics, Inc. 36.6% 1.15E+13 $3,675,000 21,812,000 0.81 0.79 2.83 52.7
36 30 Photographic Sciences Corp 49.5% 2.70E+14 $5,000,000 44,113,000 0.06 0.76 2.86 27.2
37 31 Presidential Life Corp 15.9% 4.37E+16 $38,063,000 246,787,000 0.00 0.00 2.83 17.0
38 32 Pride Petroleum Svces, Inc. 24.5% 4.34E+15 $21,500,000 74,028,000 0.31 0.26 2.83 18.0
39 33 Quadrex Corp. 39.4% 1.10E+15 $5,000,000 71,016,000 0.41 0.66 2.50 44.2
40 34 Quality Care, Inc. 34.4% 7.97E+14 $3,150,000 19,689,000 0.68 0.74 2.88 7.0
41 35 Ragen Precision Industries, Inc. 15.3% 8.85E+14 $2,000,000 22,653,000 0.61 0.75 2.25 26.0
42 36 REN Corp-USA 17.9% 2.85E+15 $53,625,000 151,074,000 0.02 0.88 2.92 19.8
43 37 REN Corp-USA 29.3% 2.85E+15 $12,003,000 163,749,000 0.02 0.88 2.72 36.1
44 38 Rentrak Corp. 32.5% 1.15E+15 $20,650,000 61,482,000 0.60 0.70 2.92 30.0
45 39 Ryan’s Family Steak Houses, Inc. 8.7% 1.02E+15 $5,250,000 159,390,000 0.90 0.87 2.13 13.6
46 40 Ryan’s Family Steak Houses, Inc. 5.2% 1.02E+15 $7,250,000 110,160,000 0.90 0.87 2.58 14.4
47 41 Sahlen & Assoc., Inc. 27.5% 3.02E+15 $6,057,000 42,955,000 0.54 0.81 2.72 26.1
48 42 Starrett Housing Corp. 44.8% 1.11E+16 $3,000,000 95,291,000 0.02 0.01 2.50 12.4
49 43 Sudbury Holdings, Inc. 46.5% 1.39E+16 $22,325,000 33,431,000 0.65 0.17 2.96 26.6
50 44 Superior Care, Inc. 41.9% 1.32E+15 $5,660,000 50,403,000 0.21 0.93 2.77 42.2
51 45 Sym-Tek Systems, Inc. 31.6% 4.03E+14 $995,000 20,550,000 0.34 0.92 2.58 13.4
52 46 Telepictures Corp. 11.6% 5.50E+15 $15,250,000 106,849,000 0.81 0.86 2.72 6.6
53 47 Velo-Bind, Inc. 19.5% 5.51E+14 $2,325,000 18,509,000 0.65 0.85 2.81 14.5
54 48 Western Digital Corp. 47.3% 4.24E+14 $7,825,000 50,417,000 0.00 0.32 2.64 22.7
55 49 50-Off Stores, Inc. 12.5% 6.10E+15 $5,670,000 43,024,000 0.80 0.87 2.38 23.7
56 50 ARC Capital 18.8% 3.76E+14 $2,275,000 18,846,000 0.03 0.74 1.63 35.0
57 51 Dense Pac Microsystems, Inc. 23.1% 3.24E+14 $4,500,000 108,862,000 0.08 0.70 1.17 42.4
58 52 Nobel Education Dynamics, Inc. 19.3% 1.95E+15 $12,000,000 60,913,000 0.34 0.76 1.74 32.1
59 53 Unimed Pharmaceuticals 15.8% 5.49E+13 $8,400,000 44,681,000 0.09 0.74 1.90 21.0
60 Mean 27.1% 5.65E+15 $9,223,226 $78,621,472 0.42 0.69 2.54 25.4
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4 Regression #1

6 Regression Statistics

7 Multiple R 0.8058
8 R square 0.6493
9 Adjusted R square 0.5947
10 Standard error 0.0873
11 Observations 53

13 ANOVA

14 df SS MS F Significance F

15 Regression 7 0.6354 0.0908 11.9009 1.810E-08
16 Residual 45 0.3432 0.0076
17 Total 52 0.9786

19 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

20 Intercept �0.0673 0.1082 �0.6221 0.5370 �0.2854 0.1507
21 Rev2 �4.629E-18 9.913E-19 �4.6698 0.0000 �6.626E-18 �2.633E-18
22 Shares sold-$ �3.619E-09 1.199E-09 �3.0169 0.0042 �6.035E-09 �1.203E-09
23 Mkt cap 4.789E-10 1.790E-10 2.6754 0.0104 1.184E-10 8.394E-10
24 Earn stab �0.1038 0.0402 �2.5831 0.0131 �0.1848 �0.0229
25 Rev stab �0.1824 0.0531 �3.4315 0.0013 �0.2894 �0.0753
26 AvgYrs2Sell 0.1722 0.0362 4.7569 0.0000 0.0993 0.2451
27 Price stab 0.0037 8.316E-04 4.3909 0.0001 0.0020 0.0053

Source: Management Planning, Inc. Princeton NJ (except for �AvgYrs2Sell� and �Rev 2�, which we derived from their data)
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T A B L E 7-5 (continued)

Abrams Regression of Management Planning Study Data

A B C D E F G

32 Regression #2 (Without Price Stability)

34 Regression Statistics

35 Multiple R 0.7064
36 R square 0.4990
37 Adjusted R square 0.4337
38 Standard error 0.1032
39 Observations 53

41 ANOVA

42 df SS MS F Significance F

43 Regression 6 0.4883 0.0814 7.6365 0.0000
44 Residual 46 0.4903 0.0107
45 Total 52 0.9786

47 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

48 Intercept 0.1292 0.1165 1.1089 0.2732 �0.1053 0.3637
49 Rev2 �5.39E-18 1.15E-18 �4.6740 0.0000 �7.71E-18 �3.07E-18
50 Shares sold-$ �4.39E-09 1.40E-09 �3.1287 0.0030 �7.21E-09 �1.57E-09
51 Mkt cap 6.10E-10 2.09E-10 2.9249 0.0053 1.90E-10 1.03E-09
52 Earn stab �0.1381 0.0466 �2.9626 0.0048 �0.2319 �0.0443
53 Rev stab �0.1800 0.0628 �2.8653 0.0063 �0.3065 �0.0536
54 AvgYrs2Sell 0.1368 0.0417 3.2790 0.0020 0.0528 0.2208
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other 40.53% of variation in the discounts that remains unexplained is
due to two possible sources: other significant independent variables of
which I (and Management Planning, Inc.) do not know, and random var-
iation. The standard error of the y-estimate is 8.7% (B10 rounded). We
can form approximate 95% confidence intervals around the y-estimate by
adding and subtracting two standard errors, or 17.4%.

Cell B20 contains the regression estimate of the y-intercept, and B21
through B27 contain the regression coefficients for the independent var-
iables. The t-statistics are in D20 through D27. Only the y-intercept itself
is not significant at the 95% confidence level. The market capitalization
and earnings stability variables are significant at the 98% level,45 and all
the other variables are significant at the 99�% confidence level.

Note that several of the variables are similar to Grabowski and King’s
results (Grabowski and King 1999), discussed in Chapter 5. They found
that the coefficient of variations (in log form) of operating margin and
return on equity are statistically significant in explaining stock market
returns. Here we find that the stability of revenues and earnings (as well
as the coefficient of variation of stock market prices) explain restricted
stock discounts. Thus, these variables are significant in determining the
value of the underlying companies, assuming they are marketable, and
in determining restricted stock discounts when restrictions exist.

I obtained regression #2 in Table 7-5 by regressing all the indepen-
dent variables in the first regression except for price stability. The adjusted
R2 has dropped to 43.37% (B37), indicating that regression #1 is superior
when price data are available, which generally it is for restricted stock
studies and is not for calculating DLOM for privately held businesses.
The second regression is not recommended for the calculation of re-
stricted stock discounts, but it will be useful in other contexts.

Using the Put Option Model to Calculate DLOM
of Restricted Stock
Chaffe (1993) wrote a brilliant article in which he reasoned that buying a
hypothetical put option on Section 144 restricted stock would ‘‘buy’’ mar-
ketability and that the cost of that put option is an excellent measure of
the discount for lack of marketability of the stock. For puts, the Black–
Scholes option pricing model has the following formula:

�R tfP � E N(�d )e � S N(�d )2 1

where:

S � stock price
N( ) � cumulative normal density function

E� exercise price
Rf � risk-free rate, i.e., treasury rate of the same term as the option
t � time remaining to expiration of the option

d1 � [ln(S/E) � (Rf � 0.5 � variance) � t]/[std dev � t0.5]
d2 � d1 � [std dev � t0.5]

We have sufficient daily price history on 13 of the stocks in Table

45. The statistical significance is one minus the P-value, which is in E20 through E27.
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T A B L E 7-6

Calculation of Continuously Compounded Standard Deviation
Chantal Pharmaceutical, Inc.—CHTL

A B C D

6 Date Close Interval Returns

7 1/31/95 $2.1650
8 2/7/95 $2.2500
9 2/14/95 $2.5660 0.169928
10 2/22/95 $2.8440 0.234281
11 3/1/95 $2.6250 0.022733
12 3/8/95 $2.9410 0.033538
13 3/15/95 $2.4480 �0.069810
14 3/22/95 $2.5000 �0.162459
15 3/29/95 $2.2500 �0.084341
16 4/5/95 $2.0360 �0.205304
17 4/12/95 $2.2220 �0.012523
18 4/20/95 $2.1910 0.073371
19 4/27/95 $2.6950 0.192991
20 5/4/95 $2.6600 0.193968
21 5/11/95 $2.5660 �0.049050
22 5/18/95 $2.5620 �0.037538
23 5/25/95 $2.9740 0.147560
24 6/2/95 $3.3120 0.256764
25 6/9/95 $5.1250 0.544223
26 6/16/95 $6.0000 0.594207
27 6/23/95 $5.8135 0.126052
28 6/30/95 $6.4440 0.071390
29 7/10/95 $6.5680 0.122027
30 7/17/95 $6.6250 0.027701
31 7/24/95 $8.0000 0.197232
32 7/31/95 $7.1250 0.072759
33 8/7/95 $7.8120 �0.023781 0.092051
34 Interval standard deviation—CHTL 0.16900 0.20175
35 Annualized 0.84901 1.03298
36 Average of standard deviations 0.94099

7-5 to derive the proper annualized standard deviation (std dev) of con-
tinuously compounded returns to test Chaffe’s approach.

Annualized Standard Deviation of Continuously Compounded
Returns. Table 7-6 is a sample calculation of the annualized standard
deviation of continuously compounded returns for Chantal Pharmaceu-
tical, Inc. (CHTL), which is one of the 13 stocks. The purpose of this table
is to demonstrate how to calculate the standard deviation.

Column A shows the date, column B shows the closing price, and
columns C and D show the continuously compounded returns. The sam-
ple period is just over 6 months and ends the day prior to the transaction
date.

We calculate continuously compounded returns over 10-trading-day
intervals for CHTL stock.46 The reason for using 10-day intervals in our

46. The only exception is the return from 7/31/95 to 8/7/95, which is in cell D33.
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calculation instead of daily intervals is that the bid–ask spread on the
stock may create apparent volatility that is not really present. This is
because the quoted closing prices are from the last trade. In Nasdaq trad-
ing, one sells to a dealer at the bid price and buys at the ask price. If on
successive days the last price of the day is switching randomly from a
bid to an ask price and back, this can cause us to measure a considerable
amount of apparent volatility that is not really there. By using 10-day
intervals, we minimize this measurement error caused by the spread.

We start with the 1/31/95 closing price in column C and the 2/7/
95 closing price in column D. For example, the 10-trading-day return from
1/31/95 (A7) to 2/14/95 (A9) is calculated as follows: return � Ln(B9/
B7) � Ln(2.5660/2.1650) � 0.169928 (C9).

Using this methodology, we get two measures of standard deviation:
0.16900 (C34) and 0.20175 (D34). To convert to the annualized standard
deviation, we must multiply each interval standard deviation by the
square root of the number of intervals that would occur in a year. The
equation is as follows:

� � � � SQRTannualized interval returns

# of interval returns in sample period�
365 days per year

� �days in sample period

For example, the sample period in column C is the time period from
the close of trading on January 31, 1995, to the close of trading on August
7, 1995, or 188 days, and there are 13 calculated returns. Therefore the
annualized standard deviation of returns is:

� � 0.1690 � SQRT(13 � 365/188)annualized

� 0.1690 � SQRT(25.2394) � 0.84901 (cell C35)

The 13 trading periods that span 188 days would become 25.2394 trading
periods in one year (25.2394 � 13 � 365/188). The square root of the
25.2394 trading periods is 5.0239. We multiply the sample standard de-
viation of 0.1690 by 5.0239 � 0.84901 to annualize the standard deviation.
Similarly, the annualized standard deviation of returns in column D is
1.03298 (D35), and the average of the two is 0.94099 (D36).

Calculation of the Discount. Table 7-7 is the Black–Scholes put op-
tion calculation of the restricted stock discount. We begin in cell B5 with
S, the stock price on the valuation date of August 8, 1995, of $8.875. We
then assume that E, the exercise price, is identical (B6).

B7 is the time in years from the valuation date to marketability. Ac-
cording to SEC Rule 144, the shares have a two-year period of restriction
before the first portion of the block can be sold. At 2.25 years the rest can
be sold. The weighted average time to sell is 2.125 years (B7, transferred
from Table 7-5, I17) for this particular block of Chantal.

B8 shows the two-year Treasury rate, which was 5.90% as of the
transaction date. B9 contains the annualized standard deviation of returns
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T A B L E 7-7

Black–Scholes Put Option—CHTL

A B

5 S � Stk price on valuation date $8.875
6 E � Exercise price $8.875
7 t � time to expiration in yrs (Table 7-5, I17) 2.125
8 r � risk-free rate [1] 5.90%
9 stdev � standard deviation (Table 7-6, D36) 0.941
10 var � variance 0.885
11 d1 � 1st Black-Scholes parameter [2] 0.777
12 d2 � 2nd Black-Scholes parameter 3] (0.594)
13 N(�d1) � cum normal density function 0.219
14 N(�d2) � cum normal density function 0.724
15 P � [E*N(�d2)*e

�rt ]�S*N(�d1) $3.73
16 P/S 42.0%

Note: Values are for European options. The put option formula can be found in Options Futures and Other Derivatives, 3rd Ed. by
John C. Hull, Prentice Hall, 1997, pp. 241 and 242.
[1] 2 Year Treasury rate on transaction date, 8/8/95 (Source: Federal Reserve)
[2] d1 � [ln (S/E) � (r � .5 * var) * t]/[stdev *t0.5], where variance and standard deviation are expressed in annual terms.
[3] d2 � d1 � [std dev * t0.5]

for CHTL of 0.941, transferred from Table 7-6, cell D36, while B10 is var-
iance, merely the square of B9.

Cells B11 and B12 are the calculation of the two Black–Scholes par-
ameters, d1 and d2. B13 and B14 are the cumulative normal density func-
tions for �d1 and �d2. For example, look at cell B13, which is N(�0.777)
� 0.219. This requires some explanation. The cumulative normal table
from which the 0.219 came assumes the normal distribution has been
standardized to a mean of zero and standard deviation of 1.47 This means
that there is a 21.9% probability that our variable is less than or equal to
0.777 standard deviations below the mean. In cell B14, N(�d2) �
N(�0.594)) � N(0.594) � 0.724, which means there is a 72.4% probability
of being less than or equal to 0.594 standard deviations above the mean.
For perspective, it is useful to note that since the normal distribution is
symmetric, N(0) � 0.5000, i.e., there is a 50% probability of being less
than or equal to the mean, which implies there is a 50% probability of
being above the mean.

In B15, we calculate the value of the put option, which is $3.73 (B15),
or 42.0% (B16) of the stock price of $8.875 (B5). Thus, our calculation of
the restricted stock discount for the Chantal block using the Black–Scholes
model is 42.0% (B16).

Table 7-8: Black–Scholes Put Model Results. The stock symbols
in Table 7-8, column A, relate to restricted stock sale numbers 8, 11, 15,
17, 23, 31, 32, 38, and 49–53 in Table 7-5, column A. Cells B6 through B18
show the discounts calculated using the Black–Scholes put model for the

47. One standardizes a normal distribution by subtracting the mean from each value and dividing
by the standard deviation.
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T A B L E 7-8

Put Model Results

A B C D E F

4

5 Company
Black-Scholes
Put Calculation Actual Error Error2 Absolute Error

6 BLYH 32.3% 31.4% 0.9% 0.0% 0.9%
7 CHTL 42.0% 44.8% �2.8% 0.1% 2.8%
8 DAVX 47.5% 46.3% 1.2% 0.0% 1.2%
9 EDMK 11.9% 16.0% �4.1% 0.2% 4.1%
10 ILT 38.3% 41.1% �2.8% 0.1% 2.8%
11 PLFE 23.7% 15.9% 7.8% 0.6% 7.8%
12 PRDE 13.3% 24.5% �11.2% 1.2% 11.2%
13 RENT 41.5% 32.5% 9.0% 0.8% 9.0%
14 FOFF 27.2% 12.5% 14.7% 2.2% 14.7%
15 ARCCA 36.1% 18.8% 17.3% 3.0% 17.3%
16 DPAC 18.3% 23.1% �4.8% 0.2% 4.8%
17 NEDI 24.6% 19.3% 5.3% 0.3% 5.3%
18 UMED 12.9% 15.8% �2.9% 0.1% 2.9%
19 Mean 28.4% 26.3% 2.1% 0.67% 6.5%

22 Comparison with the Mean as the Discount

24 Company Mean Discount Actual Error Error2 Absolute Error

25 BLYH 27.1% 31.4% �4.3% 0.2% 4.3%
26 CHTL 27.1% 44.8% �17.7% 3.1% 17.7%
27 DAVX 27.1% 46.3% �19.2% 3.7% 19.2%
28 EDMK 27.1% 16.0% 11.1% 1.2% 11.1%
29 ILT 27.1% 41.1% �14.0% 2.0% 14.0%
30 PLFE 27.1% 15.9% 11.2% 1.3% 11.2%
31 PRDE 27.1% 24.5% 2.6% 0.1% 2.6%
32 RENT 27.1% 32.5% �5.4% 0.3% 5.4%
33 FOFF 27.1% 12.5% 14.6% 2.1% 14.6%
34 ARCCA 27.1% 18.8% 8.3% 0.7% 8.3%
35 DPAC 27.1% 23.1% 4.0% 0.2% 4.0%
36 NEDI 27.1% 19.3% 7.8% 0.6% 7.8%
37 UMED 27.1% 15.8% 11.3% 1.3% 11.3%
38 Mean 27.1% 26.3% 0.8% 1.28% 10.1%

13 stocks. The actual discounts are in column C, and the error in the put
model estimate is in column D.48 Columns E and F are the squared error
and the absolute error. Row 19 is the mean of each column. The bottom
half of the table is identical to the top half, except that we use the mean
discount of 27.1% as the estimated discount instead of the Black–Scholes
put model.

A comparison of the top and bottom of Table 7-8 reveals that the put
option model performs much better than the mean discount of 27.1% for
the 13 stocks. The put model’s mean absolute error of 6.5% (F19) and
mean squared error of 0.67% (E19) are much smaller than the mean ab-
solute error of 10.1% (F38) and mean squared error of 1.28% (E38) using

48. The error is equal to the estimated discount minus the actual discount, or column B minus
column C.
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the MPI data mean discount as the forecast. The mean errors in cells D19
and D38 are not indicative of relative predictive power, since low values
could be obtained even though the individual errors are high due to neg-
ative and positive errors canceling out.

Comparison of the Put Model and the Regression Model
In order to compare the put model discount results with the regression
model, we will analyze Table 7-9, which shows the calculation of dis-
counts, using regression #1 in Table 7-5, on the 13 stocks for which price
data was available.

The intercept of the regression is in cell B6, and the coefficients for
the independent variables are in cells B7 through B13. The variables for
each stock are in columns C through O, Rows 7 through 13. Multiplying
the variables for each stock by their respective coefficients and then add-
ing them together with the y-intercept results in the regression estimated
discounts in C14 through O14.

The errors in row 16 equal the actual discounts in row 15 minus the
estimated discounts in Row 14. We then calculate the error squared and
absolute error in Rows 17 and 18.

The mean squared error of 0.57% (C20) and the mean absolute error
of 6.33% (C21) are comparable but slightly better than the put model
results of 0.67% and 6.5% in Table 7-8, E19 and F19, respectively. Having
only been able to test the put model on 13 stocks and not the entire
database of 53 reduces our ability to distinguish which model is better.
At this point it is probably best to use an average of the results of both
models when determining a discount in a restricted stock valuation.

Empirical versus Theoretical Black–Scholes. It is important to un-
derstand that in using the BSOPM put for calculating restricted stock
discounts, we are using it as an empirical model, not as a theoretical
model. That is because buying a put on a publicly traded stock does not
‘‘buy marketability’’ for the restricted stock.49 Rather, it locks in a mini-
mum price for the restricted shares once they become marketable, while
allowing for theoretically unlimited price appreciation. Therefore, issuing
a hypothetical put on the freely tradable stock does not accomplish the
same task as providing marketability for the restricted stock, but it does
compensate for the downside risk on the restricted stock during its hold-
ing period.

BSOPM has some attributes that make it a successful predictor of
restricted stock discounts, i.e., it is a better forecaster than the mean dis-
count and did almost as well as the regression of the MPI data.

The reason for BSOPM’s success is that its mathematics is compatible
with the underlying variable—primarily volatility—that would tend to
drive restricted stock discounts. It is logical that the more volatile the
restricted stock, the larger the discount, and that volatility is the single
most important determinant of BSOPM results. Therefore, BSOPM is a
good candidate for empirically explaining restricted stock discounts, even

49. I thank R. K. Hiatt for this observation
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T A B L E 7-9

Calculation of Restricted Stock Discounts for 13 Stocks Using Regression from Table 7-5

A B C D E F G H I J K L M N O

5 Coefficients BLYH CHTL DAVX EDMK ITL PLFE PRDE RENT FOFF ARCCA DPAC NEDI UMED

6 Intercept �0.0673
7 Rev2 �4.629E � 18 8.62E � 13 5.21E � 13 1.14E � 15 3.56E � 13 1.02E � 13 4.37E � 16 4.34E � 15 1.15E � 15 6.10E � 15 3.76E � 14 3.24E � 14 1.95E � 15 5.49E � 13
8 Shares

sold-$
�3.619E � 09 4,452,000 $4,900,000 $999,000 $2,000,000 $975,000 $38,063,000 $21,500,000 $20,650,000 $5,670,000 $2,275,000 $4,500,000 $12,000,000 $8,400,000

9 Mkt cap 4.789E � 10 98,053,000 149,286,000 18,942,000 12,275,000 10,046,000 246,787,000 74,028,000 61,482,000 43,024,000 18,846,000 108,862,000 60,913,000 44,681,000
10 Earn stab �0.1038 0.04 0.70 0.01 0.57 0.71 0.00 0.31 0.60 0.80 0.03 0.08 0.34 0.09
11 Rev stabil �0.1824 0.64 0.23 0.65 0.92 0.92 0.00 0.26 0.70 0.87 0.74 0.70 0.76 0.74
12 Avg yrs to

sell
0.1722 2.125 2.125 2.750 2.868 2.844 2.861 2.833 2.950 2.375 1.633 1.167 1.738 1.898

13 Price
stability

0.0037 58.6 51.0 24.6 10.5 22.0 17.0 18.0 30.0 23.7 35.0 42.4 32.1 21.0

14 Calculated discount 42.22% 42.37% 37.67% 23.65% 26.25% 26.57% 34.43% 30.97% 15.83% 20.27% 18.68% 15.20% 18.27%
15 Actual discount 31.40% 44.80% 46.30% 16.00% 41.10% 15.90% 24.50% 32.50% 12.50% 18.80% 23.10% 19.30% 15.80%
16 Error (actual � calculated) �10.82% 2.43% 8.63% �7.65% 14.85% �10.67% �9.93% 1.53% �3.33% �1.47% 4.42% 4.10% �2.47%
17 Error squared 1.17% 0.06% 0.75% 0.59% 2.21% 1.14% 0.99% 0.02% 0.11% 0.02% 0.20% 0.17% 0.06%
18 Absolute error 10.82% 2.43% 8.63% 7.65% 14.85% 10.67% 9.93% 1.53% 3.33% 1.47% 4.42% 4.10% 2.47%
19 Mean error �0.80%
20 Mean squared error 0.57%
21 Mean absolute error 6.33%
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though that is not the original intended use of the model, nor is this
scenario part of the assumptions of the model.

Comparison to the Quantitative Marketability Discount
Model (QMDM)
Mercer shows various examples of investment risk premium calculations
Mercer 1997, chapter 10). When he adds this premium to the required
return on a marketable minority basis, he gets the required holding period
return for a nonmarketable minority interest. Judging from his example
calculations of the risk premium for other types of illiquid interests, the
investment specific risk premium for restricted stocks should be some-
where in the range of 1.5–5% or less.50 This is because restricted stocks
have short and well-defined holding periods. Also, the payoff at the end
of the holding period is almost sure to be at the marketable minority level.

To test the applicability of QMDM to restricted stocks, we first esti-
mate a typical marketable minority level required return. The MPI data-
base average market capitalization is approximately $78 million. This puts
the MPI stocks in the mid-cap to small-cap category, given the dates of
the transactions in the database. A reasonable expected rate of return for
stocks of this size is 15% or so on a marketable minority basis.

We will assume that the stocks, given their size, were probably not
paying any significant dividends. Therefore, the expected growth rate
equals the expected rate of return at the marketable minority level of 15%.
Given the average years to liquidity of approximately 2.5 years in the
data set, we can calculate a typical restricted stock discount using QMDM.

Assuming a 1.5% investment risk premium, and therefore a required
holding period return of 16.5%, QMDM would predict the following re-
stricted stock discount:

12.5Min Discount � 1 � (FV � PVF) � 1 � 1.15 � � 3.2%� �2.51.165

where FV � future value of the investment and PVF � the present value
factor. With a 5% investment risk premium, we have:

12.5Max Discount � 1 � (FV � PVF) � 1 � 1.15 � � 10.1%� �2.51.20

The QMDM forecast of restricted stock discounts thus range from 3–10%,
with the lower end of the range appearing most appropriate, considering
the examples in Mercer’s Chapter 10.51 These calculated discounts are

50. Actually, the lower end of the range—1.5%—appears most appropriate.
51. The QMDM restricted stock discount is insensitive to the absolute level of the discount rate. It

is only sensitive to the premium above the discount rate. For example, changing the
minimum discount formula to

12.5(1 � 1.20 ) � 2.51.215

has little impact on the QMDM result. It is the 1.5% premium that is the difference between
the 20% growth and the 21.5% required return that constitutes the bulk of the QMDM
discount—and, of course, the holding period.
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nowhere near the average discount of 27.1% in the MPI database. This
sheds doubt on the applicability of QMDM for restricted stocks and the
applicability of the model in general. At least it shows that the model
does not work well for small holding periods.

I invited Chris Mercer to write a rebuttal to my analysis of the
QMDM results. His rebuttal is at the end of this chapter, just before the
conclusion, after which I provide my comments, as I disagree with some
of his methodology.

Abrams’ Economic Components Model

The remainder of this chapter will be spent on Abrams’ economic com-
ponents model (ECM). The origins of this model appear in Abrams
(1994a) (the ‘‘original article’’). While the basic structure of the model is
the same, this chapter contains major revisions of that article. One of the
revisions is that for greater clarity and ease of exposition, components #2
and #3 have switched places. In the original article, transactions costs was
component #2 and monopsony power to the buyer due to thin markets
was component #3, but in this chapter they are reversed.

We will be assuming that we are applying DLOM to a valuation
determined either directly or indirectly by comparison to publicly traded
firms. This could be a guideline company method or a discounted cash
flow method, with discount rates determined by data on publicly traded
firms. The ECM is not meant to be used as described on data coming
from sales of privately held businesses.

Component #1: The Delay to Sale
The first component of DLOM is the economic disadvantage of the con-
siderable time that it takes to sell a privately held business in excess of
the near instantaneous ability to sell the publicly held stocks from which
we calculate our discount rates.

Psychology. Investors don’t like illiquidity. Medical and other emer-
gencies arise in life, causing people to have to sell their assets, possibly
including their businesses. Even without the pressure of a fire sale, it
usually takes three to six months to sell a small business and one year or
more to sell a business worth $1 million or more.

The selling process may entail dressing up the business, i.e., tidying
up the accounting records, halting the standard operating procedures of
charging personal expenses to the business, and getting an appraisal. Ei-
ther during or after the dress-up stage, the seller needs to identify poten-
tial buyers or engage a business broker or investment banker to do so.
This is also difficult, as the most likely buyers are often competitors. If
the match doesn’t work, the seller is worse off, having divulged confi-
dential information to his competitors. The potential buyers need to go
through their due diligence process, which is time consuming and ex-
pensive.

During this long process, the seller is exposed to the market. He or
she would like to sell immediately, and having to wait when one wants
to sell right away tries one’s patience. The business environment may be
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better or worse when the transaction is close to consummation. It is well
established in behavioral science—and it is the major principle on which
the sale of insurance is based—that the fear of loss is stronger than the
desire for gain (Tversky and Kahneman 1987). This creates pressure for
the seller to accept a lower price in order to get on with life.

Another important finding in behavioral science that is relevant in
explaining DLOM and DLOC is ambiguity aversion (Einhorn and Ho-
garth 1986). The authors cite a paradox proposed by the psychologist
Daniel Ellsberg (Ellsberg 1961) (of Pentagon Papers fame), known as the
Ellsberg paradox.

Ellsberg asked subjects which of two gambles they prefer. In gamble
A the subject draws from an urn with 100 balls in it. They are red or
black only, but we don’t know how many of each. It could be 100 black
and 0 red, 0 black and 100 red, or anything in between. The subject calls
‘‘red’’ or ‘‘black’’ before the draw and, if he or she calls it right, wins $100;
otherwise, he or she gets nothing. In gamble B, the subject draws one ball
from an urn that has 50 red balls and 50 black balls. Again, if the subject
forecasts the correct draw, he or she wins $100 and otherwise wins noth-
ing.

Most people are indifferent between choosing red or black in both
gambles. When asked which gamble they prefer, the majority of people
had an interesting response (before we proceed, ask yourself which gam-
ble you would prefer and why). Most people prefer to draw from urn #2.
This is contrary to risk-neutral logic. The finding of Ellsberg and Einhorn
and Hogarth is that people dislike ambiguity and will pay to avoid it.

Ambiguity is a second-order uncertainty. It is ‘‘uncertainty about un-
certainties,’’ and it exists pervasively in our lives. Gamble B has uncer-
tainty, but it does not have ambiguity. The return-generating process is
well understood. It is a clear 50–50 gamble. Gamble A, on the other hand,
is fuzzier. The return-generating process is not well understood. People
feel uncomfortable with that and will pay to avoid it.

It is my opinion that ambiguity aversion probably explains much of
shareholder level discounts. As mentioned earlier in the chapter, Jan-
kowske mentions wealth transfer opportunities and the protection of in-
vestment as economic benefits of control. Many minority investors are
exposed to the harsh reality of having their wealth transferred away.
Many of those who do not experience that still have to worry about it
occurring in the future. The minority investor is always in a more am-
biguous position than a control shareholder.

In our regressions of the partnership profiles database that tracks the
results of trading in the secondary limited partnership markets (see Chap-
ter 9), we find that regular cash distributions are the primary determinant
of discounts from net asset value. Why would this be so? After all, there
have already been appraisals of the underlying properties, and those ap-
praisals certainly included a discounted cash flow approach to valua-
tion.52 If the appraisal of the properties already considered cash flow, then

52. In the regression we included a dummy variable to determine whether the discount from net
asset value depended on whether the properties were appraised by the general partner or
by independent appraiser. The dummy variable was statistically insignificant, meaning that
the market trusts the appraisals of the general partners as much as the independent
appraisers.
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why would we consider cash flow again in determining discounts? I
would speculate the following reasons:

1. If the general partner (GP) takes greater than arm’s-length fees
for managing the property, that would not be included in the
appraisal of the whole properties and would reduce the value of
the limited partner (LP) interest. It is a transfer of wealth from
the LP to the GP.

2. Even if the GP takes an arm’s-length management fee, he or she
still determines the magnitude and the timing of the
distributions, which may or may not be convenient for the
individual LPs.

3. LPs may fear potential actions of the GP, even if he or she never
takes those actions. The LP only knows that information about
the investment that the GP discloses and may fear what the GP
does not divulge—which, of course, he or she won’t know. The
LPs may hear rumors of good or bad news and not know what
to do with it or about it.

The bottom line is that investors don’t like ignorance, and they will
pay less for investments that are ambiguous than for ones that are not—
or that are, at least, less ambiguous—even if both have the same expected
value.

Our paradigm for valuation is the two-parameter normal distribu-
tion, where everything depends only on expected return and expected
risk. Appraisers are used to thinking of risk only as either systematic risk,
measured by �, or total risk in the form of �, the historical standard
deviation of returns. The research on ambiguity avoidance adds another
dimension to our concept of risk, which makes our task more difficult
but affords the possibility of being more realistic.

It is also noteworthy that the magnitude of special distributions, i.e.,
those coming from a sale or refinancing or property, was statistically in-
significant. Investors care only about what they feel they can count on,
the regular distributions.

Black–Scholes Options Pricing Model. One method of modeling
the economic disadvantage of the period of illiquidity is to use the Black–
Scholes options pricing model (BSOPM) to calculate the value of a put
on the stock for the period of illiquidity. A European put, the simplest
type, is the right to sell the stock at a specific price on a specific day. An
American put is the right to sell the stock on or before the specific day.
We will be using the European put.

The origins of using this method go back to David Chaffe (Chaffe
1993), who first proposed using the BSOPM for calculating restricted
stock discounts for SEC Rule 144 restricted stock. The restricted stock
discounts are for minority interests of publicly held firms. There is no
admixture of minority interest discount in this number, as the restricted
stock studies in Pratt’s Chapter 15 (Pratt, Reilly, and Schweihs 1996) are
minority interests both pre- and posttransaction.

Then Abrams (1994a) suggested that owning a privately held busi-
ness is similar to owning restricted stock in that it is very difficult to sell
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a private firm in less than the normal due diligence time discussed above.
The BSOPM is a reasonable model with which to calculate Component
#1 of DLOM, the delay to sale discount.

There is disagreement in the profession about using BSOPM for this
purpose. Chapter 14 of Mercer’s book (Mercer 1997) is entitled, ‘‘Why
Not the Black–Scholes Options Pricing Model Rather Than the QMDM?’’
Mercer’s key objections to the BSOPM are:53

1. It requires the standard deviation of returns as an input to the
model. This input is not observable in privately held companies.

2. It is too abstract and complex to meaningfully represent the
thinking of the hypothetical willing investor.

Argument 2 does not matter, as the success of the model is an em-
pirical question. Argument 1, however, turned out to be more true than
I would have imagined. It is true that we cannot see or measure return
volatility in privately held firms. However, there are two ways that we
indirectly measured it. We combined the regression equations from re-
gressions #1 and #2 in Table 4-1 to develop an expression for return vol-
atility as a function of log size, and we performed a regression of the
same data to directly develop an expression for the same. We tried using
both indirect estimates of volatility as inputs to the BSOPM to forecast
the restricted stock discounts in the Management Planning, Inc. data, and
both approaches performed worse than using the average discount. Thus,
argument 1 was an assertion that turned out to be correct.

When volatility can be directly calculated, the BSOPM is superior to
using the mean and the QMDM. So, BSOPM is a competent model for
forecasting when we have firm-specific volatility data, which we will not
have for privately-held firms.

Other Models of Component #1. The regression equation developed
from the Management Planning, Inc. data is superior to both the non-
firm-specific BSOPM and the QMDM. Thus, it is, so far, the best model
to measure component #1, the delay to sale component, as long as the
expected delay to sale is one to five (or possibly as high as six) years.

The QMDM is pure present value analysis. It has no ability to quan-
tify volatility—other than the analyst guessing at the premium to add to
the discount rate. It also suffers from being highly subjective. None of the
components of the risk premium at the shareholder level can be empiri-
cally measured in any way.

Is the QMDM useless? No. It may be the best model in some sce-
narios. As mentioned before, one of the limitations of my restricted stock
discount regression is that because the restricted stocks had so little range
in time to marketability, the regression equation performs poorly when
the time to marketability is substantially outside that range—above five
to six years. Not all models work in all situations. The QMDM has its
place in the toolbox of the valuation professional. It is important to un-

53. Actually, Chapter 14 is co-authored by J. Michael Julius and Matthew R. Crow, employees at
Mercer Capital.
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derstand its limitations in addition to its strengths, which are flexibility
and simplicity.

The BSOPM is based on present value analysis, but contains far more
heavy-duty mathematics to quantify the probable effects of volatility on
investor’s potential gains or losses. While the general BSOPM did not
perform well when volatility was measured indirectly, we can see by
looking at the regression results that Black–Scholes has the essence of the
right idea. Two of the variables in the regression analysis are earnings
stability and revenue stability. They are the R2 from regressions of earn-
ings and revenues as dependent variables against time as the independent
variable. In other words, the more stabile the growth of revenues and
earnings throughout time, the higher the earnings and revenue stability.
These are measures of volatility of earnings and revenues, which are the
volatilities underlying the volatility of returns. Price stability is another
of the independent variables, and that is the standard deviation of stock
price divided by the mean of returns (which is the coefficient of variation
of price) and then multiplied by 100.

Thus, the regression results demonstrate that using volatility to mea-
sure restricted stock discounts is empirically sound. The failure of the
non-firm-specific BSOPM to quantify restricted stock discounts is a mea-
surement problem, not a theoretical problem.54

An important observation regarding the MPI data is that MPI ex-
cluded startup and developmental firms from its study. There were no
firms that had negative net income in the latest fiscal year. That may
possibly explain the difference in results between the average 35% dis-
counts in most of the other studies cited in Pratt’s Chapter 15 (Pratt,
Reilly, and Schweihs 1996) and MPI’s results. When using my regression
of the MPI data to calculate component #1 for a firm without positive
earnings, I would make a subjective adjustment to increase the discount.
As to magnitude, we have to make an assumption. If we assume that the
other studies did contain restricted stock sales of firms with negative
earnings in the latest fiscal year, then it would seem that those firms
should have a higher discount than the average of that study. With the
average of all of them being around 33–35%, let’s say for the moment
that the firms with losses may have averaged 38–40% discounts, all other
things being equal (see the paragraph below for the rationale). Then 38–
40% minus 27% in the MPI study would lead to an upward adjustment
to component #1 of 11% to 13%. That all rests on an assumption that this
is the only cause of the difference in the results of the two studies. Further
research is needed on this topic.

We can see the reason that firms with losses would have averaged
higher discounts than those who did not in the x-coefficient for earnings
stability in Table 7-10, cell B9, which is �0.1381. This regression tells us
the market does not like volatility in earnings, which implies that the

54. There is a significant difference between forecasting volatility and forecasting returns. Returns
do not exhibit statistically significant trends over time, while volatility does (see Chapter 4).
Therefore, it is not surprising that using long-term averages to forecast volatility fail in the
BSOPM. The market is obviously more concerned about recent than historical volatility in
pricing restricted stock. That is not true about returns.
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T A B L E 7-10

Calculation of Component #1—Delay To Sale [1]

A B C D

4 Coefficients Subject Co. Data Discount

5 Intercept 0.1292 NA 12.9%
6 Revenues2 [2] �5.39E � 18 3.600E � 13 0.0%
7 Value of block-post-discount [3] �4.39E � 09 $4,331,435 �1.9%
8 FMV-100% marketable minority interest 6.10E � 10 $5,000,000 0.3%
9 Earnings stability �0.1381 0.4500 �6.2%
10 Revenue stability �0.1800 0.3000 �5.4%
11 Average years to sell 0.1368 1.0000 13.7%

12 Total Discount 13.4%

14 Value of block—pre-discount [4] $5,000,000

[1] Based on Abrams’ Regression #2 of Management Planning, Inc. data
[2] Revenues2 � $6,000,0002 � (6 � 106)2 � 3.6 � 1013

[3] Equal to (value of block � pre-discount) * (1 � discount).
[4] Marketable minority interest FMV

market likes stability in earnings. Logically, the market would not like
earnings to be stable and negative, so investors obviously prefer stable,
positive earnings. Thus, we can infer from the regression in Table 7-10
that, all other things being equal, the discount for firms with negative
earnings in the prior year must be higher than for firms with positive
earnings. Ideally, we will eventually have restricted stock data on firms
that have negative earnings, and we can control for that by including
earnings as a regression variable.

It is also worth noting that the regression analysis results are based
on the database of transactions from which we developed the regression,
while the BSOPM did not have that advantage. Thus, the regression had
an inherent advantage in this data set over all other models.

Abrams’ Regression of the Management Planning, Inc. Data. As
mentioned earlier in the chapter, there are two regression equations in
our analysis of the MPI data. The first one includes price stability as an
independent variable. This is fine for doing restricted stock studies. How-
ever, it does not work for calculating Component #1 in a DLOM calcu-
lation for the valuation of a privately held firm, whether a business or a
family limited partnership with real estate. In both cases there is no ob-
jective market stock price with which to calculate the price stability.
Therefore, in those types of assignments, we use the less accurate second
regression equation that excludes price stability.

Table 7-10 is an example of using regression #2 to calculate compo-
nent #1, the delay to sale of DLOM, for a privately held firm. Note that
‘‘Value of Block—Post Discount’’ (Table 7-10, A7) is analogous to ‘‘Shares
Sold—$’’ (Table 7-5, A50), and ‘‘FMV–100% Marketable Minority Inter-
est’’ (Table 7-10, B8) is analogous to ‘‘Market Capitalization’’ (Table 7-5,
A51). The regression coefficients are in B5–B11. We insert the subject com-
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pany data in C6–C11, except for row 7, which we will discuss below. Our
subject company has $5 million in revenues (which, squared, equals 3.6
� 1013, per (C6), 100% marketable minority interest FMV of $5 million
(C8, analogous to market capitalization for the public companies in the
Management Planning, Inc. data), and earnings and revenue stability of
0.45 (C9) and 0.30 (C10), respectively.55 We estimate it will take one year
to sell the interest (C11).

Since we are valuing 100% of the capital stock of the firm, the value
of the block of stock also has an FMV of $5 million (B14) before DLOM.56

The regression calls for the postdiscount FMV, which means we must
subtract the discount. The formula in cell C7 is: �B14*(1 � D12), i.e., the
postdiscount FMV equals the prediscount FMV � (1 � Discount). How-
ever, this is a simultaneous equation since the discount and the shares
sold in dollars each depend on the other. In order to be able to calculate
this, your spreadsheet should be set to allow recalculation with multiple
iterations. Otherwise you will get an error message with a circular ref-
erence.57 Column D is equal to column B � column C, except for the y-
intercept in D5, which transfers directly from B5. Adding each of the
components in column D, we obtain a forecast discount of 13.4% (D12).

Limitations of the Regression. There may be combinations of subject
company data that can lead to strange results. This is especially true be-
cause:

1. The subject company data are near the end or outside of the
ranges of data in the regression of the MPI data.

2. There is very little variation in the range of the ‘‘average time to
sale’’ variable in our set. Most all of the restricted stock could be
sold between two and three years from the transaction date,
which is very little variation. Only 4 of the 53 sales were
expected to take less than two years (see below).

3. The R2 is low.
4. The standard error of the y-estimate is fairly high—10%.

Regarding number 1, 47 of the 53 restricted stock sales in the MPI
database took place before the SEC circulated its Exposure Draft on June
27, 1995,58 to amend Rule 144(d) and (k) to shorten the waiting period

55. We do not explicitly show the detail of the calculations of earnings and revenue stability. Our
sample Restricted Stock Discount Study in Chapter 8, Table 8-1, shows these calculations.

56. Had we been valuing a 10% block of stock, B14 would have been $500,000.
57. If you create your own spreadsheet and make changes to the data, the simultaneous equation

is fragile, and it can easily happen that you may get error messages. When that happens,
you must put in a simple number in C7, e.g., $200,000, allow the spreadsheet to
‘‘recalibrate’’ and come back to equilibrium, then put in the correct formula. We do not have
this iterative problem with the other components of DLOM.

58. Revision of Holding Period Requirements in Rule 144; Section 16(a) Reporting of Equity Swaps
and Other Derivative Securities. File No. S7-17-95, SEC Release Nos. 33-7187; 34-35896; 17
CFR Parts 230 and 241; RIN 3235-AG53. The author expresses his gratitude to John Watson,
Jr., Esq., of Latham & Watkins in Washington, D.C., for providing him with a copy of the
exposure draft.
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for selling restricted stock to one year from two years and for nonaffil-
iated shareholders to sell shares without restriction after two years in-
stead of three.

Two sales took place in 1995 (Esmor Correctional Services, Inc. and
Chantal Pharmaceuticals Corp.) after the SEC Exposure Draft, and four
sales took place in 1996 (ARC Capital, Dense Pac Microsystems, Inc., No-
bel Education Dynamics, Inc., and Unimed Pharmaceuticals). That means
the market knew there was some probability that this would become law
and might shorten the waiting period to sell the restricted stock it was
issuing, and the later the sale, the more likely it was at the time that the
Exposure Draft would become law and provide relief to the buyer of the
restricted stock.

Thus, we should expect that those sales would carry lower discounts
than earlier sales—and that is correct. The discounts on the 1996 sales
were significantly lower than discounts on the earlier sales, all other
things being equal. The discounts ranged from 16–23% on the 1996 sales.
However, the two post-Exposure Draft 1995 sales had higher-than-
average discounts, which is somewhat counterintuitive. It is true that the
1996 sales would be more affected because the relief from restrictions for
the 1995 sales were more likely to have lapsed from the passage of time
than the 1996 sales, if it would take a long time for the Exposure Draft
to become law. Nevertheless, the two 1995 sales remain anomalies.

The average years needed to sell the stock ranged from a low of 1.2
years for Dense Pac Microsystems to 2.96 years for Sudbury Holdings,
Inc., with the vast majority being between 2 and 3 years. Extrapolating
this model to forecast a restricted stock discount for a sale with a restric-
tion of 10 years, for example, leads to ridiculous results, and even more
than 4 years is very questionable.

The coefficient for average years to sell is 0.1368 (B11), which means
that for each year more (less) than the forecast we made for this subject
company of 1 year, the discount increases (decreases) by 13.68%, holding
all else constant. Thus, if we were to forecast for a 10-year restriction, we
would get a discount of 136.8%—a nonsense result.

Thus, the appraiser must exercise good judgment and common sense
in using these results. Mechanically using these regression formulas to all
situations can be dangerous. It may be necessary to run other regressions
with the same data, i.e., using different independent variables or different
transformations of the data, to accommodate valuation assignments with
facts that vary considerably with those underlying these data. Another
possible solution is to assume, for example, that when a particular subject
company’s R2 is beyond the maximum in the MPI database, that it is
equal to the maximum in the MPI database. It may be necessary to use
the other models, i.e., BSOPM with inferred rather than explicit standard
deviations or the QMDM, for more extreme situations where the regres-
sion equation is strained by extreme data. Hopefully we will soon have
much more data, as there will be increasingly more transactions subject
to the relaxed Rule 144 restrictions.

Component #2: Buyer Monopsony Power
The control stockholder of a privately held firm has no guarantee at all
that he or she can sell his or her firm. The market for privately held
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businesses is very thin. Most small and medium-size firms are unlikely
to attract more than a small handful of buyers—and even then probably
not more than one or two every several months—while the seller of pub-
licly traded stock has millions of potential buyers. Just as a monopolist
is a single seller who can drive up price by withholding production, a
single buyer—a monopsonist—can drive price down by withholding pur-
chase.

The presence of 100 or even 10 interested buyers is likely to drive
the selling price of a business to its theoretical maximum, i.e., ‘‘the right
price.’’ The absence of enough buyers may confer monopsony power on
the few who are interested. Therefore, a small, unexciting business will
have an additional component of the discount for lack of marketability
for the additional bargaining power accruing to the buyers in thin mar-
kets.

It is easy to think that component #2 may already be included in
component #1, i.e., they both derive from the long time to sell an illiquid
asset. To demonstrate that they are indeed distinct components and that
we are not double counting, it is helpful to consider the hypothetical case
of a very exciting privately held firm that has just discovered the cure for
cancer. Such a firm would have no lack of interested buyers, yet it still is
very unlikely to be sold in less than one year. In that year other things
could happen. Congress could pass legislation regulating the medical
breakthrough, and the value could decrease significantly. Therefore, it
would still be necessary to have a significant discount for component #1,
while component #2 would be zero. It may not take longer to sell the
corner dry-cleaning store, but while the first firm is virtually guaranteed
to be able to sell at the highest price after its required marketing time,
the dry-cleaning store will have the additional uncertainty of sale, and its
few buyers would have more negotiating power than the buyers of the
firm with the cure for cancer.

The results from Schwert, described earlier in the chapter, are rele-
vant here. He found that the presence of multiple bidders for control of
publicly held companies on average led to increased premiums of 12.2%
compared to takeovers without competitive bidding. Based on the re-
gression in Table 4 of his article, we assumed a typical deal configuration
that would apply to a privately held firm.59 The premium without an
auction was 21.5%. Adding 12.2%, the premium with an auction was
33.7%. To calculate the discount for lack of competition, we go in the
other direction, i.e., 12.2% divided by one plus 33.7% � 0.122/1.337 �
9.1%, or approximately 9%. This is a useful benchmark for D2.

However, it is quite possible that D2 for any subject interest should
be larger or smaller than 9%. It all depends on the facts and circumstances
of the situation. Using Schwert’s measure of the effect of multiple versus
single bidders as our estimate of D3 may possibly have a downward bias
in that the markets for the underlying minority interests in the same firms
is very deep. So it is only the market for control of publicly held firms
that is thin. The market for privately held firms is thin for whole firms
and razor thin for minority interests.

59. We assume a successful purchase, a tender offer, and a cash deal.
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Component #3: Transactions Costs
Transactions costs in selling a privately held business are substantially
more than they are for selling stock in publicly traded firms. Most stock
in publicly traded firms can be sold with a broker’s fee of 1–2%—or less.

Table 7-11: Quantifying Transactions Costs for Buyer and
Seller. Table 7-11 shows estimates of transactions costs for both the
buyer and the seller for the following categories: legal, accounting, and
appraisal fees (the latter split into posttransaction, tax-based appraisal for
allocation of purchase price and/or valuation of in-process R&D and the
pretransaction ‘‘deal appraisal’’ to help buyer and/or seller establish the
right price), the opportunity cost of internal management spending its
time on the sale rather than on other company business, and investment
banking (or, for small sales, business broker) fees. The first five of the
categories appear in columns B through F, which we subtotal in column
G, and the investment banking fees appear in column H. The reason for
segregating between the investment banking fees and all the others is
that the others are constantly increasing as the deal size (FMV) decreases,
while investment banking fees reach a maximum of 10% and stop in-
creasing as the deal size decreases.

Rows 6–9 are transactions costs estimates for the buyer, while rows
13–16 are for the seller. Note that the buyer does not pay the investment
banking fees—only the seller pays. Rows 20–23 are total fees for both
sides.

Note that the subtotal transactions costs (column G) are inversely
related to the size of the transaction. For the buyer, they are as low as
0.23% (I6) for a $1 billion transaction and as high as 5.7% (I9) for a $1
million transaction. We summarize the total in Rows 27–30 and include
the base 10 logarithm of the sales price as a variable for regression.60 The
purpose of the regression is to allow the reader to calculate an estimated
transactions costs for any size transaction.

The buyer regression equation is:

Buyer Subtotal Transaction Cost
� 0.1531 � (0.0173 � log Price)10Price

The regression coefficients are in cells B48 and B49. The adjusted R2

is 83% (B37), which is a good result. The standard error of the y-estimate
is 0.9% (B38), so the 95% confidence interval around the estimate is ap-
proximately two standard errors, or �1.8%—a very good result.

The seller regression equation is:

Seller Subtotal Transaction Cost
� 0.1414 � (0.01599 � log Price)10Price

The regression coefficients are in cells B67 and B68. The adjusted R2 is
82% (B56), which is a good result. The standard error of the y-estimate is

60. Normally we use the natural logarithm for regression. Here we chose base 10 because the logs
are whole numbers and are easy to understand. Ultimately, it makes no difference which
one we use in the regression. The results are identical either way.



259

T A B L E 7-11

Estimates of Transaction Costs [1]

A B C D E F G H I

4

5

Buyer

Deal Size Legal [2] Acctg
Tax

Appraisal
Deal

Appraisal [3] Internal Mgt [4] Subtotal Inv Bank Total

6 $1 billion 0.10% 0.02% 0.02% 0.00% 0.09% 0.23% 0.00% 0.23%
7 $100 million 1.00% 0.10% 0.06% 0.00% 0.16% 1.32% 0.00% 1.32%
8 $10 million 1.50% 0.23% 0.20% 0.00% 0.25% 2.18% 0.00% 2.18%
9 $1 million 4.00% 0.30% 0.70% 0.00% 0.70% 5.70% 0.00% 5.70%

11

12

Seller

Deal Size Legal [2] Acctg
Tax

Appraisal
Deal

Appraisal [3] Internal Mgt [4] Subtotal Inv Bank Total

13 $1 billion 0.10% 0.01% 0.00% 0.02% 0.05% 0.18% 0.75% 0.93%
14 $100 million 1.00% 0.05% 0.00% 0.05% 0.10% 1.20% 1.10% 2.30%
15 $10 million 1.50% 0.08% 0.00% 0.20% 0.15% 1.93% 2.75% 4.68%
16 $1 million 4.00% 0.10% 0.00% 0.75% 0.42% 5.27% 10.00% 15.27%

18

19

Total

Deal Size Legal [2] Acctg
Tax

Appraisal
Deal

Appraisal [3] Internal Mgt [4] Subtotal Inv Bank Total

20 $1 billion 0.20% 0.03% 0.02% 0.02% 0.14% 0.41% 0.75% 1.16%
21 $100 million 2.00% 0.15% 0.06% 0.05% 0.26% 2.52% 1.10% 3.62%
22 $10 million 3.00% 0.30% 0.20% 0.20% 0.40% 4.10% 2.75% 6.85%
23 $1 million 8.00% 0.40% 0.70% 0.75% 1.12% 10.97% 10.00% 20.97%

25 Summary For Regression Analysis-Buyer Summary For Regression Analysis-Seller

26 Sales Price Log10 Price Subtotal Sales Price Log10 Price Subtotal

27 $1,000,000,000 9.0 0.23% $1,000,000,000 9.0 0.18%
28 $100,000,000 8.0 1.32% $100,000,000 8.0 1.20%
29 $10,000,000 7.0 2.18% $10,000,000 7.0 1.93%
30 $1,000,000 6.0 5.70% $1,000,000 6.0 5.27%
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T A B L E 7-11 (continued)

Estimates of Transaction Costs [1]

A B C D E F G H

32 SUMMARY OUTPUT: Buyer Subtotal Fees as a Function of Log10 FMV

34 Regression Statistics

35 Multiple R 0.9417624
36 R square 0.88691642
37 Adjusted R square 0.83037464
38 Standard error 0.00975177
39 Observations 4

41 ANOVA

42 df SS MS F Significance F

43 Regression 1 0.001491696 0.0014917 15.68603437 0.058237596
44 Residual 2 0.000190194 9.5097E � 05
45 Total 3 0.00168189

47 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

48 Intercept 0.1531 0.033069874 4.62959125 0.043626277 0.010811717 0.295388283
49 Log10 price �0.0172725 0.004361126 �3.96055986 0.058237596 �0.036036923 0.001491923

51 SUMMARY OUTPUT: Seller Subtotal Fees as a Function of Log10 FMV

53 Regression Statistics

54 Multiple R 0.93697224
55 R square 0.87791699
56 Adjusted R square 0.81687548
57 Standard error 0.00943065
58 Observations 4

60 ANOVA

61 df SS MS F Significance F

62 Regression 1 0.00127912 0.00127912 14.38229564 0.063027755
63 Residual 2 0.000177874 8.8937E � 05
64 Total 3 0.001456994

66 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

67 Intercept 0.14139 0.031980886 4.42107833 0.04754262 0.00378726 0.27899274
68 Log10 price �0.0159945 0.004217514 �3.79239972 0.063027755 �0.034141012 0.002152012

also 0.9% (B57), which gives us the same confidence intervals around the
y-estimate of �1.8%.

Rows 73 and 74 show a sample calculation of transactions costs for
the buyer and seller, respectively. We estimate FMV before discounts for
our subject company of $5 million (B73, B74). The base 10 logarithm of 5
million is 6.69897 (C73, C74).61 In D73 and D74, we insert the x-coefficient
from the regression, which is �0.0172725 (from B49) for the buyer and
�0.0159945 (from B68) for the seller. We multiply column C � column

61. In other words, 106.69897 � 5 million.
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T A B L E 7-11 (continued)

Estimates of Transaction Costs [1]

A B C D E F G H I J

70 Sample Forecast of Transactions Costs For $5 Million Subject Company:

72 FMV log10 FMV X-Coeff. log FMV � Coef Regr. Constant Forecast Subtotal Inv Bank [5] Forecast Total

73 Buyer $5,000,000 6.698970004 �0.0172725 �0.115707959 0.1531 3.7% 0.0% 3.7%
74 Seller $5,000,000 6.698970004 �0.0159945 �0.107146676 0.14139 3.4% 5.0% 8.4%

Notes:
[1] Based on interviews with investment banker Gordon Gregory, attorney David Boatwright, Esq; and Douglas Obenshain, CPA. Costs include buy and sell side. These are estimates of average costs. Actual costs vary with the complexity
of the transaction.
[2] Legal fees will vary with the complexity of the transaction. An extremely complex $1 billion sale could have legal fees of as much as $5 million each for the buyer and the seller, though this is rare. Complexity increases with: stock deals
(or asset deals with a very large number of assets), seller �carries paper�, contingent payments, escrow, tax-free (which is treated as a pooling-of-interests), etc.
[3] We are assuming the seller pays for the deal appraisal. Individual sales may vary. Sometimes both sides hire a single appraiser and split the fees, and sometimes each side has its own appraiser.
[4] Internal management costs are the most speculative of all. We estimate 6,000 hours (3 people fulltime for 1 year) at an average $150/hr. internal cost for the $1 billion sale, 2,000 hours @ $80 for the $100 million sale, 500 hours at $50
for the $10 million sale, and 200 hours @$35 for the $1 million sale for the buyer, and 60% of that for the seller. Actual results may vary considerably from these estimates.
[5] Ideally calculated by another regression, but this is sight-estimated. Can often use the Lehman Bros. Formula—5% for 1st $1 million, 4%, for 2nd, etc., leveling off at 1% for each $1 million.
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D � column E. F73 and F74 are repetitions of the regression constants
from B48 and B67, respectively. We then add column E to column F to
obtain the forecast subtotal transactions costs in G73 and G74. Finally, we
add in investment banking fees of 5%62 for the seller (the buyer doesn’t
pay for the investment banker or business broker) to arrive at totals of
3.7% (I73) and 8.4% (I74) for the buyer and seller, respectively.

Component #3 Is Different than #1 and #2. Component #3, trans-
actions costs, is different than the first two components of DLOM. For
component #3, we need to calculate explicitly the present value of the
occurrence of transactions costs every time the company sells. The reason
is that, unlike the first two components, transactions costs are actually
out-of-pocket costs that leave the system.63 They are paid to attorneys,
accountants, appraisers, and investment bankers or business brokers. Ad-
ditionally, internal management of both the buyer and the seller spend
significant time on the sale to make it happen, and they often have to
spend time on failed acquisitions before being successful.

We also need to distinguish between the buyer’s transactions costs
and the seller’s costs. The reason for this is that the buyer’s transactions
costs are always relevant, whereas the seller’s transactions costs for the
immediate transaction reduce the net proceeds to the seller but do not
reduce FMV. However, before the buyer is willing to buy, he or she should
be saying, ‘‘It’s true, I don’t care about the seller’s costs. That’s his or her
problem. However, 10 years or so down the road when it’s my turn to
be the seller, I do care about that. To the extent that seller’s costs exceed
the brokerage cost of selling publicly traded stock, in 10 years my buyer
will pay me less because of those costs, and therefore I must pay my
seller less because of my costs as a seller in Year 10. Additionally, the
process goes on forever, because in Year 20, my buyer becomes a seller
and faces the same problem.’’ Thus, we need to quantify the present value
of a periodic perpetuity of buyer’s transactions costs beginning with the
immediate sale and sellers’ transactions costs that begin with the second
sale of the business.64 In the next section we will develop the mathematics
necessary to do this.

Developing Formulas to Calculate DLOM Component #3. This
section contains some difficult mathematics, but ultimately we will arrive
at some very usable formulas that are not that difficult. It is not necessary
to follow all of the mathematics that gets us there, but it is worthwhile
to skim through the math to get a feel for what it means. In the Mathe-

62. We could run another regression to forecast investment banking fees. This was sight estimated.
One could also use a formula such as the Lehman Brothers formula to forecast investment
banking fees.

63. I thank R. K. Hiatt for the brilliant insight that the first two components of DLOM do not have
this characteristic and thus do not require this additional present value calculation.

64. One might think that the buyers’ transactions costs are not relevant the first time, because the
buyer has to put in due diligence time whether or not a transaction results. In individual
instances that is true, but in the aggregate, if buyers would not receive compensation for
their due diligence time, they would cease to buy private firms until the prices declined
enough to compensate them.
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matical Appendix we develop the formulas below step by step. In order
to avoid presenting volumes of burdensome math in the body of the
chapter, we present only occasional snapshots of the math—just enough
to present the conclusions and convey some of the logic behind it.

For simplicity, suppose that, on average, business owners hold the
business for 10 years and then sell. Every time an owner sells, he or she
incurs a transactions cost of z. The net present value (NPV) of the cash
flows to the business owner is:65

NPV � NPV � (1 � z)NPV (7-1)1�10 11��

Equation (7-1) states that the NPV of cash flows at Year 0 to the
owner is the sum of the NPV of the first 10 years’ cash flows and (1 �
z) times the NPV of all cash flows from Year 11 to infinity. If transactions
costs are 10% every time a business sells, then z � 10% and 1 � z �
90%.66 The first owner would have 10 years of cash flows undiminished
by transactions costs and then pay transactions costs of 10% of the NPV
at Year 10 of all future cash flows.

The second owner operates the business for 10 years and then sells
at Year 20. He or she pays transactions costs of z at Year 20. The NPV of
cash flows to the second owner is:

NPV � NPV � (1 � z)NPV (7-2)11�� 11�20 21��

Substituting (7-2) into equation (7-1), the NPV of cash flows to the
first owner is:

NPV � NPV � (1 � z)[NPV � (1 � z)NPV ] (7-3)1�10 11�20 21��

This expression simplifies to:
2NPV � NPV � (1 � z)NPV � (1 � z) NPV (7-4)1�10 11�20 21��

We can continue on in this fashion ad infinitum. The final expression
for NPV is:

�
i�1NPV � (1 � z) NPV (7-5)� [10(i�1)�1]�10i

i�1

The NPV is a geometric sequence. Using a Gordon model, i.e., as-
suming constant, perpetual growth, in the Mathematical Appendix, we
show that equation (7-5) solves to:

101 � g
1 � � �1 � r�1 � r

NPV � (7-6)TC 10r � g 1 � g� �1 � (1 � z)� � � �1 � r

where NPVTC is the NPV of the cash flows with the NPV of the trans-
actions costs that occur every 10 years removed, g is the constant growth

65. Read the hyphen in the following equation’s subscript text as the word ‘‘to,’’ i.e., the NPV from
one time period to another.

66. z is actually an incremental transaction cost, as we will explain later in the chapter.
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rate of cash flows, r is the discount rate, and cash flows are midyear.67

The end-of-year formula is the same, replacing the in the nu-�1 � r
merator with the number 1.

The NPV of the cash flows without removing the NPV of transactions
costs every 10 years is simply the Gordon model multiple of (�1 � r)/
(r � g), which is identical with the first term on the right-hand side of
equation (7-6). The discount for lack of marketability for transactions costs
is equal to:

NPVTCDLOM � 1 � (7-7)
NPV

The fraction in equation (7-7) is simply the term in the large braces
in equation (7-6). Thus, DLOM simplifies to:

101 � g
1 � � �1 � r 101 � x

D � 1 � � 1 � (7-8)10 101 � (1 � z)x1 � g� �1 � (1 � z)� � � �1 � r

where x � (1 � g)/(1 � r), D is the discount, and g � r, ⇒ 0 � x � 1.68

Equation (7-8) is the formula for the discount assuming a sale every
10 years. Instead of assuming a business sale every 10 years, now we let
the average years between sale be a random variable, j, which leads to
the generalized equation in (7-9) for sellers’ transactions costs:69

j1 � g
1 � � �1 � r j1 � x

D � 1 � � 1 �3B j j1 � (1 � z)x1 � g� �1 � (1 � z)� � � �1 � r

DLOM formula—sellers’ costs (7-9)

Using an end-of-year Gordon Model assumption instead of midyear
cash flows leads to the identical equation, i.e., equation (7-9) holds for
both.

Analysis of partial derivatives in the Mathematical Appendix shows
that the discount, i.e., DLOM, is always increasing with increases in
growth (g) and transactions costs (z) and is always decreasing with in-
creases in the discount rate (r) and the average number of years between
sales ( j). The converse is true as well. Decreases in the independent var-
iables have opposite effects on DLOM as increases do.

67. This appears as equation (A7-7) in the Mathematical Appendix.
68. This is identical with equation (A7-10) in the Mathematical Appendix.
69. This is identical with equation (A7-11) in the Mathematical Appendix. Note that we use the

plural possessive here because we are speaking about an infinite continuum of sellers (and
buyers).
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Equation (7-9) is the appropriate formula to use for quantifying the
sellers’ transactions costs, because it ignores the first sale, as discussed
above.70 The appropriate formula for quantifying the buyers’ transactions
costs incorporates an initial transaction cost at time zero instead of at
t � j. With this assumption, we would modify the above analysis by
changing the (1 � z)i�1 to (1 � z)i in equation (7-5). The immediate trans-
action equivalent formula of equation (7-9) for buyers’ transactions costs
is:71

j(1 � z)(1 � x )
D � 1 �3A j1 � (1 � z)x

generalized DLOM formula—buyers’ transactions costs 7-9a

Obviously, equation (7-9a), which assumes an immediate sale, results
in much larger discounts than equation (7-9), where the first sale occurs
j years later. Equation (7-9) constitutes the discount appropriate for sell-
ers’ transactions costs, while equation (7-9a) constitutes the discount ap-
propriate for buyers’ transactions costs. Thus, component #3 splits into
#3A and #3B because we must use different formulas to value them.72,73

A Simplified Example of Sellers’ Transactions Costs. Because ap-
praisers are used to automatically assuming that all sellers’ costs merely
reduce the net proceeds to the seller but have no impact on the fair market
value, the concept of periodic sellers’ costs that do affect FMV is poten-
tially very confusing. Let’s look at a very simplified example to make the
concept clear.

Consider a business that will sell once at t � 0 for $1,000 and once
at t � 10 years for $1,500, after which the owner will run the company
and eventually liquidate it. For simplicity, we will ignore buyers’ trans-
actions costs. We can model the thinking of the first buyer, i.e., at t � 0,
as follows: ‘‘When I eventually sell in Year 10, I’ll have to pay a business
broker $150. If I were selling publicly traded stock, I would have paid a
broker’s fee of 2% on the $1,500, or $30, so the difference is $130. Assum-
ing a 25% discount rate, the present value factor is 0.1074, and $130 �
0.1074 � $13.96 today. On a price of $1,000, the excess transactions costs
from my eventual sale are 1.396%, or approximately 1.4%. Formulas (7-
9) and (7-9a) extend this logic to cover the infinite continuum of trans-
actions every 10 years (or every j years, allowing the average selling pe-
riod to be a variable).

70. Note that we have shifted from speaking in the singular about the first seller to the plural in
speaking about the entire continuum of sellers throughout infinite time. We will make the
same shift in language with the buyers as well.

71. This is identical with equation (A7-11A) in the Mathematical Appendix.
72. An alternative approach is to use equation (7-9a) for both and subtract the first round seller’s

costs.
73. It is not that buyers and sellers sit around and develop equations like (7-9) and (7-9a) and run

them on their spreadsheets before making deals. One might think this complexity is silly,
because real-life buyers and sellers don’t do this. However, we are merely attempting to
model economically their combination of ideal rationality and intuition.
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Tables 7-12 and 7-13: Proving Formulas (7-9) and (7-9a). Tables
7-12 and 7-13 prove equations (7-9) and (7-9a), respectively. The two ta-
bles have identical structure and logic, so we will cover both of them by
explaining Table 7-12.

Column A shows 100 years of cash flow. While the formulas presume
perpetuities, the present value effect is so small that there is no relevant
present value after Year 100.

The assumptions of the model are: the discount rate is 20% (cell
B112), the perpetual growth rate is 5% (B113), sellers’ transactions costs
� z � 12% (B114),

1 � g 1.05
x � � � 0.875 (B115)

1 � r 1.2

and j, the average years between sales of the business, equals 10 years
(B116).

In B7 we begin with $1.00 of forecast cash flow in Year 1. The cash
flow grows at a rate of g � 5%. Thus, every cash flow in column B from
rows 8–106 equals 1.05 times the number above it. Column C is the pres-
ent value factor assuming midyear cash flows at a discount rate of 20%.
Column D, the present value of cash flows, equals column B � column
C.

Column E is the factor that tells us how much of the cash flows from
each year remains with the original owner after removing the seller’s
transactions costs. The buyer does not care about the seller’s transactions
costs, so only future sellers’ transactions costs count in this calculation.
In other words, the buyer cares about the transactions costs that he or
she will face in 10 years when he or she sells the business. In turn, he or
she knows that his or her own buyer eventually becomes a seller. There-
fore, each 10 years, or more generally, each j years, the cash flows that
remains with the original owner declines by a multiple of (1 � z). Its
formula is (1 � z)Int(Yr�1).

Thus, the first 10 years, 100% � 1.0000 (E7–E16) of the cash flows
with respect to sellers’ transactions costs remain with the original owner.
The next 10 years, Years 11–20, the original owner’s cash flows are re-
duced to (1 � z) � 88% (E17–E26) of the entire cash flow, with the 12%
being lost as sellers’ transactions costs to the second buyer. For Years 21–
30, the original owner loses another 12% to transactions costs for the third
buyer, so the value that remains is (1 � z)2 � (1 � 0.12)2 � 0.882 � 0.7744
(E27–E36). This continues in the same pattern ad infinitum.

Column F is the posttransactions costs present value of cash flows,
which is column D � column E. Thus, D17 � E17 � 0.240154 � 0.8800
� 0.2113356 (F17). We sum the first 100 years’ cash flows in F107, which
equals $7.0030. In other words, the present value of posttransactions costs
cash flows to the present owner of the business is $7.003. However, the
present value of the cash flows without removing transactions costs is
$7.3030 (D107). In F108 we calculate the discount as 1 � (F107/D108) �
1 � ($7.0030/$7.3030) � 4.1%.

In F109 we present the calculations according to equation (7-9), and
it, too, equals 4.1%. Thus we have demonstrated that equation (7-9) is
accurate.
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T A B L E 7-12

Proof of Equation (7-9)

A B C D E F G

4 (1 � z)	Int(Yr � 1) Post Tx
5 Cash PV Cash � Post-Trans PV Cash
6 Year Flow PVF Flow Costs Flow

7 1 1.0000 0.912871 0.912871 1.0000 0.9128709
8 2 1.0500 0.760726 0.798762 1.0000 0.7987621
9 3 1.1025 0.633938 0.698917 1.0000 0.6989168
10 4 1.1576 0.528282 0.611552 1.0000 0.6115522
11 5 1.2155 0.440235 0.535108 1.0000 0.5351082
12 6 1.2763 0.366862 0.468220 1.0000 0.4682197
13 7 1.3401 0.305719 0.409692 1.0000 0.4096922
14 8 1.4071 0.254766 0.358481 1.0000 0.3584807
15 9 1.4775 0.212305 0.313671 1.0000 0.3136706
16 10 1.5513 0.176921 0.274462 1.0000 0.2744618
17 11 1.6289 0.147434 0.240154 0.8800 0.2113356
18 12 1.7103 0.122861 0.210135 0.8800 0.1849186
19 13 1.7959 0.102385 0.183868 0.8800 0.1618038
20 14 1.8856 0.0852 0.160884 0.8800 0.1415783
15 15 1.9799 0.0711 0.140774 0.8800 0.1238810
22 16 2.0789 0.05925 0.123177 0.8800 0.1083959
23 17 2.1829 0.049375 0.107780 0.8800 0.0948464
24 18 2.2920 0.041146 0.094308 0.8800 0.0829906
25 19 2.4066 0.034288 0.082519 0.8800 0.0726168
26 20 2.5270 0.028574 0.072204 0.8800 0.0635397
27 21 2.6533 0.023811 0.063179 0.7744 0.0489256
28 22 2.7860 0.019843 0.055281 0.7744 0.0428099
29 23 2.9253 0.016536 0.048371 0.7744 0.0374586
30 24 3.0715 0.0138 0.042325 0.7744 0.0327763
31 25 3.2251 0.011483 0.037034 0.7744 0.0286793
32 26 3.3864 0.009569 0.032405 0.7744 0.0250944
33 27 3.5557 0.007974 0.028354 0.7744 0.0219576
34 28 3.7335 0.006645 0.024810 0.7744 0.0192129
35 29 3.9201 0.005538 0.021709 0.7744 0.0168113
36 30 4.1161 0.004615 0.018995 0.7744 0.0147099
37 31 4.3219 0.003846 0.016621 0.6815 0.0113266
38 32 4.5380 0.003205 0.014543 0.6815 0.0099108
39 33 4.7649 0.002671 0.012725 0.6815 0.0086719
40 34 5.0032 0.002226 0.011135 0.6815 0.0075879
41 35 5.2533 0.001855 0.009743 0.6815 0.0066394
42 36 5.5160 0.001545 0.008525 0.6815 0.0058095
43 37 5.7918 0.001288 0.007459 0.6815 0.0050833
44 38 6.0814 0.001073 0.006527 0.6815 0.0044479
45 39 6.3855 0.000894 0.005711 0.6815 0.0038919
46 40 6.7048 0.000745 0.004997 0.6815 0.0034054
47 41 7.0400 0.000621 0.004373 0.5997 0.0026222
48 42 7.3920 0.000518 0.003826 0.5997 0.0022944
49 43 7.7616 0.000431 0.003348 0.5997 0.0020076
50 44 8.1497 0.000359 0.002929 0.5997 0.0017567
51 45 8.5572 0.0003 0.002563 0.5997 0.0015371
52 46 8.9850 0.00025 0.002243 0.5997 0.0013449
53 47 9.4343 0.000208 0.001962 0.5997 0.0011768
54 48 9.9060 0.000173 0.001717 0.5997 0.0010297
55 49 10.4013 0.000144 0.001502 0.5997 0.0009010
56 50 10.9213 0.00012 0.001315 0.5997 0.0007884
57 51 11.4674 0.0001 0.001150 0.5277 0.0006071
58 52 12.0408 8.36E-05 0.001007 0.5277 0.0005312
59 53 12.6428 6.97E-05 0.000881 0.5277 0.0004648
59 54 13.2749 5.81E-05 0.000771 0.5277 0.0004067
61 55 13.9387 4.84E-05 0.000674 0.5277 0.0003558
62 56 14.6356 4.03E-05 0.000590 0.5277 0.0003114
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T A B L E 7-12 (continued)

Proof of Equation (7-9)

A B C D E F G

4 (1 � z)	Int(Yr � 1) Post Tx
5 Cash PV Cash � Post-Trans PV Cash
6 Year Flow PVF Flow Costs Flow

63 57 15.3674 3.36E-05 0.000516 0.5277 0.0002724
64 58 16.1358 2.8E-05 0.000452 0.5277 0.0002384
65 59 16.9426 2.33E-05 0.000395 0.5277 0.0002086
66 60 17.7897 1.94E-05 0.000346 0.5277 0.0001825
67 61 18.6792 1.62E-05 0.000303 0.4644 0.0001405
68 62 19.6131 1.35E-05 0.000265 0.4644 0.0001230
69 63 20.5938 1.13E-05 0.000232 0.4644 0.0001076
70 64 21.6235 9.38E-06 0.000203 0.4644 0.0000941
71 65 22.7047 7.81E-06 0.000177 0.4644 0.0000824
72 66 23.8399 6.51E-06 0.000155 0.4644 0.0000721
73 67 25.0319 5.43E-06 0.000136 0.4644 0.0000631
74 68 26.2835 4.52E-06 0.000119 0.4644 0.0000552
75 69 27.5977 3.77E-06 0.000104 0.4644 0.0000483
76 70 28.9775 3.14E-06 0.000091 0.4644 0.0000423
77 71 30.4264 2.62E-06 0.000080 0.4087 0.0000325
78 72 31.9477 2.18E-06 0.000070 0.4087 0.0000285
79 73 33.5451 1.82E-06 0.000061 0.4087 0.0000249
80 74 35.2224 1.51E-06 0.000053 0.4087 0.0000218
81 75 36.9835 1.26E-06 0.000047 0.4087 0.0000191
82 76 38.8327 1.05E-06 0.000041 0.4087 0.0000167
83 77 40.7743 8.76E-07 0.000036 0.4087 0.0000146
84 78 42.8130 7.3E-07 0.000031 0.4087 0.0000128
85 79 44.9537 6.09E-07 0.000027 0.4087 0.0000112
86 80 47.2014 5.07E-07 0.000024 0.4087 0.0000098
87 81 49.5614 4.23E-07 0.000021 0.3596 0.0000075
88 82 52.0395 3.52E-07 0.000018 0.3596 0.0000066
89 83 54.6415 2.93E-07 0.000016 0.3596 0.0000058
90 84 57.3736 2.45E-07 0.000014 0.3596 0.0000050
91 85 60.2422 2.04E-07 0.000012 0.3596 0.0000044
92 86 63.2544 1.7E-07 0.000011 0.3596 0.0000039
93 87 66.4171 1.42E-07 0.000009 0.3596 0.0000034
94 88 69.7379 1.18E-07 0.000008 0.3596 0.0000030
95 89 73.2248 9.83E-07 0.000007 0.3596 0.0000026
96 90 76.8861 8.19E-08 0.000006 0.3596 0.0000023
97 91 80.7304 6.82E-08 0.000006 0.3165 0.0000017
98 92 84.7669 5.69E-08 0.000005 0.3165 0.0000015
99 93 89.0052 4.74E-08 0.000004 0.3165 0.0000013
100 94 93.4555 3.95E-08 0.000004 0.3165 0.0000012
101 95 98.1283 3.29E-08 0.000003 0.3165 0.0000010
102 96 103.0347 2.74E-08 0.000003 0.3165 0.0000009
103 97 108.1864 2.29E-08 0.000002 0.3165 0.0000008
104 98 113.5957 1.9E-08 0.000002 0.3165 0.0000007
105 99 119.2755 1.59E-08 0.000002 0.3165 0.0000006
106 100 125.2393 1.32E-08 0.000002 0.3165 0.0000005

107 Totals $7.3030 $7.0030

108 Discount � 1 � (F107/D107) 4.1%
109 Discount-By Formula [1] 4.1%

111 Parameters Sensitivity Analysis

112 r 20% Avg Yrs Between Sales

113 g 5% 8 10 12
114 z 12% 18% 7.2% 5.1% 3.8%
115 x � (1 � g)/

(1 � r)
87.50% 20% 5.9% 4.1% 2.9%

116 j � yrs to sale 10 22% 4.9% 3.3% 2.3%

[1] Formula For Discount: 1 � ((1 � x	j)/((1 � (1 � z)*x	j)))
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Table 7-13 is identical to Table 7-12, except that it demonstrates the
accuracy of equation (7-9a), which is the formula appropriate for buyers’
transactions costs. Buyers care about their own transactions costs from
the outset. Therefore, the continuum of buyers’ transactions costs begins
immediately. Thus, E7 to E16 equal 0.88 in Table 7-13, while they were
equal to 1.00 in Table 7-12.

The discount in Table 7-13 is considerably larger—15.6%, which we
calculate in F108 using the ‘‘brute force’’ method and in F109 using equa-
tion (7-9a). The spreadsheet formula appears in note [1] as it also does in
Table 7-12. Table 7-13 thus demonstrates the accuracy of equation
(7-9a).

Value Remaining Formula and the Total Discount. The fraction in
(7-9) is the percentage of value that remains after removing the perpetuity
of transactions costs. Equation (7-10) shows the equation for the value
remaining, denoted as VR:

j1 � x
VR � valuing remaining formula (7-10)j1 � (1 � z)x

We can multiply all three value remaining figures for each of the
three components, and the result is the value remaining for the firm over-
all. The final discount is then one minus the value remaining for the firm
overall.

Next we will demonstrate the final calculation of DLOM.

Table 7-14: Sample Calculation of DLOM
Table 7-14 is an example of calculating DLOM for a privately held

firm with a $5 million FMV on a marketable minority basis. Column B is
the pure discount of each component as calculated according to the meth-
odology in the previous tables. Component #1, the discount due to the
delay to sale, is equal to 13.4% (B9), which comes from Table 7-10, cell
D12. Component #2, monopsony power to the buyer, equals 9% (B10),
per our discussion of Schwert’s article earlier in this chapter. Component
#3A, buyers’ transactions costs, equals 3.7% (Table 7-11, I73) for private
buyers, minus the approximately 1% brokerage fee to buy a $5 million
interest in publicly traded stocks � 2.7% (B11). Component #3B, sellers’
transactions costs, equals 8.4% (Table 7-11, I74) for private buyers minus
the approximate 1% brokerage fee to buy publicly traded stocks � 7.4%
(B12). The reason that we subtract stock market transactions costs from
the private market transactions costs is that we are using public market
values as our basis of comparison, i.e., our point of reference.

Column C is the present value of the perpetual discount, which
means that for Components #3A and #3B, we quantify the infinite peri-
odic transactions costs. Using equations (7-9a) for the buyers and (7-9)
for the sellers, the 2.7% (B11) pure discount for buyers results in a net
present value of buyers’ transactions costs of 3.6% (C11), and the 7.4%
(B12) pure discount for sellers results in a net present value of sellers’
transactions costs of 2.4% (C12). Again, that excludes the seller’s costs
on the assumed sale to the hypothetical buyer at t � 0. The first two
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T A B L E 7-13

Proof of Equation (7-9a)

A B C D E F G

4 (1 � z)	Int(Yr � 1) Post Tx
5 Cash PV Cash � Post-Trans PV Cash
6 Year Flow PVF Flow Costs Flow

7 1 1.0000 0.912871 0.912871 0.8800 0.8033264
8 2 1.0500 0.760726 0.798762 0.8800 0.7029106
9 3 1.1025 0.633938 0.698917 0.8800 0.6150468
10 4 1.1576 0.528282 0.611552 0.8800 0.5381659
11 5 1.2155 0.440235 0.535108 0.8800 0.4708952
12 6 1.2763 0.366862 0.468220 0.8800 0.4120333
13 7 1.3401 0.305719 0.409692 0.8800 0.3605291
14 8 1.4071 0.254766 0.358481 0.8800 0.3154630
15 9 1.4775 0.212305 0.313671 0.8800 0.2760301
16 10 1.5513 0.176921 0.274462 0.8800 0.2415264
17 11 1.6289 0.147434 0.240154 0.7744 0.1859753
18 12 1.7103 0.122861 0.210135 0.7744 0.1627284
19 13 1.7959 0.102385 0.183868 0.7744 0.1423873
20 14 1.8856 0.08532 0.160884 0.7744 0.1245889
21 15 1.9799 0.0711 0.140774 0.7744 0.1090153
22 16 2.0789 0.05925 0.123177 0.7744 0.0953884
23 17 2.1829 0.049375 0.107780 0.7744 0.0834648
24 18 2.2920 0.041146 0.094308 0.7744 0.0730317
25 19 2.4066 0.034288 0.082519 0.7744 0.0639028
26 20 2.5270 0.028574 0.072204 0.7744 0.0559149
27 21 2.6533 0.023811 0.063179 0.6815 0.0430545
28 22 2.7860 0.019843 0.055281 0.6815 0.0376727
29 23 2.9253 0.016536 0.048371 0.6815 0.0329636
30 24 3.0715 0.0138 0.042325 0.6815 0.0288431
31 25 3.2251 0.011483 0.037034 0.6815 0.0252378
32 26 3.3864 0.009569 0.032405 0.6815 0.0220830
33 27 3.5557 0.007974 0.028354 0.6815 0.0193227
34 28 3.7335 0.006645 0.024810 0.6815 0.0169073
35 29 3.9201 0.005538 0.021709 0.6815 0.0147939
36 30 4.1161 0.004615 0.018995 0.6815 0.0129447
37 31 4.3219 0.003846 0.016621 0.5997 0.0099674
38 32 4.5380 0.003205 0.014543 0.5997 0.0087215
39 33 4.7649 0.002671 0.012725 0.5997 0.0076313
40 34 5.0032 0.002226 0.011135 0.5997 0.0066774
41 35 5.2533 0.001855 0.009743 0.5997 0.0058427
42 36 5.5160 0.001545 0.008525 0.5997 0.0051124
43 37 5.7918 0.001288 0.007459 0.5997 0.0044733
44 38 6.0814 0.001073 0.006527 0.5997 0.0039142
45 39 6.3855 0.000894 0.005711 0.5997 0.0034249
46 40 6.7048 0.000745 0.004997 0.5997 0.0029968
47 41 7.0400 0.000621 0.004373 0.5277 0.0023075
48 42 7.3920 0.000518 0.003826 0.5277 0.0020191
49 43 7.7616 0.000431 0.003348 0.5277 0.0017667
50 44 8.1497 0.000359 0.002929 0.5277 0.0015459
51 45 8.5572 0.0003 0.002563 0.5277 0.0013526
52 46 8.9850 0.00025 0.002243 0.5277 0.0011835
53 47 9.4343 0.000208 0.001962 0.5277 0.0010356
54 48 9.9060 0.000173 0.001717 0.5277 0.0009062
55 49 10.4013 0.000144 0.001502 0.5277 0.0007929
56 50 10.9213 0.00012 0.001315 0.5277 0.0006938
57 51 11.4674 0.0001 0.001150 0.4644 0.0005342
58 52 12.0408 8.36E-05 0.001007 0.4644 0.0004674
59 53 12.6428 6.97E-05 0.000881 0.4644 0.0004090
60 54 13.2749 5.81E-05 0.000771 0.4644 0.0003579
61 55 13.9387 4.84E-05 0.000674 0.4644 0.0003131
62 56 14.6356 4.03E-05 0.000590 0.4644 0.0002740
63 57 15.3674 3.36E-05 0.000516 0.4644 0.0002397
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T A B L E 7-13 (continued)

Proof of Equation (7-9a)

A B C D E F G

4 (1 � z)	Int(Yr � 1) Post Tx
5 Cash PV Cash � Post-Trans PV Cash
6 Year Flow PVF Flow Costs Flow

64 58 16.1358 2.8E-05 0.000452 0.4644 0.0002098
65 59 16.9426 2.33E-05 0.000395 0.4644 0.0001836
66 60 17.7897 1.94E-05 0.000346 0.4644 0.0001606
67 61 18.6792 1.62E-05 0.000303 0.4087 0.0001237
68 62 19.6131 1.35E-05 0.000265 0.4087 0.0001082
69 63 20.5938 1.13E-05 0.000232 0.4087 0.0000947
70 64 21.6235 9.38E-06 0.000203 0.4087 0.0000829
71 65 22.7047 7.81E-06 0.000177 0.4087 0.0000725
72 66 23.8399 6.51E-06 0.000155 0.4087 0.0000634
73 67 25.0319 5.43E-06 0.000136 0.4087 0.0000555
74 68 26.2835 4.52E-06 0.000119 0.4087 0.0000486
75 69 27.5977 3.77E-06 0.000104 0.4087 0.0000425
76 70 28.9775 3.14E-06 0.000091 0.4087 0.0000372
77 71 30.4264 2.62E-06 0.000080 0.3596 0.0000286
78 72 31.9477 2.18E-06 0.000070 0.3596 0.0000251
79 73 33.5451 1.82E-06 0.000061 0.3596 0.0000219
80 74 35.2224 1.51E-06 0.000053 0.3596 0.0000192
81 75 36.9835 1.26E-06 0.000047 0.3596 0.0000168
82 76 38.8327 1.05E-06 0.000041 0.3596 0.0000147
83 77 40.7743 8.76E-07 0.000036 0.3596 0.0000128
84 78 42.8130 7.3E-07 0.000031 0.3596 0.0000112
85 79 44.9537 6.09E-07 0.000027 0.3596 0.0000098
86 80 47.2014 5.07E-07 0.000024 0.3596 0.0000086
87 81 49.5614 4.23E-07 0.000021 0.3165 0.0000066
88 82 52.0395 3.52E-07 0.000018 0.3165 0.0000058
89 83 54.6415 2.93E-07 0.000016 0.3165 0.0000051
90 84 57.3736 2.45E-07 0.000014 0.3165 0.0000044
91 85 60.2422 2.04E-07 0.000012 0.3165 0.0000039
92 86 63.2544 1.7E-07 0.000011 0.3165 0.0000034
93 87 66.4171 1.42E-07 0.000009 0.3165 0.0000030
94 88 69.7379 1.18E-07 0.000008 0.3165 0.0000026
95 89 73.2248 9.83E-07 0.000007 0.3165 0.0000023
96 90 76.8861 8.19E-08 0.000006 0.3165 0.0000020
97 91 80.7304 6.82E-08 0.000006 0.2785 0.0000015
98 92 84.7669 5.69E-08 0.000005 0.2785 0.0000013
99 93 89.0052 4.74E-08 0.000004 0.2785 0.0000012
100 94 93.4555 3.95E-08 0.000004 0.2785 0.0000010
101 95 98.1283 3.29E-08 0.000003 0.2785 0.0000009
102 96 103.0347 2.74E-08 0.000003 0.2785 0.0000008
103 97 108.1864 2.29E-08 0.000002 0.2785 0.0000007
104 98 113.5957 1.9E-08 0.000002 0.2785 0.0000006
105 99 119.2755 1.59E-08 0.000002 0.2785 0.0000005
106 100 125.2393 1.32E-08 0.000002 0.2785 0.0000005

107 Totals $7.3030 $6.1626

108 Discount � 1 � (F107/D107) 15.6%
109 Discount-By Formula [1] 15.6%

111 Parameters Sensitivity Analysis

112 r 20% Avg Yrs Between Sales

113 g 5% 8 10 12
114 z 12% 18% 18.3% 16.5% 15.3%
115 x � (1 � g)/

(1 � r)
87.50% 20% 17.2% 15.6% 14.6%

116 j � yrs to sale 10 22% 16.3% 14.9% 14.0%

[1] Formula For Discount: 1 � ((1 � x	j)/((1 � (1 � z)*x	j)))
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T A B L E 7-14

Sample Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount for Lack of Marketability

6

7
8 Component

Pure Discount
� z [1]

PV of Perpetual
Discount [2]

� 1 � Col. [C]

Remaining
Value

9 1 13.4% 13.4% 86.6% Delay To sale-1 yr (Table 7-10, D12)
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 2.7% 3.6% 96.4% Transactions costs-buyers
12 3B 7.4% 2.4% 97.6% Transactions costs-sellers
13 Percent remaining 76.9% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 23.1% Discount � 1 � Total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $5,000,000
19 Discount rate � r [3] 23.0%
20 Constant growth rate � g 7.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.8699
22 Avg # years between sales � j 10

24 Section 3: Sensitivity Analysis

26 j � Average Years Between Sales

27 j � 5 10 15 20
28 Discount 26.6% 23.1% 22.0% 21.6%

[1] Pure discounts: for component #1, Table 7-10, cell D12; for component #2, 9% per Schwert article. For component #3A and #3B, Table 7-11, cells I73 and I74 � 1% for public
brokerage costs.
[2] PV of perpetual discount formula: 1 � (1 � x	j)/((1 � (1 � z)*x	j)), per equation (7-9), used for component #3B. PV of perpetual discount formula: 1 � (1 � z)*(1 � x	j)/((1 � (1
� z)*x	j)), per equation (7-9a), used for component #3A. Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.4172 � (.01204 ln FMV), based on Table 4-1

components, as mentioned earlier, do not repeat through time, so their
perpetual discount is equal to their pure discount. Thus, C9 � B9 and
C10 � B10.

Column D is the remaining value after subtracting the perpetual dis-
count column from one, i.e., Column D � 1 � Column C. We multiply
D9 � D10 � D11 � D12 � D13 � 76.9%. The Final Discount is 1 �
Remaining Value � 1 � 76.9% (D13) � 23.1% (D14).

The sensitivity analysis in section 3, row 28 of the table shows how
the final discount varies with different assumptions of j � the average
number of years between sales. At j � 10 years, it appears that DLOM is
more sensitive to reducing j than increasing it. At j � 5, the discount
increased from 23.1% (at j � 10) to 26.6%, whereas it only dropped
slightly for j � 15 and 20–22.0% and 21.6%, respectively.

Evidence from the Institute of Business Appraisers
In Chapter 10, we examine data published by Raymond Miles, founder
of the Institute of Business Appraisers (IBA), and apply log size discount
rates and the DLOM calculations in this chapter to determine how well
the they explain price/earnings multiples of real world sales of small
businesses. The evidence in Chapter 10 is that within an order of mag-
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rate of return (discount rate) implied in the valuation of an enterprise and
the expected returns attributable to minority investors of that enterprise.
There can be many sources of these differentials, several of which were
noted above [in the text of the article leading to this point].

In most cases in which the QMDM is applied, there is a differential
between the expected growth rate in value assumed and the required
holding period return (discount rate) applied. This differential is the pri-
mary source of discounting using the QMDM. Several of my colleagues
have pointed to this aspect of the QMDM. Their comments range from:
(1) Mercer’s Bermuda Triangle of disappearing value; to (2) there should
be no difference at all; to (3) using the range of specific illiquidity dis-
counts used in Chapter 10 of Quantifying Marketability Discounts (roughly
1.5–5.0% or so), when applied to the base equity discount rate (as a proxy
for the expected growth rate), should yield much smaller marketability
discounts than implied by the QMDM. Note that the essence of this third
criticism [which is Mr. Abrams’ criticism] is that the differential between
the expected growth rate in value and the discount rate used would be
only 1.5–5.0% or so in this case.

The criticisms seem to reflect a lack of understanding of the concep-
tual workings of the QMDM and a lack of familiarity with its consistency
with existing empirical research. We can rely on market evidence from
the various restricted stock studies to support the need for a differential
in the expected growth rate and the required holding period return (dis-
count) rate. The implications of two recent restricted stock studies are
illustrated next, followed by a similar analysis of actual appraisals using
the QMDM.

The Management Planning Study, ‘‘Analysis of Restricted Stocks of
Public Companies (1980–1995), was published, with permission of Man-
agement Planning, Inc. (‘‘MPI’’), as Chapter 12 of Quantifying Marketability
Discounts. The median and average restricted stock discounts in the MPI
study were 27.7% and 28.9%, respectively. For this analysis we will round
the average to 30%.74 We can further assume that the typical expected
holding period before the restrictions of Rule 144 were lifted was on the
order of 2.5 years, or 2 years plus a reasonable period to sell the shares
into the market.

A recently published study by Bruce A. Johnson, ASA (Johnson 1999)
focusing on transactions in the 1991–1995 timeframe yields a smaller av-
erage restricted stock discount of 20%. We will consider the implications
of the Johnson study using a shorter two-year holding period (versus the
MPI average of a 30% average discount and a 2.5-year holding period).
Tables 7-15 and 7-16 use the MPI study and Table 7-17 uses the Johnson
study to illustrate the differential between the expected growth of public
companies and the discount rate embedded in their average restricted
stock pricing.

74. The average of the averages of the 10 restricted stock studies discussed in Chapters 2 and 12 of
Quantifying Marketability Discounts is 31%.
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T A B L E 7-15a

Assume market price of public entity $1.00
Average management planning discount (rounded) 30.0% ($0.30)

Assumed purchase price of restricted shares $0.70

Holding period until restricted shares are freely tradable (years) 2.5

aUsing the MPI study 30% average discount.

T A B L E 7-16a

Assumed
Expected
Growth in
Value (G)

Expected
Future
Value in
2.5 Years

Implied
Return for
Holding
Period (R)

Annualized
Incremental Return
Attributable to
Restricted Stock
Discount (R � G)

0% $1.00 15.3% 15.3%
5% $1.13 21.1% 16.1%
10% $1.27 26.9% 16.9%
15% $1.42 32.7% 17.7%
20% $1.58 38.5% 18.5%
25% $1.75 44.3% 19.3%
30% $1.93 50.0% 20.0%

aUsing the MPI study 30% average discount and a 2.5 year holding period.

Now we can examine a variety of assumptions about the ‘‘average’’
restricted stock transaction in the Management Planning study.75 The av-
erage public price has been indexed to $1.00 per share. As a result, the
average restricted stock transaction price, as indexed, is $0.70 per share.

We can estimate the implied returns that were required by investors
in restricted stocks based on a variety of assumptions about the expected
growth rates in value (or the expected returns of the publicly traded
stocks). For purposes of this analysis we have assumed that the consensus
expectations for the public stock returns were somewhere in the range of
0% (no expected appreciation) to 30% compounded. The most relevant
portion of this range likely begins at about 10% since stocks expected to
appreciate less than that were probably not attractive for investments in
their restricted shares. See Table 7-16.

Note that the implied holding period returns for the restricted stock
transactions, on average, ranged from about 27% per year compounded
(with value growing at 10%) to 50% per year compounded (with expected
growth of 30%). As noted in Chapter 8 of Quantifying Marketability Dis-

75. This analysis is for purposes of illustration only. Chapters 2 and 3 of Quantifying Marketability
Discounts raise significant questions about reliance on averages of widely varying
transactions indications for both the restricted stock and the pre-IPO studies.
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T A B L E 7-17a

Assumed
Expected
Growth in
Value (G)

Expected
Future
Value in
2.0 Years

Implied
Return for
Holding
Period (R)

Annualized
Incremental Return
Attributable to
Restricted Stock
Discount (R � G)

0% $1.00 11.8% 11.8%
5% $1.10 17.4% 12.4%
10% $1.21 23.0% 13.0%
15% $1.32 28.6% 13.6%
20% $1.44 34.2% 14.2%
25% $1.56 39.8% 14.8%
30% $1.69 45.3% 15.3%

aUsing the Johnson study 20% average discount and a 2 year holding period.

counts, the implied returns are in the range of expected venture capital
returns for initial investments (not average venture capital returns, which
include unsuccessful investments). Interestingly, the differential between
the implied holding period returns above and the expected growth rate
in values used are quite high, ranging from 15.3–20.0%.

This analysis is ex post. We do not know how the actual investment
decisions were made in the transactions included in the Management
Planning study or any of the restricted stock studies. But, ex post, it is
clear that the investors in the ‘‘average’’ restricted stock transactions were,
ex ante, either: (1) placing very high discount rates on their restricted
stock transactions (ranging from 15–20% in excess of the expected returns
of the public companies they were investing in; (2) questioning the con-
sensus expectations for returns; or (3) some combination of 1 and 2.

The Johnson study cited above focused on transactions in the 1991–
1995 timeframe when the Rule 144 restriction period was still two years
in length. If we assume an index price of $0.80 per share ($1.00 per share
freely tradable price less the 20% average discount) and a holding period
of two years (and instant liquidity thereafter) and replicate our analysis
of Table 7-16 we obtain the following result in Table 7-17.

Even with a shortened assumed holding period and a smaller aver-
age restricted stock discount, the implied required returns for the Johnson
study are in the range of 23–45% for companies assumed to be growing
at 10–30% per year. And the average differential between this calculated
discount rate and the expected growth rate of the investment companies
is in the range of 13.0–15.3%.

We can make several observations about the seemingly high differ-
entials between the restricted stock investors’ required returns and the
expected value growth of the typical entity:

● The average discounts appear to be indicative of defensive
pricing.

● The discounts would likely ensure at least a market return if the
expected growth is not realized.

● Very high implied returns are seen as expected growth increases,
suggesting that high growth is viewed with skepticism.
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T A B L E 7-18

Summary of Results of Applying the QMDM in 10 Example Appraisals

Example
Holding
Period

Average
Required

Holding Period
Return (R)

Expected
Growth in Value
Assumed (G)

(R � G)
Difference

Dividend
Yield

Concluded
Marketability
Discount

1 5–8 years 20.0% 10.0% 10.0% 0.0% 45.0%
2 5–9 years 20.5% 4.0% 16.5% 8.8% 25.0%
3 7–15 years 18.5% 7.0% 11.5% 8.0% 15.0%
4 1.5–5 years 19.5% 7.5% 12.0% 0.0% 20.0%
5 5–10 years 20.5% 9.8% 10.7% 3.2% 40.0%
6 5–10 years 18.5% 10.0% 8.5% 2.1% 25.0%
7 5–15 years 19.5% 6.0% 13.5% 0.0% 60.0%
8 10–15 years 19.5% 5.0% 14.5% 10.0% 25.0%
9 10 years 26.4% 5.0% 21.4% 0.6% 80.0%
10 3–5 years 22.5% 6.0% 16.5% 0.0% 35.0%

Averages 20.5% 7.0% 13.5% 3.3% 37.0%
Medians 19.8% 6.5% 12.8% 1.4% 30.0%

Source: Quantifying Marketability Discounts, Chapter 10

● The implied incremental returns of R over expected G are
substantial at any level, suggesting that the base ‘‘cost’’ of 2.0 or
2.5 years of illiquidity is quite expensive.

Given varying assumptions about holding periods longer than 2.5
years and allowing for entities that pay regular dividends, we would
expect some variation from the premium range found in appraisals of
private company interests.

By way of comparison, we have made the same calculations for the
example applications of the QMDM from Chapter 10 of Quantifying Mar-
ketability Discounts.

As noted in Table 7-18, the range of differences between the average
required returns and the expected growth rates in value assumed in the
10 appraisals was from 8.5–21.4%, with an average of about 13%. The
table also indicates the range of other assumptions that yielded the con-
cluded marketability discounts in the illustrations. I believe that these
results, which came from actual appraisals, are generally consistent with
the market evidence gleaned from the restricted stock studies above. In-
deed, the premium returns required by the restricted stock investors, on
average, exceed those applied in the above examples, suggesting the con-
clusions yielded conservative (i.e., relatively low) marketability discounts
on average. [section omitted]

Conclusion
The QMDM, which is used primarily in valuing (nonmarketable) minor-
ity interests of private companies, develops concrete estimates of expected
growth in value of the enterprise and reasonable estimates of additional
risk premia to account for risks faced by investors in nonmarketable mi-
nority interests of companies. In its fully developed form, it incorporates
expectations regarding distributions to assist appraisers in reaching log-
ical, supportable, and reasonable conclusions regarding the appropriate
level of marketability discounts for specific valuations.
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The unpublished [and Mr. Abrams’] criticisms of the QMDM out-
lined above are, I believe, not correct. They do not recognize the critical
distinctions that appraisers must draw between their analyses in valuing
companies and valuing minority interests in those companies. And they
do not consider the implications of the market evidence of required re-
turns provided by the familiar restricted stock studies.

Marketable minority (and controlling interest) appraisals are devel-
oped based on the capitalized expected cash flows of businesses, or en-
terprises. Minority interests in those businesses must be valued based
on consideration of the cash flows expected to be available to minority
investors. The QMDM allows the business appraiser to bridge the gap
between these two cash flow concepts, enterprise and shareholder, to
develop reasoned and reasonable valuation conclusions at the non-
marketable minority interest level.

My Counterpoints
In responding to Mr. Mercer’s rebuttal, it is clear that we will need a
specific numerical example to make my criticism clear of the QMDM’s
inability to forecast restricted stock discounts.

Table 7-19, columns H and I, which we take from Mercer’s Chapter
10, Example 1, show his calculation of the required holding period return
of a minority stake for a private, closely held C corporation. The corpo-
ration is expected to grow in value by 10% each year mainly through an
increase in earnings. It is not expected to pay dividends, and the majority
owner is expected to retire and sell the business in five to eight years.

In columns K and L we show our own calculation of a restricted
stock’s required holding period return using Mercer’s Example 1 as a
guide. Our purpose is to show that the QMDM cannot even come close
to forecasting ex ante the ex post discount rates of 27–50% from Table
7-16 that are necessary to explain restricted stock discounts using the
QMDM.

We assume a non-dividend-paying stock with an equivalent base eq-
uity discount rate as the stock in Mercer’s example of 16.7% (row 14). It
is in the investment specific risk premiums where the restricted stock
differs from the private minority shares. The restricted stock should be
much easier to sell than a minority stake in a private closely held C
corporation, since the ability to sell at the then-market rate in 2.5 years
is guaranteed and public minority shareholder rights are generally better
protected they are in private firms. We therefore reduce this premium for
illiquidity from the premium in Mercer’s example of between 1 and 2%
(H18 and I18) to 0% (K18, L18) for the restricted stock. While it is possible
that the restricted stocks should have a positive premium for this factor,
they are nevertheless far more liquid than all of the private firms in Mer-
cer’s examples. If we should increase K18 and L18 to, say, 1%, then we
should increase H18 and I18 to at least 2–3%, respectively, or probably
higher yet.

Relative to the private C corporation shares, the expected holding
period for the restricted stock is short and certain. We therefore reduce
the premium for holding period uncertainty from between 0 and 1% (H19
and I19) for Example 1 to 0 (K19, L19) for the restricted shares. As both
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T A B L E 7-19

QMDM Comparison of Restricted Stock Discount Rate versus Mercer Example 1

A B C D E F G H I J K L

5 Mercer Example
1

Restricted Stock

6 Range of
Returns

Range of
Returns

7 Components of the Required Holding Period Return Lower Higher Lower Higher

8 Base equity discount rate (adjusted capital asset pricing model)
9 Current yield-to-maturity composite long term treasuries 6.7% 6.7% 6.7% 6.7%
10 � Adjusted Ibbotson large stock premium 6.5%
11 � applicable beta statistic � 1

12 � Beta adjusted large stock premium 6.5% 6.5% 6.5% 6.5%

13 � Adjusted Ibbotson small stock premium 3.5% 3.5% 3.5% 3.5%

14 Base equity discount rate 16.7% 16.7% 16.7% 16.7%

17 Investment Specific Risk Premiums

18 General illiquidity of the investment [1] 1.0% 2.0% 0.0% 0.0%
19 Uncertainties related to length of expected holding period [2] 0.0% 1.0% 0.0% 0.0%
20 Lack of expected interim cash flows [3] 0.5% 1.0% 0.5% 1.0%
21 Small shareholder base [4] 0.0% 1.0% 0.0% 0.0%

22 Range of specific risk premiums for the investment 1.5% 5.0% 0.5% 1.0%

24 Initial range of required returns 18.2% 21.7% 17.2% 17.7%

26 Concluded range of required holding period returns (rounded) 18.0% 22.0% 17.0% 18.0%

[1] The restricted stock should be much easier to sell than a minority stake in a private closely held C corporation, since public minority shareholder rights are generally better protected.
While it is possible that the restricted stocks should have a positive premium for this factor, they are nevertheless far more liquid than all of the private firms in Mercer’s examples. If we
should increase K18 and L18 to 1%, then we should increase H18 and I18 to at least 2% to 3% or probably higher yet.
[2] Relative to the private shares, the expected holding period for the restricted stock is short and certain.
[3] We assume a non dividend paying restricted stock. The example also concerned a non dividend paying C corporation. We therefore assign the same risk premium for this factor.
[4] The restricted stock shares are shares of public corporations, which in general have large shareholder bases.

investments are expected to pay no dividends, there is no difference in
the premium for lack of expected interim cash flows (Row 20), although
the latter experiences that lack of dividends for a far shorter and much
more certain time period, which could well justify a lower premium than
the former.

At this point I can digress to pose my objections to the first two
factors. General illiquidity of the investment is a very fuzzy term. It can mean
almost anything. There is no empirical measure of it. Therefore, it can be
almost anything that one wants it to be—which I admit has its advan-
tages in practical application, but it’s not good science. It is also unclear
where general illiquidity stops and uncertainties in the holding period
begin. Do they overlap? How does one prevent him- or herself from
double-counting them? That is a problem with loosely-defined terms.

Returning to the main train of thought, the private, closely held C
corporation would have a much smaller shareholder base than the re-
stricted stock corporations. We therefore reduce the premium for a small
shareholder base from between 0 and 1% (H21 and I21) for Example 1 to
0 (K21, L21) for the restricted stock. The total specific risk premium for
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the restricted stock comes to 0.5% (K22) to 1.0% (L22) versus the 1.5%
(H22) to 5% (I22) for the private shares. After adding the base equity
discount rates and rounding, we arrive at a concluded range of required
holding period returns of 18–22% and 17–18% (Row 26) for Mercer’s
Example 1 and the restricted stock, respectively.

Next we need to determine the expected growth rate in value of the
unrestricted marketable minority shares. Since there are no dividends, the
expected growth rate must be equal to the discount rate—by definition.76

In this example the equity discount rate of the unrestricted marketable
shares or the ‘‘base equity discount rate’’ is 16.7%.

Let’s now calculate the QMDM discount on the restricted stock with
the following assumptions:

1. A midrange (of K26 and L26) required holding period return of
17.5%.

2. The 2.5-year average holding period.
3. The growth rate in value of 16.7%.

The calculation is as follows:

12.5DLOM � 1 � (FV � PVF) � 1 � 1.167 � � 1.7%� �2.51.175

Assuming the correct discount is 30%, the QMDM is almost 95% too low!

Mercer’s Response
After reviewing Mr. Abrams’ response to my rebuttal of his criticism of
the QMDM, it is apparent that he and I continue to disagree over how
the QMDM is applied in practice. The average marketability discounts in
the 10 examples cited in my rebuttal of his criticism was 37%, and the
median discount was 30%, not 1.7%. Mr. Abrams’ mistake is in assuming
that the discount rate embedded in the pricing of a publicly traded stock
is the required return of restricted stock investors. The fact that the av-
erage restricted stock discount is 30% or so indicates that investors have
extracted a significant premium in return relative to the expected returns
of the counterpart publicly traded securities.

What may be true ‘‘by definition’’ in a perpetuity calculation may
well not be true for shorter holding periods. The QMDM deals, not with
perpetuity calculations, but with investor assessments of expected cash
flows over finite time horizons. And it makes explicit the assumptions
made about the relationship between the expected growth in value of
investments and the required returns of investors in those investments. I
maintain that the model does indeed provide an excellent tool for esti-
mating marketability discounts (from an estimated freely traded value)
for minority interests in closely held companies.

76. This is the discount rate applicable to marketable minority shares, not the higher discount rate
applicable to illiquid shares, i.e., the required holding period return.
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Conclusion

We have reviewed the professional and some of the academic literature
dealing with control premiums and DLOM. My opinion is that with our
current information set, we should use control premiums in the 21–28%
range. We developed this as being three to four times the value of the
voting rights premium adjusted to U.S. laws and for liquidity differences
between voting and nonvoting stock. This measure is consistent with the
median going private premium of 24.1% (Table 7-1, E21), although it is
preferable to make a clean separation of expected performance improve-
ments, which increase the ‘‘top line,’’ i.e., cash flows, versus the pure
value of control, which is represented by a reduction in the discount rate.

We reviewed three quantitative models of DLOM: Mercer’s, Kas-
per’s, and Abrams’. The QMDM was unable to provide any meaningful
restricted stock discounts for the Management Planning, Inc. data, as dis-
counting modest risk premiums for two to three years provides little var-
iation in discount. Abrams’ non-company-specific Black-Scholes options
pricing model performed worse at explaining restricted stock discounts
than the mean, while using BSOPM with firm-specific calculations of stan-
dard deviations was superior to the mean. While that makes Black–
Scholes a viable candidate for restricted stock studies, it is not a possible
model for valuing the delay-to-sale component of DLOM, and we must
use the regression of the MPI data.

We quantified component #2, monopsony power to the buyer, as 9%,
according to Schwert’s findings of a 12.2% greater premium in takeovers
when there are multiple buyers than when there is only one buyer.

Finally, we quantified transactions costs separately for the buyer and
the seller. The premise of fair market value is such that we ask, ‘‘What
would a hypothetical buyer be willing to pay for this interest,’’ which
means that we are presuming a first sale immediately. Buyers care about
their own transactions costs, but they do not care about sellers’ transac-
tions cost on the immediate transaction. However, buyers do care that in
10 years or so they become the sellers. They therefore care about all sub-
sequent sellers’ (and buyers’) transactions costs. We presented two dis-
count formulas—equations (7-9) and (7-9a), which are appropriate for
seller and buyer, respectively, to translate the pure discount that applies
to each transaction into a discount based on the present value of the
infinite continuum of periodic transactions.

In Table 7-14 we applied our DLOM model to a control interest in a
hypothetical private company. The result was a DLOM of 23.1%, which
is a reasonable result.

Of course, the economic components model is merely a model. It is
certainly imperfect, and it must be used with common sense. It is possible
to obtain strange or nonsensical results, and if the appraiser is asleep at
the wheel, he or she may not realize it. There is plenty of room for ad-
ditional research to improve our modeling and results. Nevertheless, in
my opinion this is the most realistic and comprehensive model to date
for calculating DLOM.
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MATHEMATICAL APPENDIX
DEVELOPING THE DISCOUNT FORMULAS

Initially we assume the current business owner will operate the business
for 10 years, sell it, and pay transaction costs of z.77 The next owner will
run the business another 10 years, sell it, and pay transaction costs. We
assume this pattern occurs ad infinitum. Of course, there will be variations
from the sale every 10 years—some will sell after 1 year, others after 30
years. In the meantime, in the absence of prior knowledge, we assume
every 10 years to be a reasonable estimate of the average of what will
occur.

NPV of Cash Flows with Periodic Transaction
Costs Removed

The net present value (NPV) of cash flows to the existing business owner
with periodic transaction costs removed is the full amount of the first 10
years’ cash flows, plus (1 � z) times the next 10 years’ cash flows, where
z is the periodic transaction cost, plus (1 � z)2 times the next 10 years’
cash flows, etc. We will denote the NPV net of transaction costs, i.e., with
transaction costs removed from the stream of cash flows, as NPVTC.

9(1 � g) (1 � g)1
NPV � � � � � � �� �TC 0.5 1.5 9.5(1 � r) (1 � r) (1 � r)

10 19(1 � g) (1 � g)
� (1 � z) � � � � �� �10.5 19.5(1 � r) (1 � r)

20 29(1 � g) (1 � g)
2� (1 � z) � � � � � � � � � (A7-1)� �20.5 29.5(1 � r) (1 � r)

Multiplying each term in equation (A7-1) by (1 � g)/(1 � r), we get:

77. As explained in the body of the chapter, z is an incremental transaction cost. For example,
when we value a small fractional ownership in a privately owned business, often our
preliminary value is on a marketable minority basis. In this case z would be the difference
in transaction cost (expressed as a percentage) between selling a private business interest
and selling publicly traded stock through a stockbroker.
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101 � g 1 � g (1 � g)
NPV � � � � � �� �TC 1.5 10.51 � r (1 � r) (1 � r)

11 20(1 � g) (1 � g)
� (1 � z) � � � � �� �11.5 20.5(1 � r) (1 � r)

21 20(1 � g) (1 � g)
2� (1 � z) � � � � �� �21.5 30.5(1 � r) (1 � r)

� � � � (A7-2)

Subtracting equation (A7-2) from equation (A7-1), we get:
101 � g (1 � g)1

1 � NPV � �� � � �0.5 10.51 � r (1 � r) (1 � r)
10 20(1 � g) (1 � g)

� (1 � z) �� �10.5 20.5(1 � r) (1 � r)
20 30(1 � g) (1 � g)

2� (1 � z) � (A7-3)� �20.5 30.5(1 � r) (1 � r)

Note that all terms in each sequence drop out except for the first
terms in equation (A7-1) and the last terms in equation (A7-2). In equation
(A7-4), we collect the positive terms from equation (A7-3) in the first set
of square brackets and the negative terms from equation (A7-3) in the
second one. Additionally, the left-hand side of equation (A7-3) reduces to
(r � g)/(1 � r)NPVTC. Multiplying through by (1 � r)/(r � g), we get:

1 � r
NPV �TC r � g

10 20(1 � g) (1 � g)1 2� (1 � z) � (1 � z) � � � �
� �0.5 10.5 20.5(1 � r) (1 � r) (1 � r)

10 20 30(1 � g) (1 � g) (1 � g)
2� � (1 � z) � (1 � z) � � � �� ��10.5 20.5 30.5(1 � r) (1 � r) (1 � r)

(A7-4)

Next we will manipulate the right-hand side of the equation only.
We divide the term (1 � r)/(r � g) by which leaves that term as�1 � r,

/(r � g) and we multiply all terms inside the brackets by(�1 � r)
The latter action has the effect of reducing the exponents in the�1 � r.

denominators by 0.5 years. Thus, we get:

�1 � r
NPV �TC r � g

10 201 � g 1 � g
21 � (1 � z) � (1 � z) � � � �
� � � � � �1 � r 1 � r

10 20 301 � g 1 � g 1 � g
2� � (1 � z) � (1 � z) � � � ��� � � � � � ��1 � r 1 � r 1 � r

(A7-5)

Recognizing that each term in brackets is an infinite geometric se-
quence, this solves to:
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�1 � r
NPV �TC r � g

101 � g� �1 � r1
� (A7-6)10 10(1 � z)(1 � g) (1 � z)(1 � g)

1 � 1 �� 10 10(1 � r) (1 � r)

Since the denominators are identical, we can combine both terms in
the brackets into a single term by adding the numerators.

101 � g
1 � � �1 � r�1 � r

NPV � (A7-7)TC 10r � g 1 � g� 1 � (1 � z) � �1 � r

Letting x � (1 � g)/(1 � r), this simplifies to:
10�1 � r 1 � x

NPV � (A7-8)
 �TC 10r � g 1 � (1 � z)x

The Discount Formula

D, the component of the discount for lack of marketability that measures
the periodic transaction costs, is one minus the ratio of the NPV of the
cash flows net of transaction costs (NPVTC) to the NPV without removing
transaction costs (NPV). Using a midyear Gordon model formula of

/(r � g) as the NPV, we come to:(�1 � r)
10�1 � r 1 � x
 �10r � g 1 � (1 � z)xNPVTCD � 1 � � 1 � (A7-9)

NPV �1 � r

r � g

The term /(r � g) cancels out, and the expression simplifies(�1 � r)
to:

10 1 � g1 � x
D � 1 � , where x � and g �r, ⇒ 0 � x � 1101 � (1 � z)x 1 � r

(A7-10)

Equation (A7-10) is the formula for the discount assuming a sale
every 10 years. Instead of assuming a business sale every 10 years, now
we let the average years between sale be a random variable, j, which
leads to the generalized equation in equation (A7-11):

j1 � x
D � 1 � j1 � (1 � z)x

generalized discount formula–sellers’ transaction costs (A7-11)

In determining fair market value, we ask how much would a rational
buyer pay for (and for how much would a rational seller sell) a business
interest. That presumes a hypothetical sale at time zero. Equation (A7-11)
is the formula appropriate for quantifying sellers’ transaction costs, be-
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cause the buyer does not care about the seller’s costs, which means he or
she will not raise the price in order to cover the seller. However, the buyer
does care that 10 years down the road, he or she will be a seller, not a
buyer, and the new buyer will reduce the price to cover his or her trans-
action costs, and so on ad infinitum. Thus, we want to quantify the dis-
counts due to transaction costs for the continuum of sellers beginning
with the second sale, i.e., in year j. Equation (A7-11) accomplishes that.

Using an end-of-year Gordon model assumption instead of midyear
cash flows leads to the identical equation, i.e., (A7-11) holds for both.

Buyer Discounts Begin with the First Transaction

An important variation of equation (A7-11) is to consider what happens
if the first relevant transaction cost takes place at time zero instead of
t � j, which is appropriate for quantifying the discount component due
to buyers’ transaction costs. With this assumption, we would modify the
above analysis by inserting a (1 � z) in front of the first series of bracketed
terms in equation (A7-1) and increasing the exponent of all the other (1
� z) terms by one. All the other equations are identical, with the (1 � z)
term added. Thus, the buyers’ equivalent formula of equation (A7-8) is:

10�1 � r 1 � x
NPV � (1 � z) 
 �TC 10r � g 1 � (1 � z)x

NPV with buyers’ transaction costs removed (A7-8a)

Obviously, equation (A7-8a) is lower than equation (A7-8), because
the first relevant cost occurs 10 years earlier. The generalized discount
formula equivalent of equation (A7-11) for the buyer scenario is:

j(1 � z)(1 � x )
D � 1 � j1 � (1 � z)x

generalized discount, formula—buyers’ transactions costs
(A7-11a)

We demonstrate the accuracy of equations (A7-11) and (A7-11a),
which are excerpted from here and renumbered in the chapter as equa-
tions (7-9) and (7-9a), in Tables 7-12 and 7-13 in the body of the chapter.

NPV of Cash Flows with Finite Transactions
Costs Removed78

The previous formulas for calculating the present value of the discount
for buyers’ and sellers’ transactions costs are appropriate for business
valuations. However, for calculating that component of DLOM for limited
life entities such as limited partnerships whose document specifies a ter-
mination date, the formulas are inexact, although they are often good
approximations. In this section we develop the formulas for components
#3A and #3B of DLOM for limited life entities.79 This section is very math-
ematical and will have practical significance for most readers only when

78. This section is written by R. K. Hiatt.
79. Even in limited partnerships, it is necessary to question whether the LP is likely to renew, i.e.,

extend its life. If so, then the perpetuity formulas (A7-11) and (A7-11a) may be appropriate.
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the life of the entity is short (under 30 years) and the growth rate is close
to the discount rate. Some readers may want to skip this section, perhaps
noting the final equations, (A7-23) and (A7-24). Consider this section as
reference material.

Let’s assume a fractional interest in an entity, such as a limited part-
nership, with a life of 25 years that sells for every j � 10 years. Thus,
after the initial hypothetical sale, there will be s � 2 sales80 of the frac-
tional interest before dissolution of the entity. Let’s define n as the number
of years to the last sale before dissolution. We begin by repeating equa-
tions (A7-1) and (A7-2) as (A7-12) and (A7-13), with the difference that
the last incremental transaction cost occurs at n � 20 years instead of
going on perpetually.

9(1 � g) (1 � g)1
NPV � � � � � � �� �TC 0.5 1.5 9.5(1 � r) (1 � r) (1 � r)

10 19(1 � g) (1 � g)
� (1 � z) � � � � �� �10.5 19.5(1 � r) (1 � r)

20(1 � g)
2� (1 � z) � � � � (A7-12)� �20.5(1 � r)

101 � g 1 � g (1 � g)
NPV � � � � � �� �TC 1.5 10.51 � r (1 � r) (1 � r)

11 20(1 � g) (1 � g)
� (1 � z) � � � � �� �11.5 20.5(1 � r) (1 � r)

21(1 � g)
2� (1 � z) � � � � (A7-13)� �21.5(1 � r)

Subtracting equation (A7-13) from equation (A7-12), we get:
101 � g (1 � g)1

1 � NPV � �� � � �TC 0.5 10.51 � r (1 � r) (1 � r)
10 20(1 � g) (1 � g)

� (1 � z) �� �10.5 20.5(1 � r) (1 � r)
20(1 � g)

2� (1 � z) (A7-14)� �20.5(1 � r)

Note that the final term ‘‘should have’’ a subtraction of (1 � g)�/
(1 � r)��0.5, but that equals zero for g � r. Therefore, we leave that term
out. Again, the first term of the equation reduces to (r � g)/(1 � r). We
then multiply both sides by its inverse:

10(1 � g)1 � r 1
NPV � �
� �TC 0.5 10.5r � g (1 � r) (1 � r)

10 20(1 � g) (1 � g)
� (1 � z) �� �10.5 20.5(1 � r) (1 � r)

20(1 � g)
2� (1 � z) (A7-15)� ��20.5(1 � r)

80. It is important not to include the initial hypothetical sale in the computation of s.
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As before, we divide the first term on the right-hand side of the equation
by and multiply all terms inside the brackets by the same. This�1 � r
has the same effect as reducing the exponents in the denominators by 0.5
years.

10�1 � r 1 � g
NPV � 1 �
� � � �TC r � g 1 � r

10 201 � g1 � g
� (1 � z) ��� � � � �1 � r 1 � r

201 � g
2� (1 � z) �� � ��1 � r

(A7-16)

Letting y � 1 � z and x � (1 � g)/(1 � r), equation (A7-16) becomes:

�1 � r
10 10 20 2 20NPV � [(1 � x ) � y(x � x ) � y x ] (A7-17)TC r � g

�1 � r
10 2 20 10 20NPV � [(1 � yx � y x ) � (x � yx )] (A7-18)TC r � g

Within the square brackets in equation (A7-18), there are two sets of
terms set off in parentheses. Each of them is a finite geometric sequence.
The first sequence solves to

3 301 � y x
101 � yx

and the second sequence solves to
10 2 30x � y x

101 � yx

They both have the same denominator, so we can combine them. Thus,
equation (A7-18) simplifies to:

10 2 30 3 30�1 � r 1 � x � y x � y x
NPV � (A7-19)� �TC 10r � g 1 � yx

Note that if we eliminate the two right-hand terms in the square brackets
in the numerator, equation (A7-10) reduces to equation (A7-8). We can
now factor the two right-hand terms and simplify to:

10 2 30�1 � r 1 � x � y x (1 � y)
NPV � � �TC 10r � g 1 � yx

10 2 30�1 � r 1 � x � zy x
� � �10r � g 1 � yx

10 2 30�1 � r 1 � x � z(1 � z) x
� (A7-20)� �10r � g 1 � (1 � z)x

Since j � 10, s � 2, n � 20, and n � j � 30, we can now generalize this
equation to:

j s n�j�1 � r 1 � x � z(1 � z) x
NPV � (A7-21)� �TC jr � g 1 � (1 � z)x
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As before, the discount component is D � 1 � NPVTC/NPV. This comes
to:

j s n�j�1 � r 1 � x � z(1 � z) x� �jr � g 1 � (1 � z)x
D � 1 � (A7-22)

�1 � r

r � g

Canceling terms, this simplifies to:
j s n�j1 � x � z(1 � z) x

D � 1 � (A7-23)j1 � (1 � z)x

discount component—sellers’ costs—finite life

Note that as the life of the entity (or the interest in the entity) that
we are valuing goes to infinity, n → �, so xn�j → 0 and (A7-23) reduces
to equation (A7-11).

The equivalent expression for buyers’ costs is:
j s n�j(1 � z)[1 � x � z(1 � z) x ]

D � 1 � j1 � (1 � z)x
discount component—buyers’ costs—finite life (A7-24)

Summary of Mathematical Analysis in Remainder
of Appendix

The remainder of the appendix is devoted to calculating partial deriva-
tives necessary to evaluate the behavior of the discount formula (A7-11).
The partial derivatives of D with respect to its underlying independent
variables, g, r, z, and j, give us the slope of the discount as a function of
each variable. The purpose in doing so is to see how D behaves as the
independent variables change.

It turns out that D is a monotonic function with respect to each of
its independent variables. That is analytically convenient, as it means that
an increase in any one of independent variables always affects D in the
same direction. For example, if D is monotonically increasing in g, that
means that an increase in g will always lead to an increase in D, and a
decrease in g leads to a decrease in D. If D is monotonically increasing,
there is no value of g such that an increase in g leads either to no change
in D or a decrease in D.

The results that we develop in the remainder of the appendix are
that the discount, D, is monotonically increasing with g with z and de-
creasing with r and j. The practical reader will probably want to stop
here.

MATHEMATICAL ANALYSIS OF THE DISCOUNT—
CALCULATING PARTIAL DERIVATIVES

We can compute an alternative form of equation (A7-11) by multiplying
the numerator by �1 and changing the minus sign before the fraction to
a plus sign. This will ease the computations of the partial derivatives of
the expression.
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jx � 1
D � 1 � (A7-25)j1 � (1 � z)x

j j�1 j j�1{[1 � (1 � z)x ]jx } � {(x � 1)[�(1 � z)jx ]}	D
� (A7-26)j 2	x [1 � (1 � z)x ]

Factoring out jx j�1, we get:
j�1 j jjx {[1 � (1 � z)x ] � (x � 1)(1 � z)}	D

� (A7-27)j 2	x [1 � (1 � z)x ]
j�1 j jjx [1 � (1 � z)x � (1 � z)x � (1 � z)]	D

� (A7-28)j 2	x [1 � (1 � z)x ]

Note that �(1 � z)xj and (1 � z)xj cancel out in the numerator. Also,
the 1 � (1 � z) � z. This simplifies to:

j�1jx z	D
� � 0 (A7-29)j 2	x [1 � (1 � z)x ]

Since j, x, and z are all positive, the numerator is positive. Since the
denominator is squared, it is also positive. Therefore, the entire expression
is positive. The means that the discount is monotonically increasing in x.

We begin equation (A7-30) with a repetition of the definition of x in
order to compute its partial derivatives.

1 � g
x � (A7-30)

1 � r

Differentiating equation (A7-30) with respect to g, we get:

	x (1 � r)(1) 1
� � � 0 (A7-31)2	g (1 � r) 1 � r

Differentiating equation (A7-30) with respect to r, we get:

�(1 � g)(1) (1 � g)	x
� � � � 0 (A7-32)2 2	r (1 � r) (1 � r)

Using the chain rule, the partial derivative of D with respect to g is
the partial derivative of D with respect to x multiplied by the partial
derivative of x with respect to g, or:

	D 	D 	x
� � 0 (A7-33)

	g 	x 	g

The first term on the right-hand side of the equation is positive by
equation (A7-29), and the second term is positive by equation (A7-31).
Therefore, the entire expression is positive and thus the discount is mon-
otonically increasing in g. Using the chain rule again with respect to r,
we get:

	D 	D 	x
� � 0 (A7-34)

	r 	x 	r

Thus, the discount is monotonically decreasing in r. Now we make
an algebraic substitution to simplify the expression for D in order to fa-
cilitate calculating other partial derivatives.
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Let y � 1 � z (A7-35)

dy
� �1 (A7-36)

dz

Substituting equation (A7-35) into equation (A7-25), we get:
jx � 1

D � 1 � (A7-37)j1 � yx
j j j j	D (1 � x )(�x ) x (x � 1)

� � (A7-38)j 2 j 2	y (1 � yx ) (1 � yx )
j jdy	D 	D x (x � 1)(�1)

� � � 0 (A7-39)j 2	z 	y dz [1 � (1 � z)x ]

The denominator of (A7-39), being squared, is positive. The numer-
ator is also positive, as xj is positive and less than one, which means that
xj � 1 is negative, which when multiplied by �1 results in a positive
number. Thus, the entire partial derivative is positive, which means that
D is monotonically increasing in z, the transaction costs. This result is
intuitive, as it makes sense that the greater the transaction costs, the
greater the discount.

Differentiating equation (A7-37) with respect to j, the average num-
ber of years between sales, we get:

j j j j(1 � yx )x ln x � (x � 1)(�y)x ln x	D
� (A7-40)j 2	j (1 � yx )

Factoring out xj ln x, we get:
j j j jx ln x(1 � yx � yx � y) x ln x(1 � y)	D

� � (A7-41)j 2 j 2	j (1 � yx ) (1 � yx )
j	D x z ln x

� � 0 (A7-42)j 2	j [1 � (1 � z)x ]

The denominator is positive. The numerator is negative; since x � 1,
ln x � 0. Thus, the discount is monotonically decreasing in j, the average
years between sale. That is intuitive, as the less frequently business sell,
the smaller the discount should be.

Summary of Comparative Statics

Summarizing, the discount for periodic transaction costs is related in the
following ways to its independent variables:

Variable Varies with Discount Monotonically

r Negatively Decreasing
g Positively Increasing
z Positively Increasing
j Negatively Decreasing
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C H A P T E R 8

Sample Restricted Stock
Discount Study

ENCO, INC.

As of AUGUST 11, 1997

The information contained in this report is confidential. Neither all nor
any part of the contents shall be conveyed to the public without the prior
written consent and approval of Abrams Valuation Group (AVG). AVG’s
opinion of value in this report is valid only for the stated purpose and
date of the appraisal.

Note: all names are fictional

Note: Because this sample report is in a book, there are slight changes in
the table numbering and appearance of the report to accommodate the
book format.

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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Letter of Opinion
November 18, 1998

Mr. Robert Smith
2633 Elm Way
La Jolla, CA 92037

Dear Mr. Smith:

In accordance with your instructions, we have made a determination of
the Discount for Lack of Marketability (DLOM) necessary to calculate the
fair market value (FMV) of the common stock that you received in ENCO,
Inc. (‘‘ENCO,’’ or ‘‘the Company’’) as of August 11, 1997, the date that
you sold your company, Smith Metals, to ENCO. The stock is restricted
according to SEC Rule 144, and it becomes marketable one year after the
date of your sale. ENCO trades on Nasdaq, and the closing price of its
freely trading shares on August 11, 1997 was 2 3/8, or $2.375.

It is our understanding that this appraisal will be used for income tax
purposes. The DLOM and related FMV, as determined within our report,
shall not be used for other purposes or dates without our written consent,
as they can be misleading and dangerous.

The definition of fair market value is:

The price at which property [in this case, the capital stock of the Company]
would change hands between a willing seller and a willing buyer, when neither
is under compulsion to buy and when both have reasonable knowledge of the
relevant facts.1

The scope of our engagement included discussions with you and Len
Storm, Esq., Vice President and Legal Secretary of ENCO, as to the se-
curities laws that apply, as he understands them. Per your instructions,
we assume Len Storm’s understanding of the timing of your ability to
sell your ENCO stock to be correct. If his information were incorrect, that
would cause a change in the related DLOM.

Based upon our investigation and analysis and subject to the attached
report and Statement of Limiting Conditions, it is our opinion that the
restricted stock discount (the DLOM) is 20.5%. The closing price of
ENCO, Inc. common stock on August 11, 1997, was $2.375 per share.2 The

1. American Society of Appraisers Business Valuation Standards. Also, the wording is virtually
identical in Reg. § 1.170A-1(c)(2) (income tax, charitable contributions of property); see Reg.
§§ 20.2031-1(b) (second sentence) (estate tax), 25.2512-1 (second sentence) (gift tax).

2. Source: American Online, Prophet Line.
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20.5% discount is $0.486 per share, leaving the fair market value of the
restricted stock on that date at $1.889 per share (see Table 8-3 of the report
for those calculations).

We retain a copy of this letter in our files, together with field data from
which it was prepared. We consider these records confidential, and we
do not permit access to them by anyone without your authorization.

USPAP (Uniform Standards of Professional Appraisal Practice) Certifica-
tion:

I certify that to the best of my knowledge and belief:

● The statements of fact contained in this report are true and
correct, the reported analyses, opinions and conclusions are
limited only by the reported conditions, and they are our
personal, unbiased professional analyses, opinions, and
conclusions.

● We have no present or prospective interest in the property that is
the subject of this report, and we have no personal interest or
bias with respect to the parties involved.

● Our compensation is not contingent on an action or event
resulting from the analyses, opinions, conclusions in or use of
this report.

● Our analyses, opinions, and conclusions were developed and this
report has been prepared in conformity with the Uniform
Standards of Professional Appraisal Practice and the Business
Valuation Standards of the American Society of Appraisers.

● No one has provided significant professional assistance to the
person signing this report.

● I have passed the USPAP examination and am certified through
the year 2001. I am an Accredited Senior Appraiser with the
American Society of Appraisers, with certification current to the
year 2000.

Sincerely yours,

Jay B. Abrams, ASA, CPA, MBA
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INTRODUCTION

Background

On August 11, 1997, Robert Smith sold his company, Smith Metals, LLC,
to ENCO, Inc. (‘‘ENCO,’’ or ‘‘the Company’’) and received 500,000 shares
of ENCO Common Stock that is subject to the greater of two sets of
restrictions in transfer:

1. The sales contract with ENCO: According to Section 2.12(b)(v),
Robert Smith must wait one year to sell his ENCO stock.

2. In accordance with SEC Rule 144, Robert Smith must wait one
year to begin selling his stock, at which point he can make
quarterly sales equal to the greater of:
(a) Rule 144 (e)(1)(i): 1% of the outstanding shares. With 112.5 million

shares outstanding at the valuation date (the date of sale), 1% is
1.125 million shares.

(b) Rule 144 (e)(1)(ii): The average weekly trading volume for the four
weeks preceding the date of sale. The average weekly trading
volume for the month preceding the sale was 900,000 shares. Thus,
(2)(a) predominates, and 1.125 million is the maximum sale per
quarter according to Rule 144 after the one-year waiting period.

The sale did not qualify as a tax-free reorganization, and you need the
fair market value of the ENCO stock to compute your capital gains tax.

Stock Ownership

ENCO is publicly traded on Nasdaq with a ticker symbol of ENCO.
Through the sale of Smith Metals, Robert Smith acquired less than 1% of
ENCO’s stock.

Purpose of the Appraisal

The purpose of this appraisal is to calculate the discount for lack of mar-
ketability (DLOM) needed to ascertain the fair market value for income
tax purposes of the 500,000 shares of ENCO stock owned by Robert Smith.
Your instructions are that we are to assume the market price is the fair
market value of the unrestricted stock—a reasonable assumption—and
that the only calculation necessary to produce the fair market value of
the restricted stock is the DLOM.

The term fair market value is defined as ‘‘the amount at which prop-
erty [in this case, the capital stock of the Company] would change hands
between a willing buyer and a willing seller, when the former is not under
any compulsion to buy and the latter is not under any compulsion to sell,
and when both parties have reasonable knowledge of relevant facts.’’3

3. American Society of Appraisers Business Valuation Standards. Also, the wording is virtually
identical in Reg. § 1.170A-1(c)(2) (income tax, charitable contributions of property); see Reg.
§§ 20.2031-1(b) (second sentence) (estate tax), 25.2512-1 (second sentence) (gift tax).



298 PART 3 Adjusting for Control and Marketability

No Economic Outlook Section

The Economic Outlook, a standard section in business valuations, is ir-
relevant in this study. This section would be relevant in valuing ENCO
stock, but that is not our assignment. The same is true of a History of the
Company section. Thus, we proceed to the Valuation section.

Sources of Data

1. Financial statements sent by Len Storm, Esq., Vice President and
Legal Secretary of ENCO.

2. Copy of ENCO stock certificate issued to Robert Smith including
copies of the ’33 Act legend and contractual legend.

3. One-year secondary market Treasury Bill rate as of 8/11/97
from the Federal Reserve Bank of St. Louis, internet web site
http://www.stls.frb.org.

4. America Online, Prophet Line stock quotes.
5. Restricted stock transaction data from Management Planning,

Inc., Princeton, New Jersey.

VALUATION

We use two valuation methodologies in calculating the restricted stock
discount. The first is based on our own statistical analysis using multiple
regression of data collected by Management Planning, Inc.4 The second
involves using a Black–Scholes put option as a proxy for the discount.

Commentary to Table 8-1: Regression Analysis of
Management Planning Data

Previous Restricted Stock Studies
There have been 10 studies of sales of restricted stocks.5 In the first nine
studies the authors did not publish the underlying data and merely pre-
sented their analysis and summary of the data. Additionally, only the
Hall/Polacek study contains data beyond 1988, theirs going through 1992.
The Management Planning Study contains data on trades from 1980–
1996. Thus, it is superior to the other studies in two ways: the detail of
the data exists, and the data are more current. Therefore, we use the
Management Planning study exclusively.

Change in SEC Rule 144
On April 29, 1997, SEC Rule 144 changed from a two-year holding period
to a one-year holding period for limited sales of stock. We should expect
the shortening of the period of restriction to decrease the discount. The
latest Management Planning data contain four observations with ex-

4. Published in Mercer (1997), chap. 12. Also, MPI provided us with four additional data points
and some data corrections.

5. See Mercer, p. 69 for a summary of the results of the first nine studies.
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pected holding periods of less than two years, which will enable us to
statistically infer the effect of the change in Rule 144 on DLOM.

The Data
Table 8-1 is two pages long. The first one and one-quarter pages contain
data on 53 sales of restricted stock between 1980–1996. Column A is num-
bered 1 through 53 to indicate the sale number. Column C, our dependent
(Y) variable, is the restricted stock discount for each transaction.

Columns D through J are our seven statistically significant indepen-
dent variables, which we have labeled X1, X2, . . . X7. Below is a descrip-
tion of the independent variables:

# Independent Variable

1 Revenues squared.
2 Shares sold—$: the post-discount dollar value of the traded restricted shares.
3 Market capitalization � price per share times shares outstanding summed for all

classes of stock.
4 Earnings stability: the unadjusted R2 of the regression of net income as a function

of time, with time measured as years 1, 2, 3, . . . We calculate this in Table 8-1A,
regression #1.

5 Revenue stability: the unadjusted R2 of the regression of revenue as a function of
time, with time measured as years 1, 2, 3, . . . We calculate this in Table 8-1A,
regression #2.

6 Average years to sell: the weighted average years to sell by a nonaffiliate, based on
SEC Rule 144.

7 Price stability: This ratio is calculated by dividing the standard deviation of the stock
price by the mean of the stock price. Management Planning used the end-of-
month stock prices for the 12 months prior to the valuation date.

We regressed 30 other independent variables included in the Man-
agement Planning study, and all were statistically insignificant. We re-
strict our commentary to the seven independent variables that were sta-
tistically significant at the 95% level.

Table 8-1, page 2 contains the regression statistics. Adjusted R2 is
59.47% (C66), a reasonable though not stunning result for such an anal-
ysis. That means the regression model accounts for 59.47% of the varia-
tion in the restricted stock discounts. The other 40.53% of variation in the
discounts that remains unexplained are due to two possible sources: other
significant independent variables of which we (and Management Plan-
ning) do not know and random variation.

The standard error of the y-estimate is 8.7% (C67 rounded). We can
form approximate 95% confidence intervals around the y-estimate by add-
ing and subtracting two standard errors, or 17.4%.

Cell C77 contains the y-intercept, and C78 through C84 contain the
regression coefficients for the independent variables. E77 to E84 contains
the t-statistics. Only the y-intercept itself is not significant at the 95%
confidence level. The earnings stability and market capitalization varia-
bles are significant at the 98% level,6 and all the other variables are sig-
nificant at the 99�% confidence level.

6. The statistical significance is one minus the P-value, which is in F79 through F86.
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Abrams Valuation Group Regression of Management Planning, Inc. Data [1]

A B C D E F G H I J

4
5

Y
Discount

X1
Rev2

X2
Shares Sold-$

X3
Mkt Cap

X4
Earn Stab

X5
Rev Stabil

X6
Avg Yrs To Sell

X7
Price Stability [2]

6 1 Air Express Int’l 0.0% 8.58E�16 $4,998,000 25,760,000 0.08 0.22 2.84 12.0
7 2 AirTran Corp 19.4% 1.55E�16 $9,998,000 63,477,000 0.90 0.94 2.64 12.0
8 3 Anaren Microwave, Inc. 34.2% 6.90E�13 $1,250,000 13,517,000 0.24 0.78 2.64 28.6
9 4 Angeles Corp 19.6% 7.99E�14 $1,800,000 16,242,000 0.08 0.82 2.13 8.4
10 5 AW Computer Systems, Inc. 57.3% 1.82E�13 $1,843,000 11,698,000 0.00 0.00 2.91 22.6
11 6 Besicorp Group, Inc. 57.6% 1.57E�13 $1,500,000 63,145,000 0.03 0.75 2.13 98.6
12 7 Bioplasty, Inc, 31.1% 6.20E�13 $11,550,000 43,478,000 0.38 0.62 2.85 44.9
13 8 Blyth Holdings, Inc. 31.4% 8.62E�13 $4,452,000 98,053,000 0.04 0.64 2.13 58.6
14 9 Byers Communications Systems, Inc. 22.5% 4.49E�14 $5,007,000 14,027,000 0.90 0.79 2.92 6.6
15 10 Centennial Technologies, Inc. 2.8% 6.75E�13 $656,000 27,045,000 0.94 0.87 2.13 35.0
16 11 Chantal Pharm. Corp. 44.8% 5.21E�13 $4,900,000 149,286,000 0.70 0.23 2.13 51.0
17 12 Choice Drug Delivery Systems, Inc. 28.8% 6.19E�14 $3,375,000 21,233,000 0.29 0.89 2.86 23.6
18 13 Crystal Oil Co. 24.1% 7.47E�16 $24,990,000 686,475,000 0.42 0.57 2.50 28.5
19 14 Cucos, Inc. 18.8% 4.63E�13 $2,003,000 12,579,000 0.77 0.87 2.84 20.4
20 15 Davox Corp. 46.3% 1.14E�15 $999,000 18,942,000 0.01 0.65 2.72 24.6
21 16 Del Electronics Corp. 41.0% 4.21E�13 $394,000 3,406,000 0.08 0.10 2.84 4.0
22 17 Edmark Corp 16.0% 3.56E�13 $2,000,000 12,275,000 0.57 0.92 2.84 10.5
23 18 Electro Nucleonics 24.8% 1.22E�15 $1,055,000 38,435,000 0.68 0.97 2.13 21.4
24 19 Esmor Correctional Svces, Inc. 32.6% 5.89E�14 $3,852,000 50,692,000 0.95 0.90 2.64 34.0
25 20 Gendex Corp 16.7% 2.97E�15 $5,000,000 55,005,000 0.99 0.71 2.69 11.5
26 21 Harken Oil & Gas, Inc. 30.4% 7.55E�13 $1,999,000 27,223,000 0.13 0.88 2.75 19.0
27 22 ICN Paramaceuticals, Inc. 10.5% 1.50E�15 $9,400,000 78,834,000 0.11 0.87 2.25 23.9
28 23 Ion Laser Technology, Inc. 41.1% 1.02E�13 $975,000 10,046,000 0.71 0.92 2.82 22.0
29 24 Max & Erma’s Restaurants, Inc. 12.7% 1.87E�15 $1,192,000 31,080,000 0.87 0.87 2.25 18.8
30 25 Medco Containment Svces, Inc. 15.5% 5.42E�15 $99,994,000 561,890,000 0.84 0.89 2.85 12.8
31 26 Newport Pharm. Int’l, Inc. 37.8% 1.10E�14 $5,950,000 101,259,000 0.00 0.87 2.00 30.2
32 27 Noble Roman’s Inc. 17.2% 8.29E�13 $1,251,000 11,422,000 0.06 0.47 2.79 17.0
33 28 No. American Holding Corp. 30.4% 1.35E�15 $3,000,000 79,730,000 0.63 0.84 2.50 22.1
34 29 No. Hills Electronics, Inc. 36.6% 1.15E�13 $3,675,000 21,812,000 0.81 0.79 2.83 52.7
35 30 Photographic Sciences Corp 49.5% 2.70E�14 $5,000,000 44,113,000 0.06 0.76 2.86 27.2
36 31 Presidential Life Corp 15.9% 4.37E�16 $38,063,000 246,787,000 0.00 0.00 2.83 17.0
37 32 Pride Petroleum Svces, Inc. 24.5% 4.34E�15 $21,500,000 74,028,000 0.31 0.26 2.83 18.0
38 33 Quadrex Corp. 39.4% 1.10E�15 $5,000,000 71,016,000 0.41 0.66 2.50 44.2
39 34 Quality Care, Inc. 34.4% 7.97E�14 $3,150,000 19,689,000 0.68 0.74 2.88 7.0
40 35 Ragen Precision Industries, Inc. 15.3% 8.85E�14 $2,000,000 22,653,000 0.61 0.75 2.25 26.0
41 36 REN Corp-USA 17.9% 2.85E�15 $53,625,000 151,074,000 0.02 0.88 2.92 19.8
42 37 REN Corp-USA 29.3% 2.85E�15 $12,003,000 163,749,000 0.02 0.88 2.72 36.1
43 38 Rentrak Corp. 32.5% 1.15E�15 $20,650,000 61,482,000 0.60 0.70 2.92 30.0
44 39 Ryan’s Family Steak Houses, Inc. 8.7% 1.02E�15 $5,250,000 159,390,000 0.90 0.87 2.13 13.6
45 40 Ryan’s Family Steak Houses, Inc. 5.2% 1.02E�15 $7,250,000 110,160,000 0.90 0.87 2.58 14.4



301

46 41 Sahlen & Assoc., Inc. 27.5% 3.02E�15 $6,057,000 42,955,000 0.54 0.81 2.72 26.1
47 42 Starrett Housing Corp. 44.8% 1.11E�16 $3,000,000 95,291,000 0.02 0.01 2.50 12.4
48 43 Sudbury Holdings, Inc. 46.5% 1.39E�16 $22,325,000 33,431,000 0.65 0.17 2.96 26.6
49 44 Superior Care, Inc. 41.9% 1.32E�15 $5,660,000 50,403,000 0.21 0.93 2.77 42.2
50 45 Sym-Tek Systems, Inc. 31.6% 4.03E�14 20,550,000 0.34 0.92 2.58 13.4
51 46 Telepictures Corp. 11.6% 5.50E�15 $15,250,000 106,849,000 0.81 0.86 2.72 6.6
52 47 Velo-Bind, Inc. 19.5% 5.51E�14 $2,325,000 18,509,000 0.65 0.85 2.81 14.5
53 48 Western Digital Corp. 47.3% 4.24E�14 $7,825,000 50,417,000 0.00 0.32 2.64 22.7
54 49 50-Off Stores, Inc. 12.5% 6.10E�15 $5,670,000 43,024,000 0.80 0.87 2.38 23.7
55 50 ARC Capital 18.8% 3.76E�14 $2,275,000 18,846,000 0.03 0.74 1.63 35.0
56 51 Dense Pac Microsystems,

Inc.
23.1% 3.24E�14 $4,500,000 108,862,000 0.08 0.70 1.17 42.4

57 52 Nobel Education
Dynamics, Inc.

19.3% 1.95E�15 $12,000,000 60,913,000 0.34 0.76 1.74 32.1

58 53 Unimed Pharmaceuticals 15.8% 5.49E�13 $8,400,000 44,681,000 0.09 0.74 1.90 21.0

59 Mean 27.1% 5.65E�15 $9,223,226 $78,621,472 0.42 0.69 2.54 25.4
60 Standard deviation 13.7% 0.35 0.27 0.39 16.1

61 Management Planning Study: Summary Output of Regression

63 Regression Statistics

64 Multiple R 0.8058
65 R square 0.6493
66 Adjusted R square 0.5947
67 Standard error 0.0873
68 Observations 53
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T A B L E 8-1 (continued)

Abrams Valuation Group Regression of Management Planning, Inc. Data [1]

A B C D E F G H I J

70 ANOVA

71 df SS MS F Significance F

72 Regression 7 0.6354 0.0908 11.9009 0.0000
73 Residual 45 0.3432 0.0076
74 Total 52 0.9786

76 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

77 Intercept �0.0673 0.1082 �0.6221 0.5370 �0.2854 0.1507
78 Rev2 �4.629E � 18 9.913E � 19 �4.6698 0.0000 �6.626E � 18 �2.633E � 18
79 Shares sold-$ �3.619E � 09 1.199E � 09 �3.0169 0.0042 �6.035E � 09 �1.203E � 09
80 Mkt cap 4.789E � 10 1.790E � 10 2.6754 0.0104 1.184E � 10 8.394E � 10
81 Earn stab �0.1038 0.0402 �2.5831 0.0131 �0.1848 �0.0229
82 Rev stabil �0.1824 0.0531 �3.4315 0.0013 �0.2894 �0.0753
83 Avg yrs to sell 0.1722 0.0362 4.7569 0.0000 0.0993 0.2451
84 Price stability [2] 0.0037 0.0008 4.3909 0.0001 0.0020 0.0053

86 Management Planning Study: Applying Regression Results to Company Data

88
89

Y
Discount

X1
Rev2

X2
Shares Sold-$

X3
Mkt Cap

X4
Earn Stab

X5
Rev Stabil

X6
Avg Yrs To Sell

X7
Price Stability [1]

90 ENCO parameters Constant-NA 5.90E�14 933,311 267,187,500 0.12 0.54 1.0000 27.01
91 Coefficients C77 to C84 �0.0673 �4.629E � 18 �3.619E � 09 4.789E � 10 �0.1038 �0.1824 0.1722 0.0037
92 �row 90* row 91 �0.0673 �0.0027 �0.0034 0.1280 �0.0125 �0.0988 0.1722 0.0986
93 Restricted stock discount

(sum of row 94)
21.41%

[1] Source: Management Planning, Inc. Princeton NJ (except for ‘‘Avg Yrs To Sell’’ and ‘‘Rev2’’ which we derived from their data).
[2] See Table 8-1B for the calculation of Price Stability.
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We transpose the results in C77 though C84 into row 91. Row 90
contains the ENCO parameters for each variable. The shares sold � $
variable actually depends on the restricted stock discount, the dependent
variable, and the latter also depends on the former. Therefore, we must
derive ENCO’s input for this independent variable through an iterative
process. With the aid of a spreadsheet program, the task is simple. We
input the numbers of shares sold times the Share price times one minus
the restricted stock discount, or 500,000*$2.375*(1-C93) for ENCO’s shares
sold � $ value and activate the iterative capability of the spreadsheet
program. For columns D through J, we multiply row 90 � row 91 � row
92, which is the regression determined influence of each independent
variable on the discount. C91 is the y-intercept, which equals C92 and
does not get multiplied like the independent variables do.

The sum of all the values in Row 92 is 21.41% and appears in C93.
This is the final answer according to this valuation approach.

Commentary to Table 8-1A: Revenue and
Earnings Stability

Table 8-1A contains two regression analyses. Regression #1, starting at
row 19, is net income as a function of time (measured in years). Regres-
sion #2, starting at row 40, is revenue as a function of time, also measured
in years. The R2 is 0.12 (B23) and 0.54 (B44) for regressions #1 and #2,
respectively. We transfer these amounts to Table 8-1, cells G90 and H90,
respectively.

Commentary to Table 8-1B: Price Stability

Table 8-1B contains the calculation of price stability. Cells B5 through B16
show the month-end stock prices for ENCO from August 30, 1996,
through July 31, 1997. The standard deviation of these prices is 0.84 (B17),
and the arithmetic mean of the stock prices is 3.11 (B18). Dividing the
standard deviation by the mean and multiplying by 100 produces Man-
agement Planning, Inc.’s measure of price stability, which is 27 (B19).

Valuation Using Options Pricing Theory

Options Theory
The economic theory on which we rely is options pricing theory. The
paradigm options pricing model is the Black–Scholes Options pricing
model (Black–Scholes, or BSOPM), developed by University of Chicago
Professors Fisher Black and Myron Scholes, the latter of whom received
the Nobel Prize in Economics for developing the model (Black had died
in the meantime).

The Black–Scholes model is based on a heat exchange equation in
physics. (It is truly a wonder that an equation developed in the physical
world would be the one to explain the value of stock options.)

A call option is a contract enabling one to buy a specific number of
shares of a company at a specific price and time. For example, one might
buy an option to purchase 100 shares of IBM at $100 per share on a
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T A B L E 8-1B

Calculation of Price Stability

A B

4 Date Closing Price

5 8/30/96 4.3750
6 9/30/96 3.7500
7 10/31/96 3.7500
8 11/29/96 3.1250
9 12/31/96 2.8750
10 1/31/97 4.0625
11 2/28/97 3.8750
12 3/31/97 2.8750
13 4/30/97 2.1250
14 5/30/97 2.1875
15 6/30/97 2.3750
16 7/31/97 1.9375

17 Std dev 0.84
18 Mean price 3.11
19 Price stability 27.01

specific date. A European option is such that one can buy only on that
date, while an American option allows one to buy anytime up to and
including that date. The original Black–Scholes model works on the as-
sumption of a European option. A put option is the opposite of a call. It
enables one to sell the stock at a specific price and time. Let us examine
a put option.

Suppose IBM were selling today at $100 per share.7 What would be
the value of the ability to sell 100 shares of IBM on the last day of this
year at $100 per share? If the stock price in a year were greater than $100,
the value would be zero. If the price were less than or equal to $100, it
would be $100 minus the actual stock price, multiplied by the number of
shares.8 There are two ways to cash out on the put option: you can buy
the stock at its new lower market value and then sell it for $100 to the
writer of the option, or you can sell the option itself.

The problem is that we do not know what the price of the stock will
be. Black–Scholes assumes a normal probability distribution (the bell-
shaped curve) of prices on the expiration date of the option. The bell-
shaped curve is symmetrical and peaks in the center, which is the statis-
tical mean, median, and mode, these being three different types of
averages, which are not identical for asymmetric distributions.9

If we assume the center of the distribution is the exercise price, then
the Black–Scholes calculated value of a put option is the area under the
left half of the bell-shaped curve multiplied by the profit at each price,

7. We have not researched IBM’s actual price. We use $100 per share for ease of illustration.
8. We are ignoring transactions costs and, for the moment only, the time value of money.
9. Technically it is the natural logarithm of prices that is normally distributed, but for a more

intuitive explanation, we speak in terms of prices rather than log prices.
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with some present value adjustments. In other words, it is the statistical
probability of each point on the curve times the profit at each point.

All normal distributions are measured by two and only two para-
meters: the mean and the standard deviation. The mean is the average,
and the standard deviation is a statistical measure of the width of the
curve. In a normal distribution, one standard deviation on either side of
the mean creates includes 68% confidence interval, and two standard de-
viations on either side includes 95% of the entire population.

Let’s assume the mean expected stock price at the expiration of the
option is $100 per share. If the standard deviation is $1 per share, then
there is a 68% probability that the stock value will be between $99 and
$101 and a 95% probability that the stock value at expiration will be
between $98 and $102. That would be a tight distribution and would look
like a tall, thin bell-shaped curve. There would only be a 5% probability
that the price would be below $98 or above $102. Since the distribution
is symmetric, that means a 21⁄2% probability of being below $98 and a
21⁄2% probability of being above $102. The chances of hitting a jackpot on
this stock are very low.

Now let’s assume the standard deviation is $20 per share, or 20% of
the price. Now there is a 95% probability the price will be within $40 per
share (two standard deviations) of $100, or between $60 and $140. The
probability of hitting the jackpot is much higher.

We now have the background to understand how the stock volatility
is the main determinant of the value of the option. The more volatile the
stock, the shorter and fatter is the normal curve and the greater is the
probability of making a lot of money on the investment. If your stock
ends up on the right side of the curve, it does not matter how far up it
went—you will choose to not exercise the option and you lose only the
price of the option itself. In contrast to owning the stock itself, as an
option holder it matters not at all whether the stock ends up at $100 per
share or $140 per share—your loss is the same. Only the left side matters.
Therefore, a put option on a volatile stock is much more valuable than
one on a stable stock.

Black–Scholes Put Option Formula
The Black–Scholes options pricing model has the following forbidding
formula:

�RftP � EN(�d )e � SN(�d )2 1

where:

S � stock price
N( ) � cumulative normal density function

E � exercise price
Rf � risk-free rate, i.e., treasury rate of the same term as the option
t � time remaining to expiration of the option

d1 � [ln(S/E) � (Rf � 0.5 � variance) � t]/[std dev � t0.5]
d2 � d1 � [std dev � t0.5]
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T A B L E 8-2

Black–Scholes Call and Put Options

A B

5 S � stk price on valuation date $2.375
6 E � exercise price $2.375
7 t � time To expiration (yrs) 1.0
8 Rf � risk-free rate [1] 5.32%
9 var � variance 0.33
10 std dev � standard deviation (Table 8-2A, C35) 0.57
11 d1 � 1st Black-Scholes Parameter [2] 0.380
12 d2 � 2nd Black-Scholes Parameter [3] (0.194)
13 N(-d1) � cum normal density function 0.3521
14 N(-d2) � cum normal density function 0.5771
15 P � [E * N(-d2)*e

-Rft � S * N(-d1) [4] $0.46
16 P/S 19.51%

[1] Source: 1 year secondary market Treasury Bill rate as of 8/11/97 from the Federal Reserve Bank of St. Louis, internet web site
http://www.stls.frb.org
[2] d1 � [ ln (S/E) � (Rf � .5 * variance) * t ] / [ std dev * SQRT(t) ], where variance is expressed as an annual term.
[3] d2 � d1 � [ std dev * SQRT(t) ] , where std dev is expressed in annual terms.
[4] The put option formula can be found in Options Futures and Other Derivatives, 3rd Ed. by John C. Hull, Prentice Hall, 1997, pp.
241 and 242. The formula is for a European style put option.

Chaffe’s Article: Put Options to Calculate DLOM of Restricted
Stock
David Chaffe (Chaffe 1973, p. 182) wrote a brilliant article in which he
reasoned that buying a hypothetical put option on Section 144 restricted
stock would ‘‘buy’’ marketability, and the cost of that put option is an
excellent measure of the discount for lack of marketability of restricted
stock.

Commentary to Table 8-2: Black–Scholes Calculation of DLOM
for ENCO, Inc.
Table 8-2 is the Black–Scholes put option calculation of the restricted stock
discount. We begin in row 5 with S, the stock price on the valuation date
of August 11, 1997, of $2.375. We then assume that E, the exercise price,
is identical (row 6).

Row 7 is the time in years from the valuation date to marketability.
According to SEC Rule 144, Robert Smith has a one-year period of re-
striction before he can sell all of his ENCO shares.

Row 8 shows the one year treasury bill rate as of August 11, 1997,
which was 5.32% (see note 1, Table 8-2 for the data source). Row 9 is the
square of row 10. Row 10 contains the annualized standard deviation of
ENCO’s continuously compounded returns, which we calculate in Table
8-2A to be 0.57.

Rows 11 and 12 are the calculation of the two Black–Scholes para-
meters, d1 and d2, the formulas of which appear in notes [2] and [3] of
Table 8-2. Rows 13 and 14 are the cumulative normal density functions
for �d1 and �d2.10 For example, look at cell B13, which is N(�0.380) �

10. We use d1 and d2 to calculate call option values and their negatives to calculate put option
values.
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0.3521. This requires some explanation. The cumulative normal table from
which the 0.3521 came assumes the normal distribution has been stan-
dardized to a mean of zero and standard deviation of 1.11 This means
that there is a 35.21% probability that our variable is less than or equal
to 0.380 standard deviations below the mean. In cell B14, N(�d2) �
N(0.194) � 0.5771, which means there is a 57.71% probability of being
less than or equal to 0.194 standard deviations above the mean. For per-
spective, it is useful to note that since the normal distribution is sym-
metric, N(0) � 0.5000, i.e., there is a 50% probability of being less than or
equal to the mean, which implies there is a 50% probability of being above
the mean.

In row 15 we calculate the value of the put option, which is $0.46
(B15) for the one-year option. In row 16 we calculate the ratio of the fair
market values of the put option to the stock price on the valuation date.
That ratio is our calculation of the restricted stock discount using Black–
Scholes. Thus, our calculation of the restricted stock discount is 19.51%
(B16) for the one-year period of restriction.

Commentary to Table 8-2A: Annualized Standard Deviation of
Continuously Compounded Returns
In Table 8-2A we calculate the annualized standard deviation of contin-
uously compounded returns for use in Table 8-2. Column A shows the
date, Column B shows the closing price, and Columns C and D show the
continuously compounded returns.

We calculated continuously compounded returns over 10 trading
days intervals for ENCO stock. In column C we start with the 1/23/97
closing price and in column D we start with the 1/30/97 closing price.
For example, the 10-trading-day return from 1/23/97 (A5) to 2/6/97 (A7)
is calculated as follows:

return � Ln(B7/B5) � Ln(3.75/4.25) � �0.12516 (cell C7)

In cells C33 and D33 we get two measures of standard deviation of
0.09414 and 0.13500 respectively. To get the annualized standard deviation
we must multiply each interval standard deviation by the square root of
the number of intervals which would occur in a year. The equation is as
follows:

� � � � SQRT (# of interval returns in sample periodannualized interval returns

� 365 days/days in sample period)

For example, the sample period in column C is the time period from the
close of trading on 1/23/97 to the close of trading on 7/31/97 or 189
days, and the number of calculated returns is 13. Therefore the annualized
standard deviation of returns is:

� � 0.09414 � SQRT(13 � 365/189) � 0.47169 (cell C34)annualized

Similarly, the annualized standard deviation of returns in column D is

11. One standardizes a normal distribution by subtracting the mean from each value and dividing
by the standard deviation.
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T A B L E 8-2A

Standard Deviation of Continuously Compounded Returns

A B C D

4 Date Closing Price Interval Returns

5 1/23/97 4.2500
6 1/30/97 4.1250
7 2/6/97 3.7500 �0.12516
8 2/13/97 3.6250 �0.12921
9 2/21/97 3.2500 �0.14310
10 2/28/97 3.8750 0.06669
11 3/7/97 3.7500 0.14310
12 3/14/97 3.3750 �0.13815
13 3/21/97 3.2500 �0.14310
14 3/31/97 2.8750 �0.16034
15 4/7/97 2.7500 �0.16705
16 4/14/97 2.7500 �0.04445
17 4/21/97 2.7500 0.00000
18 4/28/97 2.1875 �0.22884
19 5/5/97 2.7500 0.00000
20 5/12/97 2.6250 0.18232
21 5/19/97 2.3125 �0.17327
22 5/27/97 2.0625 �0.24116
23 6/3/97 2.0625 �0.11441
24 6/10/97 2.2500 0.08701
25 6/17/97 2.1250 0.02985
26 6/24/97 2.3750 0.05407
27 7/2/97 2.0625 �0.02985
28 7/10/97 2.1875 �0.08224
29 7/17/97 1.9375 �0.06252
30 7/24/97 2.1250 �0.02899
31 7/31/97 1.9375 0.00000
32 8/7/97 2.3750 0.11123
33 Interval std deviation 0.09414 0.13500
34 Annualized std deviation 0.47169 0.67644
35 Average of 2 std deviations 0.57406

0.67644 (D34), while the average of the two is 0.57406 (C35), which trans-
fers to Table 8-2 cell B10.

The reason that we use 10-day intervals in our calculation instead of
daily intervals is that the bid ask spread on the stock may create apparent
volatility that is not really present. This is because the quoted closing
prices are from the last trade. In Nasdaq trading, when one sells to a
dealer it is at the bid price, but when one buys it is at the ask price. If
the last price of the day is switching randomly from a bid to an ask price
and vice versa, this can cause us to measure an apparent volatility that
is not really there. By using 10-day intervals, we reduce any measurement
effect caused by the spread.

Commentary to Table 8-3: Final Calculation of Discount
Table 8-3 is our final calculation of the restricted stock discount. We use
a weighted average of the two valuation approaches discussed earlier in
the report.

According to the multiple regression analysis in Table 8-1, cell C93,
the discount should be 21.41%. We show that in Table 8-3 in cell C6. In
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T A B L E 8-3

Final Calculation of Discount

A B C D E

4 Weighted
5 Method Source Table Discount Weight Discount

6 Multiple regression analysis 8-1, C93 21.41% 50% 10.7%
7 Black-Scholes put option 8-2, B16 19.51% 50% 9.8%
8 Total 100% 20.5%
10 Freely trading closing price, 8/11/97 [1] $ 2.375
11 Less discount for lack of marketability-20.5% $ (0.486)
12 Fair market value of restricted stock $ 1.889
13 Number of shares 500,000
14 FMV of restricted shares (rounded) $945,000

Source: America Online, Prophet Line.

C7 we show the Black–Scholes calculation of 19.51%, which we calculated
in Table 8-2, B16. We weight the two approaches equally, which results
in a discount of 20.5% (E8). The closing price of ENCO, Inc. common
stock on August 11, 1997, was $2.375 (E10) per share.12 The 20.5% discount
is $0.486 (E11) per share, leaving the fair market value of the restricted
stock on that date at $1.889 per share (E12). Multiplying that by 500,000
shares (E13), the fair market value of the ENCO stock received by Robert
Smith is $945,000 (E14).

Conclusion of Discount for Lack of Marketability

It is our opinion, subject to this report and the statement of limiting con-
ditions, that the proper discount to fair market value of the restricted
shares from the traded price of ENCO, Inc. stock on August 11, 1997, is
20.5%. Assuming the closing price of ENCO stock on that date of $2.375
per share is the fair market value of the freely trading shares, the discount
of 20.5% is $0.486 per share, leaving a fair market value of the 500,000
shares of restricted stock of $1.889 per share, or $945,000 (E14) for Robert
Smith.

ASSUMPTIONS AND LIMITING CONDITIONS

In accordance with recognized professional ethics, the fee for this service
is not contingent upon our conclusion of value, and neither Abrams Val-
uation Group nor any of its employees has a present or intended interest
in the Company.

Per your instructions, we have relied upon Robert Smith’s informa-
tion as to shares outstanding and other relevant information. We have
been accepted this information without verification as being correct. The
same is true as to the dates of marketability, though our information came
from Len Storm, Vice President and Legal Secretary of ENCO, Inc.

12. Source: America Online, Prophet Line.
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The conclusions are based on our analysis and discussions with Rob-
ert Smith. We did not make any site visit, as we deemed that unnecessary.
We further assume that present ENCO Management would continue to
maintain the character and integrity of the enterprise through any sale,
reorganization, or diminution of the owners’ participation or equity in-
terest. We know of no significant pending legal action against the Com-
pany of which the market is unaware;13 nor do we know of any other
‘‘skeleton in the closet,’’ and we assume none is or will be occurring. If
this did happen, then might change the value of the Company and Robert
Smith’s underlying stock.

Our opinion of the discount for lack of marketability in this report
is valid only for the stated purpose and only at the date of the appraisal.
It is our understanding that this opinion will be used for income tax
purposes. The fair market value, as determined within our report, shall
not be used for other purposes or dates.

Though some similarities exist between value as set forth for this
purpose and others, it would be incorrect to use the price per share as
determined within our report for any other purposes due to specific tim-
ing, performance, and marketability issues that arise in evaluating the
fair market value of a company. Accordingly, any such use of the value
as determined within this report for other purposes would be inaccurate
and possibly misleading and no such use shall be made without written
permission from Abrams Valuation Group.

Our determination of fair market value as reported herein does not
represent investment advice of any kind to any person and does not con-
stitute a recommendation as to the purchase or sale of shares of the Com-
pany or as to any our course of action.

Future services regarding the subject matter of this report, including,
but not limited to, testimony or attendance in court shall not be required
of Abrams Valuation Group unless previous arrangements have been
made in writing.

This report may only be presented to persons whose use is relevant
to its purpose, and only the entire report can be so conveyed. Giving part
of this report for someone to read can lead to dangerous misunderstand-
ing and is prohibited.

Neither all nor any part of the contents of this report shall be con-
veyed to the public through advertising, public relations, news, sales,
mail, direct transmittal, or other media without the prior written consent
and approval of Abrams Valuation Group.

APPRAISER’S QUALIFICATIONS

Jay B. Abrams, ASA, CPA, MBA, author and inventor, is a nationally
recognized consultant within the valuation field.

Mr. Abrams lectured at the June 1996 Toronto International Confer-
ence of the American Society of Appraisers, the organization from which

13. By the efficient markets hypothesis, if the market knows about a lawsuit or even a potential
lawsuit, the stock price will reflect that. Here we are saying we know of no insider relevant
information that would change the market price if the public knew about that.
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he holds the professional designation of Accredited Senior Appraiser
(ASA) in Business Valuation. He has lectured for the National Association
of Certified Valuation Analysis and the Anthony Robbins’ Financial Mas-
tery Seminar.

Mr. Abrams has provided services to clients representing a variety
of organizations from small entrepreneurs to Columbia Pictures, Dr. Pep-
per, Purex Corporation, and other Fortune 1000 firms in the area of in-
tangibles, including goodwill, customer lists, licensing agreements, con-
tracts, and business enterprise and capital stock appraisals for numerous
purposes, including the following:

● Employee stock ownership plans (ESOPs).
● Estate planning, estate and gift taxes.
● Income taxes and charitable contributions.
● Mergers and acquisitions and sales.
● Divestitures.
● Warrants and stock options.
● Shareholder buy/sell agreements.
● Blocks of publicly traded securities.
● Private placements and public offerings.
● Restricted securities.
● Recapitalization and reorganizations.
● Debt and equity financing.
● Company dissolutions.
● Litigation settlement.

Additionally, Mr. Abrams has prepared and given expert testimony
in the capital stock and business enterprise valuation areas in various
courts of law.

Mr. Abrams’ valuation experience encompasses a wide array of in-
dustries and assignments, for mergers/acquisitions, sales and leaseback,
litigation support, leveraged buyouts, and stockholder agreements. Mr.
Abrams was Vice-President of Pacific Corporate Valuation, Inc. in charge
of the valuation practice, and he was a Project Manager at Arthur D. Little
Valuation, Inc. He was a cofounder and president of Raycom, a radio
communications firm, and prior to this was an auditor with Arthur An-
dersen & Company. Mr. Abrams received his MBA from the University
of Chicago in finance and marketing, where he also pursued graduate
studies in economics.

Mr. Abrams invented and published the Abrams Table of Equity Pre-
mia and has published an article quantifying the discount for lack of
marketability. He invented several formulas for valuing leveraged ESOPs,
as well as the Abrams Table of Accounting Transposition Errors, used for
troubleshooting such errors. He also wrote software to automatically gen-
erate a table of potential sources of error.

Mr. Abrams’ writings include:

● Quantitative Business Valuation, McGraw-Hill, November 2000.
● ‘‘ESOPs: Measuring and Apportioning the Dilution,’’ Valuation,
June 1997.
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● ‘‘Discount Rates as a Function of Log Size and Valuation Error
Measurement,’’ The Valuation Examiner, February/March, 1997.

● ‘‘An Iterative Valuation Approach,’’ Business Valuation Review,
March 1995.

● ‘‘A Breakthrough in Calculating Reliable Discount Rates,’’
Valuation, August, 1994.

● ‘‘Discount for Lack of Marketability: A Theoretical Model,’’
Business Valuation Review, September 1994.

● ‘‘Cash Flow: A Mathematical Derivation,’’ Valuation, March 1994.
● ‘‘An Iterative Procedure to Value Leveraged ESOPs,’’ Valuation,
January 1993.

● ‘‘How to Quickly Find and Fix Accounting Transposition Errors,’’
The Practical Accountant, June 1992.

● Coauthor of ‘‘Valuation of Companies for ESOP Purposes,’’
Chapter 8 in Employee Stock Ownership Plans by Robert W. Smiley,
Jr. and Ronald J. Gilbert, Prentice Hall/Rosenfeld Launer
Publications, New York, 1989.

● ‘‘The Annuity Discount Factor: Generalization, Analysis of
Special Cases, and Relationship to the Gordon Model and Fixed-
Rate Loan Amortization,’’ unpublished.
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January 4, 2000

Mr. Bradley J. Jones
Manager
ABC Company, LLC
PO Box 99214
San Diego, CA 92169

Dear Mr. Jones:

On January 6, 1999, ABC Company, LLC (‘‘ABC,’’ or ‘‘the LLC’’), a Cal-
ifornia Limited Liability Company, was established for purposes of in-
vesting in real estate and other assets. On December 25, 1999, Tina M.
Smith made four gifts of member interests of 2.80% in the LLC to the
other existing members, who are her children. On January 3, 2000, Mrs.
Smith made four gifts of 2.25% member interests.

In accordance with your instructions, we have performed a Complete
Appraisal, documented in a Self-Contained Report, to calculate the dis-
counts for lack of control and lack of marketability (collectively, ‘‘the Frac-
tional Interest Discount’’) for the four 2.80% and 2.25% member interest
gifts for gift tax purposes.

Our opinion of the Fractional Interest Discount will be effective from
December 25, 1999, through January 3, 2000, for gift tax purposes. The
fractional interest discounts, as determined within our report, shall not
be used for other purposes or dates without our written consent, as they
may be misleading and dangerous.

The term fair market value is defined as follows: ‘‘the amount at which
property [in this case, the member interests in the LLC] would change
hands between a willing buyer and a willing seller, when the former is
not under any compulsion to buy and the latter is not under any com-
pulsion to sell, and when both parties have reasonable knowledge of
relevant facts.’’1

The scope of our engagement did not include a physical visit to the prop-
erties or your offices, nor a separate valuation of the former.

For the fair market value of the properties, we relied on the appraisals
by ABC Real Estate Appraisals as of December 1998 and the estimate of
fair market value for the Dutch Flat property by Bradley Jones. All in-
formation regarding the LLC was provided by Bradley Jones and the
LLC’s attorney, David Hollander, Esq., and its accountant, David Sofer,

1. American Society of Appraisers Business Valuation Standards. Also, the wording is virtually
identical in Reg. § 1.170A-1(c)(2) (income tax, charitable contributions of property); see Reg.
§§ 20.2031-1(b) (second sentence) (estate tax), 25.2512-1 (second sentence) (gift tax).
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CPA. This information has been accepted, without additional verification,
as correctly reflecting the financial statements and value and nature of
the underlying assets, and is your responsibility.

In our opinion, based upon our investigation and analysis and subject to
the attached report and Statement of Limiting Conditions, the appropriate
fractional interest discount for the subject 2.80% and 2.25% member in-
terests is 48%. The fair market value of each 2.80% interest is $20,000,
and the fair market value of each 2.25% interest is $16,250.

We retain a copy of this letter in our files, together with the field data
from which it was prepared. We consider these records confidential, and
we do not permit access to them by anyone without your authorization.

USPAP (Uniform Standards and Principals of Appraisal Practice) Certi-
fication:

I certify that to the best of my knowledge and belief that

● The statements of fact contained in this report are true and
correct, the reported analyses, opinions and conclusions are
limited only by the reported conditions, and they are our
personal, unbiased, professional analyses, opinions, and
conclusions.

● We have no present or prospective interest in the property that is
the subject of this report, and we have no personal interest or
bias with respect to the parties involved.

● Our compensation is not contingent on an action or event
resulting from the analyses, opinions, conclusions in this report
or the use thereof.

● Our analyses, opinions, and conclusions were developed, and
this report has been prepared, in conformity with the Uniform
Standards of Professional Appraisal Practice and the Business
Valuation Standards of the American Society of Appraisers.

● No one has provided significant professional assistance to me.
● I have passed the USPAP examination and am certified through
2001. Additionally, I am an Accredited Senior Appraiser (ASA)
with the American Society of Appraisers. My certification is
current through the year 2000.

Sincerely yours,

Jay B. Abrams, ASA, CPA, MBA
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These considerations are outlined and described in Revenue Ruling 59-
60, 1959-1 CB 237, as modified by Revenue Ruling 65-193, 1965-2 CB 370,
and Revenue Ruling 77-287, IRB 1977-33. Although Revenue Ruling 59-
60 specifically addresses itself to stock valuations for gift and estate tax
purposes, the principles set forth may be applied to a wide spectrum of
valuation problems, including those related to stockholder buy/sell
agreements, mergers and acquisitions, Employee Stock Ownership Plans,
corporate reorganizations, marital dissolutions, and bankruptcies. This re-
port will discuss these factors and address other items relevant to the
member interests to determine their effect upon the fair market value of
the LLC interests.

Sources of Data

1. Survey of Professional Forecasters’’ Federal Reserve Bank of
Philadelphia, November 19, 1999. Internet site http://
www.phil.frb.org/files/spf/survq499.html.

2. Operating Agreement of the LLC.
3. ABC Real Estate Appraisals.
4. Conversations with Bradley Jones.
5. LLC’s balance sheet and income statement.
6. Mrs. Tina Smith’s Federal Tax Returns from 1997 and 1998.
7. Survey of Professional Forecasters, www.phil.frb.org/files/spf/

survq499.html.
8. Houlihan Lokey Howard & Zukin, Mergerstat Review—1999, p.

23.
9. Cost of Capital Quarterly—1999, SIC Code #6798 (REITs),

Ibbotson Associates.
10. Management Planning, Inc. restricted stock data.
11. Partnership Profiles, Inc. secondary limited partnership data.
12. Jones, Roach & Caringella private sale data.

HISTORY AND DESCRIPTION OF THE LLC

Tina M. Smith and her four children, listed below in Table 9-1, founded
the LLC on January 6, 1999. Mrs. Smith owned several properties, which
she contributed to the LLC. The original capital contributions and mem-
ber interests are as appears above in Table 9-1.

All four 5% members are children of Tina Smith. According to Brad-
ley Jones, the member interests are the same as of the valuation date,
even though there have been additional contributions.

Significant Terms and Legal Issues

The LLC is governed by its Operating Agreement dated January 6, 1999.
According to the Operating Agreement, the LLC is to be dissolved on
December 31, 2030, unless the term is extended by amendment to the
Operating Agreement or it is dissolved earlier.
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T A B L E 9-1

Member Interests at Inception on 1/6/96

Member Initial Capital Contribution %

Tina M. Smitha $200,000 80%
Bradley J. Jones 10,000 5%
David R. Jones 10,000 5%
Larry T. Smith 10,000 5%
Lisa C. Dubliner 10,000 5%
Total $240,000 100%

Source: Exhibit A, Operating Agreement of the LLC.
aAs Trustee under the Tina M. Smith Revocable Living Trust, and amendments thereto, 9/11/90.

Section 11 of the Operating Agreement specifies a three-month right
of first refusal (ROFR) in which its other members have to buy out a
member who wants to sell.

Bradley J. Jones is the Manager of the LLC and has the right to bind
it legally. However, his authority is subject to the Management Commit-
tee.

Conclusion

The LLC’s ROFR is a moderate impairment of marketability and, there-
fore, fair market value. This happens because buyers are averse to in-
vesting their time in the due diligence process when they can be so easily
outbid by having their bid matched by insiders who have legal prefer-
ence. To be slightly conservative, we do not make an explicit adjustment
for this in our final calculation of the fractional interest discount.

ECONOMIC OUTLOOK

Economic Growth

Forty-three forecasters surveyed by the Federal Reserve Bank of Phila-
delphia expect that the U.S. economy will expand at an annual rate of
3.7% in 1999’s fourth quarter and at an annual rate of 3.1% in 2000. The
forecasters see growth slipping a bit in the first quarter of 2000, to 2.3%,
but rebounding from that rate over the following three quarters. Unem-
ployment is expected to average 4.3% in 2000.3

Inflation

Expectations for inflation, measured by the Consumer Price Index, over
the next 10 years are 2.50%. The expected inflation for 2000 is 2.50%.4 For
the purposes of this valuation, we forecast annual inflation at 3%.

3. ‘‘Survey of Professional Forecasters’’ Federal Reserve Bank of Philadelphia, November 19, 1999.
Internet site http://www.phil.frb.org/files/spf/survq499.html.

4. Ibid.
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Interest Rates

Three-month Treasury Bills are expected to average 5.1% in 2000, while
the yield on 10-year Treasury Bonds is expected to average 6.1.5

State and Local Economics

State and local economics are not sufficiently relevant to warrant research
in this report, as they are fully considered in the valuation of the real
estate.

Summary

The economic forecast for the United States appears moderately positive,
with modest growth and low inflation.

FINANCIAL REVIEW

Commentary to Table 9-2: FMV Balance Sheets

Table 9-2 consists of a historical balance sheet of the LLC in column B
and a fair market value balance sheet in column C, both dated December
25, 1999, the valuation date. The source of the historical 1999 balance sheet
and income statement is the LLC’s internally generated statements as of
December 14, 1999.

Bradley Jones stated that he expects no other income, expenses, or
payments for the remainder of 1999, with one exception. The LLC will
pay his accrued salary of $1,600 on December 15. Additionally, there
would be another payment of his salary at the end of December, which
is after the December 25, 1999, valuation date. Technically, we should
accrue another ten days of his salary to the valuation date, but the dif-
ference is immaterial. Thus, we show an accrual of $3,200 for his entire
December salary in row 20.

The only difference between the amounts in columns B and C is that
we substitute the appraised fair market values for the properties in col-
umn C in place of the cost basis in column B. The historical balance sheet
is not relevant to the valuation analysis, and we present it in order to be
complete.

All fair market values of properties are appraised by ABC Real Estate
Appraisals, with the exception of Dover Field (Row 15), which is 2.77
acres of land and one studio. Bradley Jones estimates its fair market value
at $40,000.

The fair market value of the properties are $1,387,000 (C16), which
is approximately $667,000 above their cost basis. The net asset value, or
fair market value of the equity, is $1,389,185 (B22).

5. Ibid.
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T A B L E 9-2

Balance Sheets 12/25/99 [1]

A B C

4 Assets: Historical FMV [2]

5 Cash 11,234 11,234
6 Computer equipment-net 1,251 1,251
7 Real estate:
8 4627-35 Bass St. 370,000
9 88 Apple Road, Julian 95,000
10 000 Pumpkin Patch [3] 40,000
11 37830 & 37848 Geese Rd., Ranchita 135,000
12 4463-65 Grape St. 215,000
13 852 Brown Ave. 300,000
14 1351 Kansas St. (80% owned by LLC) [4] 192,000
15 Dover Field 40,000
16 Total real estate [5] 719,254 1,387,000
17 Total assets 731,739 1,399,485

18 Liabilities

19 Security deposits 7,100 7,100
20 Accrued manager’s salary payable 3,200 3,200
21 Total liabilities 10,300 10,300
22 Total capital 721,439 1,389,185
23 Total liabilities & capital 731,739 1,399,485

[1] The source of the historical balance sheet (and income statement) is the LLC’s internally drafted statement as of 12/14/99. Brad-
ley Jones expects no other income, expenses, or payments through the end of the year, with the exception of his own salary of
$3,200 per month. Technically, we should accrue that salary through 12/25/99. However, to facilitate the income statement analysis
for an entire year, it is preferable to accrue his salary through 12/31/99. The difference of six days of salary is immaterial to the
valuation.
[2] All properties appraised by ABC Real Estate Appraisals as of 12/30/98 or 12/3/98, except for Dover Field, which is 2.77 acres of
land, plus one studio. Bradley Jones, LLC Manager, estimates its FMV at $40,000. All other assets and liabilities are per the LLC’s
12/14/99 Balance Sheet.
[3] This is vacant land.
[4] Four gifts of 5% each � 20% Tenants-in-Common interests were already gifted to Bradley Jones, David R. Jones, Larry T. Smith,
and Lisa C. Dubliner. This is 80% of the appraised FMV.
[5] The historical numbers consist of the following:

Total buildings 494,005
Less accumulated depreciation-bldgs (116,310)
Buildings-net 377,695
Construction in progress (Brown Ave.) 44,864
Land 296,695
Total real estate 719,254

Bradley Jones reports that ABC Real Estate Appraisals told him verbally that the appropriate FMV for the Brown Ave. property,
which is the one with the construction-in-progress, is still the $300,000 at which it was appraised in 1998.

Commentary to Table 9-3: Income Statements

Table 9-3 presents income statement data for three years. Column B con-
tains a complete income statement for 1999. January 6, 1999, was the
inception of the LLC, so the income statement excludes January 1 through
January 5, when the properties were still owned by Tina M. Smith as an
individual. Additionally, the 1997 and 1998 income data, which appear
in columns D and C, respectively, are partial data taken from Mrs. Smith’s
tax returns—specifically from Schedule E.

Row 32 shows net income as appears on the LLC’s income statement
and Mrs. Smith’s tax returns. Net income was $27,733, $17,843, and
$28,696 in 1997–1999, respectively (D32, C32, and B32).

Next, it is necessary to subtract salary for Bradley Jones’s services to
the properties. In 1997 and 1998 he was part-time and managed only one
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T A B L E 9-3

Income Statements [1]

A B C D

4 1999 1998 1997

5 Rental income 82,170
6 Late fees 50
7 Total income 82,220
8 Expenses:
9 Fire equipment maintenance 29
10 Auto 2,905
11 Bank charges 64
12 Dues & subscriptions 72
13 Equipment rental 396
14 Franchise fees 800
15 Insurance 5,284
16 Landscaping 1,535
17 Licenses and permits 623
18 Postage and delivery 241
19 Accounting 1,380
20 Consulting 1,750
21 Legal 1,500
22 Property taxes 10,576
23 Repairs 17,854
24 Supplies 6,169
25 Telephone 505
26 Gas & electric 430
27 Water 1,502
28 Rounding error �1
29 Total expenses 53,614
30 Net operating income 28,606
31 Interest income 90
32 Net income before adjustments [2] 28,696 17,843 27,733
33 Less management salary [3] �38,400 �2,443 �2,708
34 Adjusted net income [4] �9,704 15,400 25,025
35 1997–1999 average net income 30,721
36 1997–1999 total net income 10,240

[1] Sources: The LLC’s 12/14/99 Income Statement provided by Bradley Jones and Schedule E’s from Tina Smith’s 1997–1998 tax
returns.
[2] This amount equals net income on the LLC’s income statement.
[3] In 1999, Bradley Jones made $3,200 per month, which is arm’s-length. His salary was recorded as a draw against earnings, but
it should be charged as an expense. In earlier years, Mrs. Smith paid an outside property manager. Bradley managed one of her
properties, without pay. In 1997-1998, we subtract the same amount paid to the property manager as Bradley’s arm’s-length salary
in those years.
[4] This income statement is 1/1/99 to 12/14/99. Bradley Jones expects no more income or expense for the remainder of 1999, with
the exception of his own salary, which we have accrued.

of the properties, and he was unpaid. For those two years we subtracted
the same amount as Mrs. Smith paid her outside property manager—
approximately $2,400 to $2,700 (C33 and D33). In 1999, Mr. Jones worked
full-time for the LLC, and we subtract his actual (and arm’s-length) salary
of $38,400 (B33), which on the LLC’s income statement was charged as a
draw against profits.

We subtract row 33 from row 32 to arrive at adjusted net income in
row 34. Adjusted net loss was �$9,704 (B34) in 1999. In 1997 and 1998
adjusted net income was $25,025 and $15,400 (D34 and C34). Total ad-
justed net income for the three years was $30,721 (B35), and the three-
year average was $10,240 (B36).
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T A B L E 9-4

Cash Distributions

A B C

4 1999 1997–1999 Avg

5 Adjusted net income (Table 9-3: B34, B36) �9,704 10,240
6 Net asset value (Table 9-2, C22) 1,389,185 1,389,185
7 Net income margin �0.70% 0.74%
8 Property appreciation [1] 3.00% 3.00%
9 Total returns 2.30% 3.74%
10 Retention percentage [2] 25.00% 25.00%
11 Expected distributions � 1-retention % 75.00% 75.00%
12 Expected distributions �0.52% 0.55%

[1] Assumed at CPI expected inflation of 2.5% (Survey of Professional Forecasters, www.phil.frb.org/files/spf/survq499.html), plus
real growth of 0.5%
[2] Bradley Jones expects the LLC to retain 25% of net income for future growth.

Commentary to Table 9-4: Cash Distributions

In Table 9-4, we calculate the margins from net income and property
appreciation as well as cash distributions. We use the first two items in
our calculations in Table 9-5C, and we use the latter in Table 9-6.

We begin with adjusted net income of �$9,704 (B5, from Table 9-3,
B34) for 1999 only and $10,240 (C5, from Table 9-3, B36) for the average
of 1997–1999. We then divide that by the net asset value of $1,389,185
(Row 6, from Table 9-2, C22) to arrive at the net income margins of
�0.70% and 0.74% (Row 7).

We assume property appreciation at 2.5% for inflation6 and 0.5%—a
reasonable estimate—for real growth, totaling 3.00% (row 8). Adding
rows 6 and 7, which are net income margins and property appreciation,
we come to a forecast total returns from the property of 2.30% and 3.74%
(row 9).

Bradley Jones expects to retain 25% (row 10) of income for reinvest-
ment, which leaves one minus 25%, or 75% (row 11) for cash distributions.
Finally, we multiply the net income margins in row 7 by the expected
distributions of available income in row 11 to calculate expected distri-
butions in row 12. As the 1999 amount is negative, we use only the 1997–
1999 average of 0.55% in C12 as our forecast of distributions. Again, we
will use this forecast in Table 9-6 to calculate the fractional interest dis-
count using the Partnership Profiles approach.

VALUATION

Valuation Approaches

We have considered the following basic approaches in calculating the
fractional interest discount:

6. CPI expected inflation from Survey of Professional Forecasters, www.phil.frb.org/files/spf/
survq499.html.
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● Economic components approach.
● Partnership profiles database approach.
● Market approach—sales of unregistered private fractional
interests.

● Quantitative marketability discount model.

Selection of Valuation Approach

We have selected the Economic components approach, the Partnership
Profiles database approach, and the market approach—sales of unregis-
tered Private Fractional Interests as the appropriate ones for valuing the
member interests. These first two are more accurate and objective than
the QMDM, which was ineffective in its ability to model restricted stock
discounts.7 The third provides us with a market benchmark.

Economic Components Approach

In this valuation approach we quantify the underlying economic com-
ponents that make up the discount for lack of marketability (DLOM) and
for lack of control (DLOC). Chapter 7 of Quantitative Business Valuation:
A Mathematical Approach for Today’s Professionals, by Jay B. Abrams, ASA,
CPA, MBA, is the theoretical basis for this approach. We will refer to this
as ‘‘the chapter.’’ Much of the wording of this section is in the context of
valuing corporate stock, as that is the context of the chapter, but the logic
also applies to valuing interests in limited partnerships, general partner-
ships, TICs, and LLCs.

DLOC is relatively simple and has no subcomponents. However,
DLOM is more complicated. Abrams identifies four components of the
discount for lack of marketability in the chapter: Delay-to-sale, monop-
sony power, and incremental transaction costs for both the buyer and the
seller. The first component, delay-to-sale, is the economic impact of the
incremental time that it would take to sell the subject property (in this
case, the various member interests) beyond the time that it would nor-
mally take to sell the underlying property from which we draw our com-
parisons, i.e., a 100% interest in the property. The second component is
the monopsony power to the few buyers of small businesses (or other
illiquid investments). The third and fourth components are differentials
in transaction costs for both the buyer and seller between purchasing a
fractional interest compared to a 100% interest.

Table 9-5, section 1 shows the calculation of the combined discount
(DLOM � DLOC) for the 2.80% member interests according to the eco-
nomic components approach. In Table 9-5, section 2 we calculate the dis-
count for lack of control. The calculation of the discount for lack of mar-
ketability is contained in Tables 9-5A, 9-5B, and 9-5C.

7. See Chapter 7 of Jay Abrams’ book Valuing Businesses: Advanced Techniques For Practitioners,
McGraw-Hill, to be published in November 2000.
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T A B L E 9-5

Economic Components Approach: 2.80% Member Interest

A B C D E F G

5 Section 1: Combined Discounts

7
8

Pure
Discount

Percent
Remaining

9 31.3% 68.7% Discount-lack of marketability (Table 9-5C, D14)
10 26.0% 74.0% Discount-lack of control (E20)
11 50.8% Total % remaining � 68.7% * 74.0%
12 49.2% Discount � 1 � total % remaining

15 Section 2: Discount-Lack of Control

17 Average premium (� P) for control [1] 40.7%
18 Discount-minority interest � P/(1 � P) 28.9%
19 Adjustment: for 2.80% member interest-subtract

10% [2]
90%

20 Discount-lack of control 26.0%

[1] Source: Mergerstat-1999, page 23. There is new research in Chapter 7 of Abrams’ book Quantitative Business Valuation: A Math-
ematical Approach for Today’s Professionals which suggests that control premiums for private firms probably should be on the order
of 21 to 28% above the marketable minority level. This would imply a lower discount for lack of control. However, in private firms
the possibility of wealth transfer from minority interests to control interests could very well increase DLOC. In Chapter 7, Abrams
also cited international voting rights premia (VRP) as high as 82 percent and an American outlier VRP 42 percent that might indicate
the value of control to be higher than 28 percent. Taking these data into consideration, we use the Mergerstat acquisition premium
to arrive at our DLOC.
[2] A 2.80% Member Interest should have more influence than a typical minority interest in the stock market. We quantify this by
reducing the discount for lack of control by 10%, leaving 90% of the discount for lack of control.

Commentary to Table 9-5: Calculation of
Combined Discounts

Section 1: The Combined Discounts
In this section we show the combined effects of both discounts: for lack
of marketability and lack of control. Cell A9 contains the DLOM of 31.3%
from Table 9-5C, D14. Cell A10 contains the DLOC of 26.0%, calculated
in Section 2. The remaining value after the DLOM is 1 � 31.3% � 68.7%
(B9). The remaining value after the DLOC is 1 � 26.0% � 74.0% (B10).
Multiplying the two remaining values produces a total remaining value
of 68.7% � 74.0% � 50.8% (B11). The combined discount is 1 � 50.8% �
49.2% (B14) for the 2.80% member interest.

Section 2: Discount for Lack of Control8

Minority interests typically have no cash flow from their investments. The
control owners are able to divert corporate funds to themselves in the
form of high salaries, perks, etc., which give them cash flow without
generating corporate taxes. Closely held business owners of C corpora-
tions generally do not declare dividends, which are not tax-deductible as
are salaries, bonuses, and perks. Minority shareholders have no cash flow

8. The following paragraph is introducing valuation theory that is necessary, even though it is
couched in terms of minority share ownership in C corporations, which is not the current
assignment. We will modify the conclusions that arise from this discussion as appropriate
for this valuation assignment.
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from excess salaries and receive no dividends. The only way to get cash
flow is to pray for the company to sell, and even then the control share-
holder can sell his shares without taking the minority shareholders along.
Also, the minority shareholder cannot generally force the sale of the firm
to achieve liquidity, with an important exception discussed below. The
position of a minority shareholder in a closely held company is usually
quite weak and vulnerable.

The standard valuation industry calculation of the minority interest
discount begins with measuring control premiums in acquisitions of pub-
licly held firms. Such acquisitions generally take place at substantial pre-
miums. There is a value to control, and buyers pay for it.

On the contrary, there is negative value to a lack of control, and
buyers will discount value because of it. If we assume a 40% premium,
that means a company trading at $100 per share before being acquired
will be acquired at $140 per share, or a $40 per share or 40 per cent
premium. The other perspective is to say that there is a $40 discount for
minority interest from the control price of $140, i.e., the discount for lack
of control (DLOC). DLOC is then $40/140, or 28.6%. A more general for-
mula to calculate the minority interest discount is DLOC � P/(1 � P),
where P is the control premium in percentage.

The average control premium paid in 1998 was 40.7%9 (E17), which
implies a discount for lack of control of 28.9% (E18).

A 2.80% member interest has more influence over policy than a typ-
ical minority interest in the stock market. Because of the 2.80% member
interest’s greater control, we reduce the discount for lack of control by
10%, leaving 90% (E19) of the minority interest discount. Multiplying
28.9% � 90% � 26.0% (E20), the discount for lack of control, which we
transfer to A10.

Commentary to Table 9-5A: Delay-to-Sale

Table 9-5A displays our calculation of the first of four components of
DLOM, the delay-to-sale. The chapter discusses how stock in privately
held firms is illiquid. Most firms of substance require a year or more to
sell. We begin the calculation by making a comparison of owning a pri-
vate firm to holding restricted securities of a publicly traded firm.

There have been many studies that consistently find that the sellers
of restricted securities, who can choose to wait for two years10 and sell

9. Houlihan Lokey Howard & Zukin, Mergerstat Review—1999, p. 23. There is new research in
Chapter 7 of Abrams’ book Quantitative Business Valuation: A Mathematical Approach for
Today’s Professionals which suggests that control premiums for private firms probably should
be on the order of 21–28% above the marketable minority level. This would imply a lower
discount for lack of control. However, in private firms the possibility of wealth transfer from
minority interests to control interests could very well increase DLOC. In Chapter 7, Abrams
also cites international voting rights premia (VRP) as high as 82% and an American outlier
VRP 42% that might indicate the value of control to be higher than 28%. Taking these data
into consideration, we use the Mergerstat acquisition premium to arrive at our DLOC.

10. The SEC changed Rule 144 on April 29, 1997 to require only a one year instead of a two year
waiting period to sell restricted securities for nonaffiliate owners. The studies we refer to
were conducted prior to April 29, 1997, and therefore measure the discount taken at the
time of sale instead of waiting two years.
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T A B L E 9-5A

Calculation of Component #1: Delay to Sale [1]

A B C D

5 Coefficients Subject Co. Data Discount

6 Intercept 0.1292 NA 12.9%
7 Revenues2 (Table 9-3, B7)2 �5.39E � 18 6.76E � 09 0.0%
8 Value of block-post-discount [2] �4.39E � 09 $ 30,351 0.0%
9 FMV-100% interest in property (Table 9-2, C22) [3] 6.10E � 10 $1,389,185 0.1%
10 Earnings stability (Table 9-5B, B40) �0.1381 0.1124 �1.6%
11 Revenue stability (Table 9-5B, B21) �0.1800 0.1749 �3.1%
12 Average years to sell [4] 0.1368 1.0000 13.7%

13 Total discount (transfer to Table 9-5C, B9) 22.0%

15 Block size in percent 2.80%

[1] This table is identical to Table 7-5, Regression #2 from Abrams’ book, with only subject’s data changed.
[2] Equal to fractional interest of FMV * (1-discount for delay to sale).
[3] In the restricted stock study, this was a marketable minority interest value. Due to the limitations of the data available, we must use the FMV of the whole property, which is a control
value.
[4] We normally assume it takes one year to sell such illiquid, fractional interests. A 3-month right of first refusal would tend to make this interest somewhat more difficult than most to
sell. However, we take a conservative approach and assume it has no further impact. Thus, we remain with a one-year delay to sale.

all or part of their securities according to Rule 144 at the prevailing mar-
ket price, sell privately at an average discount of 35% (Pratt et al. 1996,
chap. 15). However, if a business takes one year on average to sell, what
is the discount? Furthermore, should every business be discounted
equally for an equal delay-to-sale, or do other business characteristics
influence the delay-to-sale discount?

To answer these questions, Jay Abrams developed an original equa-
tion for the delay-to-sale discount. The equation was derived by perform-
ing regression analysis on the data from the Management Planning Study.
The Management Planning Study, presented as an entire chapter in Mer-
cer (1997), contains data on 49 restricted stock trades from 1980-1995. An
additional four restricted stock sales in 1996, obtained from Management
Planning, were added to the analysis.11 Abrams tested 37 independent
variables included in or derived from the Management Planning study.
Only the following 7 independent variables were statistically significant
at the 95% level.

# Independent Variable

1 Revenues squared.
2 Shares sold � $: This is the post-discount dollar value of the transaction.
3 Market capitalization � price per share times shares outstanding summed for all classes of

stock.
4 Earnings stability: the unadjusted R2 of the regression of net income as a function of time,

with time measured as years 1, 2, 3, . . . This is calculated in Quantitative Business
Valuation: A Mathematical Approach for Today’s Professionals in Table 7-5, regression
#1.

5 Revenue stability: the unadjusted R2 of the regression of revenue as a function of time,
with time measured as years 1, 2, 3, . . . This is calculated in Quantitative Business
Valuation: A Mathematical Approach for Today’s Professionals in Table 7-5, regression
#2.

11. In addition, Management Planning provided a few small corrections to the original data.
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# Independent Variable

6 Average years to sell: This is the weighted average years to sell by a nonaffiliate, based on
SEC Rule 144.

7 Price stability: this ratio is calculated by dividing the standard deviation of the stock price
by the mean of the stock price. The end-of-month stock prices for the 12 months prior
to the valuation date are used.

The regression has an adjusted R2 of 59%. This means that 59% of
the variation in restricted stock discounts is explained by the regression
model. The subject of this report does not have the data necessary to
calculate the Price stability variable. Therefore, we need to use a modified
version of the regression which excludes price stability. We also rename
variables #2 and #3 ‘‘value of block—post-discount’’ and ‘‘FMV-100% in-
terest in the LLC’’ to better suit the context of this application. The ad-
justed R2 of this alternate regression is 43%. The coefficients of the re-
gression equation appear in column B.

In order to employ Abrams’ equation, we must determine the para-
meters for the LLC. Column C contains the LLC’s parameters. Cell C7
contains the square of the LLC’s 1999 revenue, $6.76 billion, shown as
6.76E�09.

The value of block—post-discount variable actually depends on the
final delay-to-sale discount, the dependent variable. Therefore, we must
derive the LLC’s input for this independent variable through an iterative
process. With the aid of a spreadsheet program, the task is simple. We
input the FMV of equity, $1,389,185, which comes from Table 9-2, C22,
times the percentage interest times one minus the delay-to-sale discount,
or $1,389,185 � 2.80% � (1 � D13) � $30,351 (C8) for the LLC’s value of
block—post-discount and activate the iterative capability of the spread-
sheet program.

For the FMV-100% interest in the LLC (C9), we simply input the FMV
of the LLC’s equity, $1,389,185 from Table 9-2, C22.

To determine the LLC’s earnings and revenue stability, we perform
a regression analysis of the LLC’s earnings as a function of time and its
revenue as a function of time. The results of the regressions are in Table
9-5B. The R2 of the earnings regression (Table 9-5B, B40) is the earnings
stability of 0.1124 in C10. The R2 of the revenue regression (Table 9-5B,
B21) is the revenue stability of 0.1749 in C11.

Due to the circumstances of the subject member interests, one who
desires to sell such a member interest could easily search for several years
to find a buyer. We assume a one-year incremental delay to sale, which
is a conservative estimate (C12).

To calculate the actual discount for delay to sale, we multiply the
coefficients in column B by the LLC’s parameters in Column C. Then, we
add together the y-intercept value and the products of the coefficients
and the parameters, which yields a delay to sale discount of 22.0% (D13).
This figure is inserted in Table 9-5C, cell B9.

Commentary to Table 9-5C: Calculation of DLOM

Table 9-5C is our calculation of DLOM. Component 1 was discussed in
our commentary to Table 9-5A. Therefore we begin with a discussion of



332

T A B L E 9-5B

Earnings and Revenue Stability

A B C D E F G H I

4 Year Year Revenue Income

5 1 1989 $89,044 $1,165
6 2 1990 $79,646 $8,033
7 3 1991 $89,894 $(34,588)
8 4 1992 $90,645 $(25,486)
9 5 1993 $73,825 $(24,984)
10 6 1994 $70,739 $19,203
11 7 1995 $61,853 $(18,186)
12 8 1996 $70,476 $6,916
13 9 1997 $82,054 $25,025
14 10 1998 $75,147 $15,400
15 11 1999 $82,220 $(9,704)

17 SUMMARY OUTPUT-REVENUE REGRESSION

19 Regression Statistics

20 Multiple R 0.418245668
21 R square 0.174929439
22 Adjusted R square 0.083254932
23 Standard error 8831.270953
24 Observations 11

26 ANOVA

27 df SS MS F Significance F

28 Regression 1 148819808.3 148819808.3 1.908157952 0.200494368
29 Residual 9 701922119.9 77991346.65
30 Total 10 850741928.2

32 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% Lower 95.0% Upper 95.0%

33 Intercept 85664.6 5710.916139 15.00015022 1.128E � 07 72745.6003 98583.5997 72745.6 98583.6
34 Year �1163.145455 842.0286469 �1.381360906 0.200494368 �3067.948041 741.6571321 �3067.95 741.6571
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36 SUMMARY OUTPUT-EARNINGS REGRESSION

38 Regression Statistics

39 Multiple R 0.335265099
40 R square 0.112402687
41 Adjusted R square 0.013780763
42 Standard error 20145.2116
43 Observations 11

45 ANOVA

46 df SS MS F Significance F

47 Regression 1 462537437.2 462537437.2 1.139733262 0.313506838
48 Residual 9 3652465953 405829550.4
49 Total 10 4115003391

51 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% Lower 95.0% Upper 95.0%

52 Intercept �15685.85455 13027.29977 �1.204075658 0.259270779 �45155.67649 13783.9674 �45155.7 13783.97
53 Year 2050.581818 1920.770561 1.067582906 0.313506838 �2294.506377 6395.670013 �2294.51 6395.67
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T A B L E 9-5C

Calculation of DLOM: 2.80% Member Interest

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability
6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 22.0% 22.0% 78.0% Delay to sale-1 yr (Table 9-5A, D13)
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power-thin markets
11 3A 2.0% 3.2% 96.8% Transactions costs-buyers [3]
12 3B 0.0% 0.0% 100.0% Transactions costs-sellers [4]
13 Percent remaining 68.7% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 31.3% Discount � 1 � Total % Remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 Discount rate � r [5] 13.38%
19 Constant growth rate � g [6] 3.18%
20 Intermediate calculation: x � (1 � g)/(1 � r) 0.9101
21 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 9-5A, cell D13; For Component #2, 9% per Schwert article. For Components #3A and #3B, see notes [3] and [4] below.
[2] Formula For Sellers’ Discount: 1 � (1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9], used for Component #3B. Formula For Buyers’ Discount: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)),
per equation [7-9a], used for Component #3A. Components #1 and #2 simply transfer the pure discount.
[3] We assume 2% incremental costs for the buyer, who would have to perform due diligence on the other member interests in addition to due diligence on the property itself.
[4] Our survey of brokers dealing with fractional LP interests found that brokerage fees for interests in LPs is similar to the standard 6% real estate commission. Therefore, we assume
that there are no incremental costs for the seller.
[5] Per Cost of Capital Quarterly-1999, SIC Code 6798 (REITs), 10 Yr Avg. Small Composite returns � 10.38%. We add 3% for the incremental risk of a small operation with very low
profits.
[6] This equals the total returns minus expected distributions, Table 9-4, C9 minus C12.

Component 2, buyer’s monopsony power, and Components 3A and 3B,
buyers’ and sellers’ transactions costs.

Buyer’s Monopsony Power
The control stockholders of privately held firms have no guarantee at all
that they can sell their firms. The market for privately held businesses is
very thin. Most small and medium-sized firms are unlikely to attract more
than a small handful of buyers—and even then probably not more than
one or two every several months—while the seller of publicly traded
stock has millions of potential buyers. Just as a monopolist is a single
seller who can drive up price by withholding production, a single
buyer—a monopsonist—can drive price down by withholding purchase.

The presence of 100 or even 10 interested buyers is likely to drive
the selling price of a business to its theoretical maximum, i.e., ‘‘the right
price.’’ The absence of enough buyers may confer monopsony power to
the few who are interested. Therefore, a small, unexciting business will
have an additional component to the discount for lack of marketability
because of the additional bargaining power accruing to the buyers in thin
markets.

It is easy to think that component 2 might already be included in
component 1, i.e., they both derive from the long time it takes to sell an
illiquid asset. To demonstrate that they are indeed distinct components
and that we are not double counting, it is helpful to consider the hypo-
thetical case of a very exciting privately held firm that has just discovered
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the cure for cancer. Such a firm would have no lack of interested buyers,
yet it still is very unlikely to be sold in less than one year. In that year
other things could happen. Congress could pass legislation regulating the
medical breakthrough, and the value could decrease significantly. There-
fore, it would still be necessary to have a significant discount for com-
ponent 1, while component 2 would be zero. It may not take longer to
sell the corner dry cleaning store, but the first firm is virtually guaranteed
to be able to sell at the highest price after its required marketing time,
whereas the dry cleaning store will have the additional uncertainty of
sale. Also, its few buyers would have more negotiating power than the
buyers of the firm with the cure for cancer.

The results from Schwert, described in Chapter 7 of Quantitative Busi-
ness Valuation: A Mathematical Approach for Today’s Professionals, are rele-
vant here.12 He found that the presence of multiple bidders for control of
publicly-held companies on average led to increased premiums of 12.2%
compared to takeovers without competitive bidding. Based on the re-
gression in Table 4 of his article, we assumed a typical deal configuration
that would apply to a privately-held firm.13 The premium without an
auction was 21.5%. Adding 12.2%, the premium with an auction was
33.7%. To calculate the discount for lack of competition, we go in the
other direction, i.e., 12.2% divided by one � 33.7% � 0.122/1.337 � 9.1%,
or approximately 9%. This is a useful benchmark for the second compo-
nent of DLOM. We have inserted it in Table 9-5C, B10.

It is quite possible that the buyer’s monopsony power for any subject
interest should be larger or smaller than 9%, depending on the facts and
circumstances of the situation. We are using Schwert’s measure of the
effect of multiple versus single bidders as a conservative estimate for
component 2. It may possibly have a downward bias because the markets
for the underlying minority interests in the same firms is very deep. So
it is only the market for control of publicly held firms that is thin. The
market for privately held firms is thin for whole firms and razor thin for
minority interests. A 9% buyer’s monopsony power discount (B10) for
the subject interest is a conservative assumption.

Transactions Costs
Transactions costs for both the buyer and the seller include: legal, ac-
counting, and appraisal fees, the opportunity cost of internal management
spending its time on the sale rather than on other company business, and
investment banking (or, for small sales, business broker) fees. The ap-
praisal fees are for two main categories: the pre-transaction deal appraisal
to help buyer and/or seller establish the right price, and post-transaction,
tax-based appraisal for allocation of purchase price and/or valuation of
in-process R&D.

We are only interested in incremental transactions costs that occur as
a result of a fractional interest transaction. The buyer of a 2.80% member
interest would not only have to perform due diligence on the LLC itself,

12. G. William Schwert, ‘‘Markup Pricing in Mergers and Acquisitions.’’ Journal of Financial
Economics 41 (1996): 153–192.

13. We assume a successful purchase, a tender offer, and a cash deal.
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but also on the other members. Thus, the buyer would experience addi-
tional due diligence costs, which we estimate at 2% (B11). For the seller,
we assume a zero incremental brokerage cost (B12).

Transactions costs are different than the first two components of
DLOM. For Components 3A and 3B we need to explicitly calculate the
present value of the occurrence of transactions costs every time the in-
terest sells. The reason is that, unlike the first two components, transac-
tions costs are actually out-of-pocket costs that leave the system. They are
paid to attorneys, accountants, appraisers, and investment bankers or
business brokers. Additionally, the internal management of both the
buyer and the seller must spend significant time on the project to make
it happen, and they often have to spend time on failed acquisitions before
being successful.

We need to distinguish between the buyer’s transactions costs and
the seller’s costs. This is because the buyer’s transactions costs are always
relevant, whereas the seller’s transactions costs for the immediate trans-
action reduce the net proceeds to the seller but do not reduce FMV. How-
ever, before the buyers are willing to buy, they should be saying, ‘‘It’s
true, I don’t care about the sellers’ costs. That’s their problem. However,
10 years or so down the road when it’s my turn to be the seller, I do care
about that.’’ To the extent that sellers’ costs exceed the brokerage cost of
selling publicly-traded stock, in 10 years my buyer will pay me less be-
cause of those costs, and therefore I must pay my sellers less because of
my costs as a seller in Year 10. Additionally, the process goes on forever,
because in Year 20, my buyer becomes a seller and faces the same prob-
lem.’’ Thus, we need to quantify the present value of periodic buyer’s
transactions costs through an infinity of time beginning with the imme-
diate sale and sellers’ transactions costs that begin with the second sale
of the business. With the following two formulas, we can adjust the sell-
ers’ and buyers’ transactions costs to present value and calculate the re-
sulting discount as follows:

Formula for NPV of buyers’ costs
J 1 � g(1 � z)(1 � x )

D � 1 � , where x �3A J1 � (1 � z)x 1 � r

Formula for NPV of sellers’ costs
j1 � x

D � 1 �3B j1 � (1 � z)x

In the above equations, D is the discount for transactions costs, g is
the growth rate of the business, r is the discount rate of the business, j is
the average number of years between transactions, and g � r, ⇒ 0 � x
� 1. The derivation of these two equations appears in the Mathematical
Appendix to Chapter 7 of Quantitative Business Valuation: A Mathematical
Approach for Today’s Professionals. An analysis of partial derivatives in the
Mathematical Appendix shows that the discount, i.e., DLOM, always in-
creases with increases in growth (g) and transactions costs (z) and always
decreases with increases in the discount rate (r) and the average number
of years between sales ( j). The converse is true as well. Decreases in the
independent variables have the opposite effect of increases on DLOM.
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To apply these equations to the LLC, we must determine a discount
rate, a growth rate, and an average number of years between sales. Our
assumptions for these variables are in section 2 of Table 9-5C. We assume
a 13.38% discount rate (E18). We derive the discount rate by adding the
following components:

1. The 10-year average rate of return on investment for a small
composite of Real Estate Investment Trusts of 10.38%;14 plus

2. A 3% premium for incremental risk of a small operation with
very low profits, based on professional judgment.

The expected growth rate for the LLC is the expected total returns
minus expected distributions, or Table 9-4, cell C9 minus C12, or 3.74%
– 0.55% � 3.18% (Table 9-5C, E19).15

The present value of the 2% pure discount for buyers’ incremental
transactions costs is 3.2% (C11), and it is zero (C12) for the sellers’ zero
incremental transactions costs. As we explained above, there is no need
to adjust the first two DLOM components.

Final DLOM
To calculate the final DLOM, we must first compute the value remaining
after each discount. The remaining values after the four discounts are
100% � 22% � 78% (D9), 100% � 9.0% � 91% (D10), 100% � 3.2% �
96.8% (D11), and 100% � 0% � 100.0% (D12). The total remaining value
is the product of the remaining values of all the components of DLOM,
78.0% � 91.0% � 96.8% � 100.0% � 68.7% (D13). Subtracting the total
remaining value from one yields a total DLOM of 31.3% (D14). We insert
this figure in Table 9-5, cell A9.

Commentary to Table 9-6: Partnership Profiles
Approach—199916

The May/June 1999 edition of The Partnership Spectrum, a statistical com-
pendium published by Partnership Profiles, Inc., contains a wealth of data
about trades in the secondary limited partnership market, including the
average discount at which each partnership sold from its valuation. Table
9-6B shows the partnerships and their related discounts.

Comparability of Partnership Profiles to the Subject Interest
The member interests are fairly comparable to the LP interests in the
Partnership Profiles database. An ideal database to value the member
interests would be one that contained information on the selling prices,
discounts from underlying net asset value, and other relevant factors that
could affect discounts for member interests of a size and nature similar
to the subject of our valuation. This would be an ‘‘apples-to apples’’ com-
parison. Because of the differences between the member interests we are

14. Cost of Capital Quarterly—1999, SIC Code #6798 (REITs), Ibbotson Associates.
15. There is an apparent, but not real, rounding error.
16. The author regrets that because this section contains so many statistical concepts and so much

necessary statistical jargon, it is difficult reading (refer to Partnership Profiles, Inc. website at
partnershipprofiles.com).
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valuing and the Partnership Profiles LP interests, we make adjustments
to the calculated discount as discussed later.

Statistical Methodology
We performed extensive multiple regression analysis of the database. As
independent variables, we tested regular (Ryields) and special distribu-
tion yields (Syields) for 1992–1998, in simple form as well as quadratic,
natural logarithms, and inverses; cumulative cash distributions as a per-
centage of 1998 FMV; unrealized capital gains; leverage; FMV; property
type; triple/net leases; and independent versus General Partner appraisal.
Logarithms and reciprocals of zero have been converted to logarithms
and reciprocals of 0.001. We removed all variables with statistical signif-
icance under 95% and repeated the regression.17

Regression Results of Partnership Profiles Database
The top of Table 9-6 shows the overall regression results. R2 and adjusted
R2 are 70.4% (B8) and 69.4% (B9), respectively.18 This means that the re-
gression model explains 69.4% of the variation in the discounts.

The standard error of the y-estimate is 7.96% (B10). We can form an
approximate 95% confidence interval around the regression estimate by
adding and subtracting two standard errors, or approximately �15.9%.

There are three independent variables in the final regression:

1. Leverage: The ratio of debt to the December 31, 1998, market
value of assets (Debt/MVA98).

2. 1998 regular yield (Ryld98),19

3. A dummy variable for triple-net leases (TNL).

The regression equation is:

Average Discount � 0.387 � (0.115 � Leverage) � (2.296 � 1998 Yield)

� (0.073 � TNL)

The y-intercept and the x-coefficients appear in cells B20 to B23. The
y-intercept of 0.387 means that when all the independent variables have
a zero value, then the average discount from net asset value is 38.7%. All
three independent variables are zero when the LP has no leverage, cash
distributions, or triple-net leases.

The signs of the x-coefficients are important. The positive sign to the
leverage variable means that increased financial leverage increases the
discount from net asset value. This is intuitively appealing, as leveraged

17. The statistical significance level is the degree of confidence that we have that the coefficient of
the independent variable is not really zero. A 90% significance level, e.g., means we are 90%
certain that the coefficient of that variable is really not zero instead of the measure that we
obtained from the regression.

18. The adjusted R2 is a downward adjustment to remove the effects of irrelevant variables
randomly increasing R2.

19. This variable excludes special distributions. Also, the database did show first quarter 1999
distributions for many of the partnerships and second quarter distributions for some, but
using sporadic data such as this would cloud our results. Therefore, we used distributions
for the first prior full year, 1998, which all partnerships reported.
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T A B L E 9-6

Regression Analysis of Partnership Profiles Database—1999 [1]

A B C D E F G

4 SUMMARY OUTPUT

6 Regression Statistics

7 Multiple R 0.839306575
8 R square 0.704435526
9 Adjusted R square 0.693752473
10 Standard error 0.079631408
11 Observations 87

13 ANOVA

14 df SS MS F Significance F

15 Regression 3 1.254399586 0.41813 65.93953 6.66022E-22
16 Residual 83 0.526316376 0.00634
17 Total 86 1.780715963

19 Coefficients Std Error t Stat P-value Lower 95% Upper 95%

20 Intercept 0.387231995 0.023 16.5698 7.73E-28 0.340750627 0.433713
21 Debt /MVA98 0.115269034 0.043 2.66025 0.00937 0.029086922 0.201451
22 RYld98 �2.29555895 0.320 �7.17703 2.75E-10 �2.931724028 �1.659394
23 TNL �0.07286963 0.022 �3.35275 0.001207 �0.116098278 �0.029641

26 Variable X-Coefficient Client Data Regress

27 Debt /MVA98 (B33) 0.115269034 0.0% 0.0%
28 RYld98 (Table 9-4, C12) �2.29555895 0.005528601 �1.3%
29 TNL �0.07286963 0 0.0%
30 Subtotal �1.3%
31 Intercept 38.7%
32 Discount before adjustments 37.5%

33 Adjustments:
34 No public registration [2] 15.0%
35 Increased influence [3] �5.0%
36 Total adjustments 10.0%
37 Discount 47.5%

39 Calculation of Debt/MVA98

40 Debt 0
41 MVA98 (market value of assets-1998) [4] 1,389,185
42 Debt /MVA98 0.0%

[1] Based on the data in Table 9-6B.
[2] The Partnership Profiles LPs are publicly registered, which is not true of the Member interests. Thus, the latter should bear a larger discount for that factor.
[3] The Partnership Profiles Limited Partners have no influence over the Partnership, while the subject Member interests do. We decrease the discount to account for that difference.
[4] Table 9-2, C22.

firms are riskier than equity-financed firms, and the higher the risk, the
higher the discount. The negative signs to the other two variables—yield
and triple-net lease—mean that investors consider LPs with higher cash
yields and triple-net leases to be lower risk, which is also true. Thus, our
regression results make intuitive sense. Also, higher cash yields make up
for some of the disadvantage of lack of marketability.

The yields were significant in nonlinear forms, that is, natural loga-
rithms, denoted as ln, and inverses. Additionally, the cumulative yield
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since inception was also statistically significant. While these additional
independent variables did add to the adjusted R2 and lowered the stan-
dard error of the y-estimate, they did not dramatically improve the re-
gression results, and it is far easier and more practical to work with a
much simpler equation.

Commentary to Table 9-6A: Correlation Matrix
Table 9-6A is a correlation matrix. Looking down column B, we can see
that the average discount is strongly negatively correlated to yields (B7–
B10), the restaurant dummy variable (B15), and triple-net leases (B19).
This means that high cash distributions to LPs drive down discounts,
which is intuitive.

Triple-net leases (TNL) also result in lower discounts, which is also
intuitive, because TNL landlords have far less operating risk than other
landlords. The correlation of discounts to restaurants is really an indirect
relationship, because there is a strong positive correlation of 82% (L19)
between TNL and restaurants. In other words, it means that most restau-
rants are on a TNL.

The average discount is strongly positively related only to leverage
(Debt/MVA98) (B6). Looking down column C, we can see that leverage
is strongly negatively related to yields. This also makes sense, as highly
leveraged partnerships have to worry about making their debt payments
before they consider making cash distributions.

It is significant that the yields across time are highly correlated. For
example, the 1998 yields are 78%, 81%, and 75% correlated to the 1997,
1996, and 1995 yields, respectively, as can be seen in cells D8 through
D10.

By using the 1998 yield as the only yield appearing as an indepen-
dent variable in the regression equation, we still indirectly pick up the
earlier yields because they are so highly correlated. Using only one year’s
yield has the additional benefit of removing the problem of multicolli-
nearity. When the subject interest 1998 and earlier yields are uncorrelated,
then it is necessary to use a more long-run value for the 1998 yields. For
example, if 1998 yields are extraordinarily high (low) and expected to
decrease (increase) in the future, then it is appropriate to eliminate the
extraordinary part of the subject interest’s yield and only use that portion
which one would reasonably expect to continue in the future with normal
growth.

Applying the Regression Equation
We apply the above regression equation to the LLC in Table 9-6, Rows
26 to 32. First, we repeat the regression x-coefficients from B21 to B23 in
B27 to B29. The LLC’s data are in C27 to C29. The triple-net-lease dummy
variable equals zero, as the LLC’s properties are not subject to TNLs. We
multiply the x-coefficients in B27 to B29 by the LLC’s data in C27 to C29
to come to the regression results for the LLC in D27 to D29, which we
subtotal in D30 as �1.3%. We then repeat the y-intercept of 38.7% from
B20 in D31 and add that to the subtotal, to come to a discount before
adjustments of 37.5% (D32).
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T A B L E 9-6A

Correlation Matrix

A B C D E F G H I J K L M N O P Q

4 Avg Disc Debt/MVA98 RYld98 RYld97 RYld96 RYld95 C MF R MH RST Combo Parking Eq Dist TNL Indep

5 Avg disc 1.00
6 Debt /MVA98 0.61 1.00
7 RYld98 �0.80 �0.61 1.00
8 RYld97 �0.64 �0.42 0.78 1.00
9 RYld96 �0.68 �0.48 0.81 0.76 1.00
10 RYld95 �0.65 �0.47 0.75 0.72 0.88 1.00
11 C 0.07 0.12 0.00 �0.11 �0.15 �0.15 1.00
12 MF 0.00 0.28 0.04 0.14 0.12 0.04 �0.19 1.00
13 R 0.01 �0.06 0.01 �0.02 0.02 0.01 �0.08 �0.14 1.00
14 MH 0.16 0.13 �0.07 �0.04 �0.01 �0.04 �0.09 �0.16 �0.07 1.00
15 RST �0.52 �0.35 0.40 0.34 0.43 0.41 �0.15 �0.28 �0.12 �0.13 1.00
16 Combo 0.20 0.02 �0.21 �0.18 �0.26 �0.15 �0.20 �0.36 �0.15 �0.17 �0.29 1.00
17 Parking �0.09 �0.09 0.01 0.01 0.02 0.02 �0.05 �0.09 �0.04 �0.04 �0.07 �0.09 1.00
18 Eq dist 0.14 �0.05 �0.09 �0.09 �0.21 �0.11 0.04 0.14 0.08 0.31 �0.42 0.29 0.17 1.00
19 TNL �0.51 �0.22 0.43 0.36 0.46 0.44 0.09 �0.34 �0.03 �0.16 0.82 �0.24 �0.09 �0.51 1.00
20 Indep �0.20 �0.37 0.30 0.16 0.16 0.20 0.27 �0.43 0.07 �0.07 0.40 �0.16 �0.14 �0.11 0.47 1.00
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T A B L E 9-6B

Partnership Profiles Database: Price-to-Value Discounts—1999

A B

5 Name Avg Disc

6 Aetna Real Estate Associates 23%
7 ChrisKen Partners Cash Income 28%
8 Consolidated Capital Inst. Props. 1 28%
9 Consolidated Capital Inst. Props. 2 35%
10 First Capital Inst. Real Estate 4 21%
11 HCW Pension Real Estate Fund 29%
12 I.R.E. Pension Investors II 40%
13 John Hancock Realty Income Fund II 12%
14 Murray Income Properties I 25%
15 Murray Income Properties II 25%
16 Rancon Income Fund I 39%
17 Realty Parking Properties I 8%
18 Realty Parking Properties II 28%
19 Wells Real Estate Fund II-A 8%
20 Wells Real Estate Fund III-A 31%
21 Wells Real Estate Fund IV-A 38%
22 Wells Real Estate Fund VI-A 26%
23 Wells Real Estate Fund VII-A 25%
24 Wells Real Estate Fund VIII-A 24%
25 Wells Real Estate Fund IX-A 24%
26 Wells Real Estate Fund X-A 20%
27 Windsor Park Properties 6 15%
28 Angeles Income Properties II 30%
29 Angeles Opportunity Properties 37%
30 Angeles Partners XII 34%
31 ChrisKen Growth & Income II 16%
32 Consolidated Capital Inst. Props. 3 25%
33 Consolidated Capital Properties III 28%
34 Davidson Growth Plus 41%
35 Davidson Income Real Estate 38%
36 Multi-Benefit Realty Fund ’87-1 (A units) 29%
37 Nooney Income Fund II 42%
38 Shelter Properties VII 35%
39 Uniprop Man. Hous. Com. Inc. Fund I 45%
40 Uniprop Man. Hous. Com. Inc. Fund II 41%
41 Windsor Park Properties 3 38%
42 Windsor Park Properties 5 27%
43 Windsor Park Properties 7 46%
44 Angeles Income Properties III 42%
45 Angeles Income Properties IV 42%
46 Angeles Income Properties 6 29%
47 Angeles Partners IX 36%
48 Angeles Partners XI 25%
49 Consolidated Capital Properties V 52%
50 Davidson Diversified Real Estate I 62%

Adjustments to the Discount

For Lack of Public Registration. The Partnership Profiles database
consists exclusively of firms that are publicly registered, though privately
traded. The lack of public registration of the member interests renders
them less marketable than the Partnership Profiles database. Therefore
we must increase the fractional interest discount for that factor. We as-
sume that a 15% increase is reasonable (D34).
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T A B L E 9-6B (continued)

Partnership Profiles Database: Price-to-Value Discounts—1999

A B

5 Name Avg Disc

51 Davidson Diversified Real Estate II 61%
52 Davidson Diversified Real Estate III 38%
53 First Capital Income Properties XI 41%
54 First Capital Income & Growth Fund XII 44%
55 First Dearborn Income Properties 58%
56 Multi-Benefit Realty Fund ’87-1 (B units) 57%
57 InLand Capital Fund 47%
58 Inland Land Appreciation Fund I 45%
59 Inland Land Appreciation Fund II 48%
60 Scottsdale Land Trust 46%
61 CNL Income Fund III 9%
62 CNL Income Fund V 9%
63 CNL Income Fund VI 15%
64 CNL Income Fund VII 11%
65 CNL Income Fund VIII 16%
66 CNL Income Fund IX 11%
67 CNL Income Fund X 12%
68 CNL Income Fund XI 17%
69 CNL Income Fund XII 13%
70 CNL Income Fund XIII 15%
71 CNL Income Fund XIV 8%
72 CNL Income Fund XV 6%
73 CNL Income Fund XVI 14%
74 CNL Income Fund XVIII 7%
75 Carey Institutional Properties 28%
76 Corporate Property Associates 10 16%
77 Corporate Realty Income Fund I 27%
78 DiVall Income Properties 3 12%
79 DiVall Insured Income Properties 2 1%
80 John Hancock Realty Income Fund III 12%
81 Net 1 LP 23%
82 Net 2 LP 28%
83 Capital Mortgage Plus 23%
84 Capital Source LP 15%
85 Capital Source LP II 22%
86 Krupp Government Income Trust 10%
87 Krupp Government Income Trust II 15%
88 Krupp Insured Mortgage LP 9%
89 Krupp Insured Plus LP 15%
90 Krupp Insured Plus II 11%
91 Krupp Insured Plus III 2%
92 Paine Webber Insured Mortgage 1-B 21%
93 Max 61.7%
94 Min 0.8%
95 Mean 26.8%
96 Std deviation 14.4%

For Additional Influence of Private versus Public Interest. The
member interests should have more influence than the small LP interests
from which we calculated the regression coefficients, and they actually
do have a vote. We reduce the discount by 5% in D35.

The adjustments for lack of public registration and additional influ-
ence are both reasonable estimates. In total, our net adjustments are 10%
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(D36). Adding D32 and D36, the total discount for the LLC interest is
47.5% (D37).

Benchmarks for Net Effect of the Adjustments. The x-coefficients
for the dummy variables can give us a feel for how the discount might
vary if Partnership Profiles had data available on trades of LLCs with
assets more similar to our subject. The coefficient for the triple-net lease
dummy variable is 7.2%. In earlier years, typical coefficients for other
dummy variables have ranged from �5–12%. Therefore, the net adjust-
ment for no public registration and increased influence of 10% appears
reasonable.

There is another way to benchmark the net adjustments. According
to Jay Abrams’ conversations with brokers who sell LP interests, shifting
from selling a publicly registered LP interest to a private LP interest adds
approximately 7–10 months in the selling time, which is 58–83% of one
year. If we multiply that by the ‘‘Average Years to Sell’’ x-coefficient of
0.1368 in Abrams’ book20, we get an increase in discount of 8–11%. In the
book, there was another regression21, and the ‘‘Average Years to Sell’’ x-
coefficient for that one was 0.1722. Using that instead of the 0.1368 leads
to estimates of the net adjustment of 10–14%. Furthermore, it is reason-
able to assume that the decrease in discount from the ‘‘increased influ-
ence’’ factor in the private LP is offset by the increase in the discount for
the additional monopsony power to the buyer of the private LP interest.
Thus, 8% to 14% is a reasonable range for net adjustments.

Commentary to Table 9-7: Private Fractional Interest Sales

Robert Jones, a real estate appraiser with the firm Jones, Roach & Car-
ingella in San Diego, provided us with actual transaction data for illiquid
fractional interests in real estate. Table 9-7 shows the detail and our anal-
ysis of the interests and their related discounts.

Comparability to the Subject Interest
The member interests are very comparable to the fractional interests in
Table 9-7. The main difference is that the subject member interest repre-
sents ownership in several properties, not just one.

Statistical Methodology
We performed simple and multiple regression analysis of the database.
As independent variables, we tested the transaction amount (Price), the
percentage interest (Size), the FMV of the entire property, and dummy
variables for the time period of the transaction (pre-1990) and whether
the interest was a GP interest in a general partnership. We did not have
yield data.

20. Table 7-5, p. 240, cell B54. In other words, the regression in the book shows that for each year
of inability to sell, restricted stocks experience a discount of 13.68%.

21. Applicable when the subject company has been publicly traded for at least six months, and
thus historical stock prices are available to calculate the ‘‘Price Stability’’ variable. See Table
7-5, p. 239, cell B26.
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Regression Results of Partnership Profiles Database
The bottom of Table 9-7 shows the overall regression results. R2 and ad-
justed R2 are 49.0% (C37) and 41.7% (C38), respectively.22 This means that
the regression model explains 41.7% of the variation in the discounts.

The standard error of the y-estimate is 10.07% (B10). We can form an
approximate 95% confidence interval around the regression estimate by
adding and subtracting two standard errors, or approximately �20.1%.

The dummy variable for whether the transaction was pre-1990 or not
is the only variable in the final regression:

The regression equation is:

Average Discount � 0.4679 � 0.1846 � pre-1990

The y-intercept and the x-coefficient appear in cells B43 to B44. The
y-intercept of 0.4679 means that when all the independent variables have
a zero value, or in this case when the transaction occurs after the end of
the 1980s, then the average discount from net asset value is 46.79%, or
46.8% rounded.

One should not place great weight on the regression equation above.
It was derived from a small data set, and the explanatory variable for
yield is missing. It is nevertheless relevant evidence of the fractional in-
terest discount in real-world transactions.

Commentary to Table 9-8: Final Calculation of Fractional
Interest Discounts

2.80% Member Interest
To calculate the final discount, we weight the first two valuation ap-
proaches equally at 45% each, as both approaches appear equally impor-
tant, valid, and reliable. The third approach we weight only 10% because
of the small and incomplete data set from which its regression model was
derived. The 49.2% (C8) discount calculated using the economic compo-
nents approach comes from Table 9-5, B12, the 47.5% (C9) discount using
the Partnership Profiles Regression comes from Table 9-6, D37, and the
46.8% (C10) discount comes from Table 9-6, C43.23 The weighted average
of the three discounts is 48.2% (E11), which we round to 48% in E12.

Final Calculation of FMV of Fractional Interests

Gifts Transferred on December 25, 1999. To calculate the FMV of
the 2.80% fractional interests gifted on December 25, 1999, we calculate
the dollar value of a 100% fractional interest discount, $1,389,185 � 48%
� $666,809 (B18 � B19 � B20). Note that B18 is the FMV of the equity
before discounts, which comes from Table 9-2, C22.

Next we subtract this discount from the FMV of equity to determine
the FMV of a 100% Fractional Interest, $1,389,185 � $666,809 � $722,376

22. The adjusted R2 is a downward adjustment to remove the effects of irrelevant variables
randomly increasing R2.

23. As this is not a pre-1990 valuation, the regression estimate for the discount is equal to the
intercept coefficient.
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T A B L E 9-7

Private Fractional Interest Sales [1]

A B C D E F G H I J K

4 Pro-Rata
5 Date Size FMV-100% Value Price Discount Pre 1990 GP

6 1 Linda Vista Rd., S Diego [2] [3] GP 1/1/1984 6.7% NA NA NA 20.0% 1 1
7 2 Eighth Ave., S. Diego TIC 9/1/1985 66.7% 60,000 40,000 27,000 32.5% 1 0
8 3 Fifth Ave., S. Diego [2] [4] GP 4/1/1988 33.3% 3,000,000 1,000,000 675,000 32.5% 1 1
9 4 West 61st St., Los Angeles TIC 10/1/1996 33.3% 90,000 30,000 10,000 66.7% 0 0
10 5 Garden Grove Ave., Reseda TIC 10/1/1996 25.0% 145,000 36,250 22,000 39.3% 0 0
11 6 K St., S. Diego TIC 2/1/1998 20.0% 325,000 65,000 36,000 44.6% 0 0
12 7 So. Calif. [5] LP 7/1/1998 2.5% 5,460,000 136,500 75,000 45.1% 0 0
13 8 So. Calif. [5] LP 7/1/1998 0.5% 14,800,000 74,000 37,000 50.0% 0 0
14 9 Brant St., S. Diego TIC 6/1/1999 50.0% 1,680,000 840,000 545,000 35.1% 0 0

[1] Source of data: Jones, Roach & Caringella, Real Estate Appraisers, S. Diego.
[2] These are interests in General Partnerships, not GP interests in Limited Partnerships.
[3] The seller reportedly would not hypothecate her interest for a required construction loan and offered to sell her interest to another partner who would. This indicates that the seller may have had unusual leverage, which may have
reduced the discount.
[4] We have reduced the nominal selling price of $750,000 by 10% to account for the ‘‘very beneficial financing’’ provided to the buyer by the seller. Exact details of the financing agreement are unknown.
[5] The seller had tried to sell his interest on the open market and had offers at a 75% discount from pro rata value. He then sold his interest to the GP, who had tried to discourage the sale. It is quite possible that the GP did not extract
the full market discount and that the full discount was actually 75%. This is because the GP is in the business of forming partnerships, not taking advantage of limited partners.

REGRESSION RESULTS [6]

35 Regression Statistics

36 Multiple R 0.7000
37 R square 0.4900
38 Adjusted R square 0.4171
39 Standard error 0.1007
40 Observations 9

42 Coeff Std Error t Stat P-value Lower 95% Upper
95%

43 Intercept 0.4679 0.0411 11.3857 0.0000 0.3708 0.5651
44 Pre 1990 �0.1846 0.0712 �2.5933 0.0358 �0.3529 �0.0163

[6] We found that with the constraints of the available data, the best explanatory variable for discounts was the time of the transaction, where the time is categorized pre-1990 or post-1990.
This might best be explained by investors’ increased perception of risk due to the real estate crash in 1990. Had it been available, we would expect that using yield as a second independent
variable would have significantly increased the explanatory power of the regression.
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T A B L E 9-8

Final Calculation of Fractional Interest Discount

A B C D E

4 2.80% Member Interest

6 Indication Wtd Avg
7 Table of Discount Weight Discount

8 Economic components approach 9-5, B12 49.2% 45.0% 22.1%
9 Regression of partnership profiles database 9-6, D37 47.5% 45.0% 21.4%
10 Regression of private fractional interest data [1] V-3, C43 46.8% 10.0% 4.7%
11 Total 100.0% 48.2%
12 Round to 48%

14 Final Calculation of FMV of Fractional Interests

16 Date of gift 12/25/99 1/3/00
17 Fractional interest 2.80% 2.25%
18 FMV of equity (Table 9-2, C22) $1,389,185 $1,389,185
19 Fractional interest discount-% (E11) 48% 48%
20 Fractional interest account-$ $ 666,809 $ 666,809
21 100% fractional interest FMV of equity $ 722,376 $ 722,376
22 FMV of 2.80% and 2.25% member interests $ 20,227 $ 16,253
23 Rounded FMV of 2.80% and 2.25% member interests $ 20,000 $ 16,250

Note: Mrs. Smith intends to make four gifts of $16,250 on approximately 1/3/2000. We have ignored second-order effects of gifting a smaller interest (2.25% vs. 2.80%) in Table 9-5A,
B15, as it has no impact on the final calculation. Thus, in our opinion, a 2.25% interest gifted on 1/3/2000 has a FMV of $16,250.
[1] As this is not a pre-1990 valuation, the regression estimate for the discount is equal to the intercept coefficient. We do not weight this valuation method heavily, due to the relatively
little data that were available for the regression.

(B18 � B20 � B21). Finally, we multiply the FMV of a 100% fractional
interest by the 2.80% interest to calculate the FMV of the 2.80% member
interest, $722,376 � 2.80% � $20,227 (B21 � B17 � B22), which we round
to $20,000 in B23.

Gifts Transferred on January 3, 2000. Mrs. Smith also made four
gifts of 2.25% LP interests on January 3, 2000, which we value in column
C. We multiply the $722,376 (C21 � B21) 100% fractional interest fair
market value of the equity by a 2.25% member interest in C17 to arrive
at a fair market value of $16,253 (C22), which we round to $16,250 (C23).

The calculations in Table 9-5A depend on the size of the interests in
cell B15. However, the change from a 2.80% member interest to a 2.25%
member interest is so small that it actually has no impact. Thus, we use
the same fractional interest discount of 48% for the January 3, 2000 gifts.

Conclusion

In our opinion, subject to this report and the Statement of Limiting Con-
ditions, the appropriate fractional interest discount for a 2.80% and 2.25%
member interests in the LLC as of December 25, 1999 through January 3,
2000 is 48%, which amounts to fair market values of $20,000 and $16,250,
respectively.
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STATEMENT OF LIMITING CONDITIONS

In accordance with recognized professional ethics, the fee for this service
is not contingent upon our conclusion of fractional interest discount, and
neither Abrams Valuation Group nor any of its employees has a present
or intended interest in the subject interest.

We have relied upon financial information provided by Bradley Jones
and David Sofer, CPA, and have accepted it as correct without further
verification. We assume there are no material transactions between De-
cember 14, 1999, the date of the LLC’s financial statements, and December
25, 1999, and January 3, 2000, the dates of the gifts. For use of this report
in the year 2000, we assume there are no material changes in property
values and that there are no material changes in the equity of the LLC or
its member interests.

All other information used in this report is from sources we deem
reliable. We have accurately reflected such information in this report;
however, we make no representation as to our sources’ accuracy or com-
pleteness and have accepted their information without further verifica-
tion.

We have not made a physical visit to the properties. We assume that
the present owners would continue to maintain the character and integ-
rity of the property through any sale, reorganization, or diminution of
the owners’ participation or equity interest. We also assume there are no
present or future ‘‘skeletons in the closet,’’ e.g., environmental problems
with the property, litigation, and so on.

Our opinion of the fractional interest discount in this report is valid
only for the stated purpose and only for the effective dates of the ap-
praisal. It is our understanding that this opinion will be used for gift tax
purposes. The fractional interest discount shall not be used for other pur-
poses and cannot even be used for the same purposes and time frame for
different size member interests, as they could be misleading and danger-
ous. Though some similarities exist between the fractional interest dis-
count for this purpose and others, it would be incorrect to use the dis-
count as determined in our report for any other purposes. Specific timing,
performance, and marketability issues that arise in evaluating the fair
market value of the properties and related ownership interests could
change the results. Accordingly, any such use of the fractional interest
discount as determined in this report for other purposes or effective dates
may be inaccurate and misleading, and no such use shall be made with-
out our written consent.

Our determination of the fractional interest discount does not rep-
resent investment advice of any kind to any person and does not consti-
tute a recommendation as to the purchase or sale of shares of the property
or related interests or regarding any other course of action.

Future services regarding the subject matter of this report, including,
but not limited to, testimony or attendance in court shall not be required
of Abrams Valuation Group unless previous arrangements have been
made in writing.

No part or all of the contents of this report shall be conveyed to the
public through advertising, public relations, news, sales, mail, direct
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transmittal, or other media without the prior written consent and ap-
proval of Abrams Valuation Group. This report may only be distributed
in its entirety to those directly involved with the purpose of this study.
All other users are to be considered unintended users.

This report may not be distributed in part, as only a thorough read-
ing of this report can accurately convey the logic contained within. Ex-
cerpts taken out of context can be dangerously misleading and are there-
fore forbidden without the written consent of Abrams Valuation Group.

APPRAISER’S QUALIFICATIONS

Jay B. Abrams, ASA, CPA, MBA, author and inventor, is a nationally
recognized valuation economist.

Mr. Abrams lectured at the June 1996 Toronto International Confer-
ence of the American Society of Appraisers, the organization from which
he holds the professional designation of Accredited Senior Appraiser
(ASA) in Business Valuation. He has lectured for the National Association
of Certified Valuation Analysts and the Anthony Robbins’ Financial Mas-
tery Seminar.

Mr. Abrams has provided services to clients representing a variety
of organizations from small entrepreneurs to Columbia Pictures, Dr. Pep-
per, Purex Corporation, and other Fortune 1000 firms in the area of in-
tangibles, including goodwill, customer lists, licensing agreements, con-
tracts, and business enterprise and capital stock appraisals for numerous
purposes, including the following:

● Employee stock ownership plans (ESOPs).
● Estate planning, estate and gift taxes.
● Income taxes and charitable contributions.
● Mergers and acquisitions and sales.
● Divestitures.
● Warrants and stock options.
● Shareholder buy/sell agreements.
● Blocks of publicly traded securities.
● Private placements and public offerings.
● Restricted securities.
● Recapitalization and reorganizations.
● Debt and equity financing.
● Company dissolutions.
● Litigation settlement.

Additionally, Mr. Abrams has prepared and given expert testimony
in the capital stock and business enterprise valuation areas in various
courts of law.

Mr. Abrams’ valuation experience encompasses a wide array of in-
dustries and assignments, for mergers/acquisitions, sales and leaseback,
litigation support, leveraged buyouts, and stockholder agreements. Mr.
Abrams was Vice-President of Pacific Corporate Valuation, Inc. in charge
of the valuation practice, and he was a Project Manager at Arthur D. Little
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Valuation, Inc. He was a cofounder and president of Raycom, a radio
communications firm, and prior to this was an auditor with Arthur An-
dersen & Company. Mr. Abrams received his MBA from the University
of Chicago in finance and marketing, where he also pursued graduate
studies in economics.

Mr. Abrams invented and published the Abrams Table of Equity Pre-
mia and has published an article quantifying the discount for lack of
marketability. He invented several formulas for valuing leveraged ESOPs,
as well as the Abrams Table of Accounting Transposition Errors, used for
troubleshooting such errors. He also wrote software to automatically gen-
erate a table of potential sources of error.

Mr. Abrams’ writings include:

● Quantitative Business Valuation: A Mathematical Approach for Today’s
Professionals, McGraw-Hill, November 2000.

● ‘‘ESOPs: Measuring and Apportioning the Dilution,’’ Valuation,
June 1997.

● ‘‘Discount Rates as a Function of Log Size and Valuation Error
Measurement,’’ The Valuation Examiner, February/March, 1997.

● ‘‘An Iterative Valuation Approach,’’ Business Valuation Review,
March 1995.

● ‘‘A Breakthrough in Calculating Reliable Discount Rates,’’
Valuation, August, 1994.

● ‘‘Discount for Lack of Marketability: A Theoretical Model,’’
Business Valuation Review, September, 1994.

● ‘‘Cash Flow: A Mathematical Derivation,’’ Valuation, March 1994.
● ‘‘An Iterative Procedure To Value Leveraged ESOPs,’’ Valuation,
January 1993.

● ‘‘How to Quickly Find and Fix Accounting Transposition Errors,’’
The Practical Accountant, June 1992.

● Coauthor of ‘‘Valuation of Companies for ESOP Purposes,’’
Chapter 8 in Employee Stock Ownership Plans by Robert W. Smiley,
Jr. and Ronald J. Gilbert, Prentice Hall/Rosenfeld Launer
Publications, New York, 1989.

● ‘‘The Annuity Discount Factor: Generalization, Analysis of
Special Cases, and Relationship to the Gordon Model and Fixed-
Rate Loan Amortization,’’ unpublished.
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APPENDIX

Tax Court’s Opinion for Discount for Lack of
Marketability24

INTRODUCTION

The U.S. Tax Court outlined a list of 10 nonexclusive factors that in the
Court’s opinion affect discount for lack of marketability (DLOM). We first
present its list and then we comment on each item as to how we consid-
ered it in our analysis.

THE COURT’S TEN FACTORS

The Court’s 10 factors are:

1. The value of the subject corporation’s privately traded
securities vis-à-vis its publicly traded securities (or, if the
subject corporation does not have stock that is traded both
publicly and privately, the cost of a similar corporation’s public
and private stock). These are known as ‘‘Letter Stock’’ or
restricted securities, the restrictions arising from Section 144 of
the Securities Exchange Commission Rules.

2. An analysis of the subject corporation’s financial statements.
3. The corporation’s dividend-paying capacity, its history of

paying dividends, and the amount of its prior dividends.
4. The nature of the corporation, its history, its position in the

industry, and its economic outlook.
5. The corporation’s management.
6. The degree of control transferred with the block of stock to be

valued.
7. Any restriction on the transferability of the corporation’s stock.
8. The period of time for which an investor must hold the subject

stock to realize a sufficient profit.
9. The corporation’s redemption policy.
10. The cost of effectuating a public offering of the stock to be

valued, e.g., legal, accounting, and underwriting fees25

The Court in general had the right idea. It created a list of criteria with
which to judge the difference in marketability between the source of the
valuation data and the asset to which we are applying the data.

24. Bernard Mandelbaum, et al. v. Commissioner, TCM, CCH Dec. 50, 687(M), 1995-254.
25. See Estate of Gilford v. Commissioner [Dec. 43,622], 88 T.C. 38, 60 (1987); Northern Trust Co. v.

Commissioner [Dec. 43,261], 87 T.C. 349, 383-389 (1986); see also Rev. Rul. 77287, 1977-2 C.B.
319 (valuation of restricted securities).
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APPLICATION OF THE COURT’S 10 FACTORS TO
THE VALUATION

In this section we will address the factors in the Tax Court’s opinion and
demonstrate how we have incorporated those factors into our analysis of
the discount for lack of marketability (DLOM), which, combined with the
discount for lack of control (DLOC), forms the fractional interest discount.
The following analysis applies regardless of the form of the subject entity,
whether it is a common stock interest in a corporation, Limited or General
Partnership interest, LLC interest, etc. We use the terms the entity and the
subject interest to maintain generality.

1. We estimate the letter stock discount in the delay-to-sale
component of the economic components approach. We do this
either by a regression analysis or a Black–Scholes put option
calculation, depending on the availability of data.

2. Our analysis of the entity’s financial statements is incorporated
into the calculation of DLOM in the calculation of transactions
costs, expected growth rates, the discount rate, and the delay-
to-sale component of the economic components approach.

3. We incorporate the dividends (distributions) into the analysis
in the Partnership Profiles (PP) approach. This is the single
most important factor in the regression model. Dividends or
distributions are also incorporated indirectly into the
calculation of DLOM through their effect on the growth rate
and, therefore, the transactions costs.

4. The nature of the entity and its history, industry position,
composition of assets, and economic outlook are factors that
are very significant in the valuation of the underlying assets.
The comments to item 2 apply here as well.

5. Management can be significant in determining the fractional
interest discount because of two factors: its dividend policy,
which is already considered in 3, and more importantly, its
potential for making decisions that favor one group of owners
over another or withholding bad news from any ownership
group. Owners of private interests generally have more
influence with their management than the LPs in the
Partnership Profiles database would with theirs. We consider
this factor in the adjustment for increased influence in
Partnership Profiles approach.

6. The degree of control of the block of stock is, strangely enough,
significant in calculating DLOM. The reason why that appears
strange is that the degree of control has its own discount—the
DLOC—for lack of control. Why then does the degree of
control influence the DLOM? The reason is found in the above-
mentioned book, Chapter 7 in Quantitative Business Valuation: A
Mathematical Approach for Today’s Professionals. We calculate
control premiums and discount for lack of control by looking
at control premiums paid for marketable minority interests in
the stock market. But control matters less in publicly held firms
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than in privately held firms because the former generally have
both current cash flow in the form of dividends and instant
marketability in the ability to cash out in three days.
Furthermore, management of publicly held firms are generally
managing to maximize the per-share values of the minority
shareholders. With privately held firms, control shareholders
often divert wealth from minority shareholders (similarly
general partners in LPs and managing members in LLCs can
divert wealth from limited partners and other members). It is
rare to see dividends in closely held corporations, and there is
generally no ability to cash out. Therefore, there is an
interactive effect in being both a minority shareholder (or LP/
minority interest member) and owning an interest in a private
firm. The whole is worse than the sum of the two parts. As in
5 above, we have considered this in the adjustment for
increased influence in the Partnership Profiles approach.

7. The marketability of private interests is limited, since there is
no formal market for such interests. We consider this limitation
in the economic components approach in the following ways:
(a) in the calculation of the delay-to-sale component; and (b) in
accounting for the buyer’s monopsony power (component 2).
In the Partnership Profiles approach, we implicitly considered
the lack of marketability in selecting the discount for lack of
public registration.

8. We incorporate time horizons into the delay-to-sale component
in the economic components approach and the adjustment for
lack of public registration in the Partnership Profiles approach.
We also incorporate time horizons in another fashion in the
selection of the variable j—the average years between sales—in
the economic components approach.

9. The entity’s redemption policy is relevant in determining one’s
ability to cash out of an investment. The subject entity does not
provide a redemption option.

10. The cost of undergoing an initial public offering is about 15–
18% for a small firm. There is a possibility that an IPO might
lower the discount by making the subject interest more
marketable. However, the cost of the IPO and the subsequent
regulatory administrative costs would be prohibitive in the
case, and we don’t need to account for the IPO possibility here.
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P A R T F O U R

Putting It All Together

Part 4 of this book consists of Chapters 10 and 11. Chapter 10 empirically
tests the log size and economic components models by reconciling price
to cash flow (P/CF) multiples calculated using these models with P/CF
multiples for groups of firms of different sizes in the Institute of Business
Appraisers’ (IBA) database. The results provide weak support for the two
models, but missing data make it impossible to provide strong support.
There is simply too much data we need that does not exist in the IBA
database or any other one of which I am aware.

In Chapter 11 we look at two issues. In the first half of the chapter
we calculate 95% confidence intervals around our valuation estimate us-
ing the log size model (both for all 72 years of New York Stock Exchange
data and for the past 60 years), assuming we forecast cash flows and
adjust for control and marketability perfectly. The importance of this is
to understand how much statistical uncertainty there is in our valuation
estimates.

The second half of Chapter 11 is concerned with measuring the val-
uation errors that arise from errors in forecasting cash flow and growth
rates and calculating discount rates. We look at the effects of both relative
and absolute errors and show how the majority of these errors affect the
valuation of large firms more than small firms.

Whereas Part 3 of this book consists of practical, hands-on, ‘‘how-
to’’ chapters, Part 4 does not. It can be skipped by the time-pressed reader.
Nevertheless, for one who wants to be well educated and familiar with
important theoretical and empirical issues in valuation, these chapters are
important.

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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C H A P T E R 1 0

Empirical Testing of Abrams’
Valuation Theory1

INTRODUCTION
Steps in the Valuation Process
Applying a Valuation Model to the Steps

TABLE 10-1: LOG SIZE FOR 1938–1986
TABLE 10-2: RECONCILIATION TO THE IBA DATABASE

Part 1: IBA P/CF Multiples
Part 2: Log Size P/CF Multiples
Conclusion

CALCULATION OF DLOM
Table 10-4: Computation of the Delay-to-Sale Component–$25,000
Firm

Table 10-5: Calculation of Transactions Costs
Table 10-6: Calculation of DLOM
Table 10-6A–10-6F: Calculations of DLOM for Larger Firms
Calculation of DLOM for Large Firms

INTERPRETATION OF THE ERROR
CONCLUSION

1. I offer my profound thanks to Mr. Raymond Miles for his considerable help. Without his vitally
important research, this article would be impossible. Also, Professor Haim Mendelson of
Stanford University provided extremely helpful comments.

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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INTRODUCTION

Many appraisers have long believed that when small businesses sell, they
are priced very differently than large businesses and that the rules gov-
erning their valuation are totally different. I, too, held this opinion at one
time, but this chapter is evidence—though not proof—that it is not true.

A skeptic could level the charge that the log size discount rate equa-
tion is based on a mathematical relationship that exists between returns
and size of New York Stock Exchange (NYSE) firms, but it may not apply
to the universe of small and medium privately held firms. Additionally,
the calculations of the transactions costs component of the discount for
lack of marketability (DLOM) is based on interviews, then quantified in
an equation and extrapolated downwards for small firms. Thus, it’s nice
in theory, but does it really work in practice?

The purpose of this chapter is to subject the log size and economic
components models to empirical testing to see whether they do a good
job of explaining real world transactions of smaller businesses. Our pri-
mary data comes from an article published by Raymond Miles (Miles
1992) (‘‘the article’’) about the relationship of size to price earnings (PE)
multiples in the Institute of Business Appraisers’ (IBA) database.

Steps in the Valuation Process

Using a simple discounted cash flow model as the valuation paradigm,
valuation consists of four steps:

1. Forecast cash flows.
2. Discount to net present value.
3. Adjust for marketability or lack thereof.
4. Adjust for degree of control.

Applying a Valuation Model to the Steps

The sales described in the article are all $1 million or less. It is a reason-
able assumption that the vast majority of the small firms in the IBA trans-
actional database are mature. The number of high-growth startup firms
in that database is likely to be small. Therefore, it is reasonable to assume
a constant growth rate to perpetuity. Using a Gordon model to apply to
the next year’s forecast cash flows should give us a fairly accurate FMV
on a marketable minority level. Using a midyear assumption, the formula
is:

�1 � r
FMV � CFt�1 r � g

where r is the discount rate, which we will estimate using the log size
model, and g is the constant growth rate, which we will estimate. That
takes care of the first two valuation steps.
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We will use the economic components model from Chapter 7 for our
calculations of DLOM. We assume a control premium of 25%, which is
the approximate midpoint of the 21–28% range estimated in Chapter 7.

There are only two major principals in steps 2 and 3 of business
valuation: risk and marketability, which are both functions of size. Thus,
size is the overriding principle in steps 2 and 3 of the valuation process,
and step 1 determines size. If value depends only on the forecast cash
flows, risk, and marketability, and the latter two are in turn dependent
on size, then in essence value depends only on size (and possibly control).
That statement sounds like a tautology, but it is not.

This chapter is an attempt to identify the fewest, most basic princi-
ples underlying the inexact science of valuation. The remainder of this
chapter covers the calculations that test the log size model and DLOM
calculations.

TABLE 10-1: LOG SIZE FOR 1938–1986

In Table 10-1 we develop the log size equation for the years 1938–1986.
We use 1938 as the starting year to eliminate the highly volatile Roaring
Twenties and Depression years 1926–1937. The reason we stop at 1986
has to do with the IBA database. The article is based on sales from 1982–
1991.2 We take 1986 as the midpoint of that range and calculate our log
size equation from 1938–1986.

Cells B7–B16 and C7–C16 contain the mean and standard deviation
of returns for the 10 deciles for the period 1938–1986. We need to be able
to regress the returns against 1986 average market capitalization for each
decile. Unfortunately, those values are unavailable and we must estimate
them.

D7–D16 contain the market capitalization for the average firm in
each decile for 1994, the earliest year for which decile breakdowns are
available. E7–E16 are the 1986 year-end index values in Ibbotson’s Table
7-4. F7–F16 are the 1994 year-end index values, with our estimate of in-
come returns removed.3

Column G is our estimate of 1986 average market capitalization per
firm for each decile. We calculate it as Column D � Column E � Column
F. Thus, the average firm size in decile #1 for 1986 is $7.3 billion (G7),
and for decile #10 it is $32.49 million (G16).

Rows 18–35 contain our regression analysis of arithmetic mean re-
turns as a function of the logarithm of the market capitalization—exactly

2. A footnote in the article states that in relation to Figure 1 (and I confirmed this with the author,
Raymond Miles), those dates apply to the rest of the article.

3. SBBI, Table 7-4, approximate income returns have been removed from the 1994 values. The
adjustment was derived by comparing the large company stock total return indices with the
capital appreciation indices for 1994 and 1986 per SBBI Tables B-1 and B-2. It was found
that 77.4% of the total return was due to capital appreciation. There were no capital
appreciation indices for small company stocks. We removed 1 � 77.4% � 22.6% of the gain
in the decile index values for deciles #1 through #5, 22.6%/2 � 11.3% for deciles #6 through
#8, and made no adjustment for #9 and #10. Larger stocks tend to pay larger dividends.
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Log Size Equation for 1938–1986 NYSE Data by Decile and Statistical Analysis: 1938–1986

A B C D E F G H I

5 Year-End Index Values [1] [D] � [E]/[F] Ln [G]

6 Decile Mean Std Dev 94 Mkt Cap 1986 1994 1986 Mkt Cap Ln(Mkt Cap)

7 1 11.8% 15.8% 14,847,774,614 198.868 404.436 7,300,897,357 22.7113
2 14.0% 18.3% 3,860,097,544 434.686 920.740 1,822,371,137 21.3234

9 3 15.0% 19.7% 2,025,154,234 550.313 1,248.528 892,625,877 20.6097
10 4 15.8% 22.0% 1,211,090,551 637.197 1,352.924 570,396,575 20.1618
11 5 16.7% 23.0% 820,667,228 856.893 1,979.698 355,217,881 19.6882
12 6 17.1% 23.8% 510,553,019 809.891 1,809.071 228,566,124 19.2473
13 7 17.6% 26.4% 339,831,804 786.298 1,688.878 158,216,901 18.8795
14 8 19.0% 28.5% 208,098,608 1,122.906 2,010.048 116,253,534 18.5713
15 9 19.7% 29.9% 99,534,481 1,586.521 2,455.980 64,297,569 17.9790
16 10 22.7% 38.0% 33,746,259 6,407.216 6,654.508 32,492,195 17.2965

18 SUMMARY OUTPUT

20 Regression Statistics

21 Multiple R 0.9806
22 R square 0.9617
23 Adjusted R square 0.9569
24 Standard error 0.0064
25 Observations 10

27 ANOVA

28 df SS MS F Significance F

29 Regression 1 0.0082 0.0082 200.6663 0.0000
30 Residual 8 0.0003 0.0000
31 Total 9 0.0085

33 Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

34 Intercept 0.5352 0.0259 20.6710 0.0000 0.4755 0.5949
35 Ln(Mkt Cap) (0.0186) 0.0013 (14.1657) 0.0000 (0.0216) (0.0156)

[1] SBBI, Table 7-3*, approximate income returns have been removed from the 1994 values. The adjustment was derived by comparing the large company stock total return indices with the capital appreciation indices for 1994 and 1986 per
SBBI Tables B-1 and B-2. It was found that 77.4% of the total return was due to capital appreciation. There were no capital appreciation indices for small company stocks. We removed (1-77.4%) of the gain in the decile index values for
deciles 1 through 5, [(1-77.4%)/2] for deciles 6 through 8, and made no adjustment for 9 and 10. Larger stocks tend to pay larger dividends.
*Used with permission. � 1998 Ibbotson Associates, Inc. All rights reserved. [Certain portions of this work were derived from copyrighted works of Roger G. Ibbotson and Rex Sinquefield.] Source: � CRSP University of Chicago, Used with
permission. All rights reserved.
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the same as Table 4-1, regression #2. The regression equation is: r � 0.5352
– 0.0186 ln FMV.4 We use this regression equation in Table 10-2.

TABLE 10-2: RECONCILIATION TO THE IBA DATABASE

Table 10-2 is the main table in this chapter. All other tables provide details
that flow into this table.

The purpose of the table is to perform two series of calculations,
which make up part 1 and part 2 of the table, respectively. The first series
calculates adjusted price to cash flow (P/CF) multiples for each size cat-
egory of IBA database results described in the article. The second series
is to calculate theoretical P/CF multiples using the log size equation and
the DLOM methodology in Chapter 7. Ultimately we compare them, and
they match reasonably well.

Unfortunately, there are much data that we do not have, which will
force us to make estimates. There are so many estimates in the following
analysis, that we will not be able to make strong conclusions. It would
be easy to manipulate the results in Table 10-2 to support different points
of view. Nevertheless, it is important to proceed with the table, as we
will still gain valuable insights. Additionally, it points out the deficiencies
in the information set available. This is not a criticism of the IBA database.
All of the other transactional databases of which I am aware suffer from
the same problems. This analysis highlights the type of information that
would be ideal to have in order to come to stronger conclusions.

Part 1: IBA P/CF Multiples

We begin in row 6. The mean selling prices in row 6 are the means of the
corresponding range of selling prices reported in the article. Thus, B6 �
$25,000, which is the mean selling price for firms in the $0 to $50,000
category. At the high end, H6 � $750,000, which is the mean price in the
$500,000 to $1 million sales price category.

Row 7 is the mean P/E multiple reported in the article. Note that
the P/E multiple constantly rises as the mean selling price rises. Figure
10-1 shows this relationship clearly. Row 8 is owner’s discretionary in-
come, which is row 6 divided by row 7, i.e., P � P/E � E, where P is
price and E is earnings.

The IBA’s definition of owner’s discretionary income is net income
before income taxes and owner’s salary. It does not conform to the arm’s-
length income that appraisers use in valuing businesses. Therefore, we
subtract our estimate of an arm’s-length salary for owners, which we do
in row 9. This is an educated guess, but Raymond Miles felt my estimates
were reasonable.

In row 10, we add back personal expenses charged to the business.
Unfortunately, no one has any data on this. I have asked many account-
ants for their estimates, and their answers vary wildly. Ultimately, I de-
cided to estimate this at 10% (cell B33) of owner’s discretionary income
(row 8).

4. For public firms, this is market capitalization, i.e., price per share � number of shares.
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Reconciliation to IBA Database

A B C D E F G H I

4 Part 1: IBA P/CF Multiples

6 Mean selling price: Illiquid 100% Int 25,000 75,000 125,000 175,000 225,000 375,000 750,000 Avg
7 Mean P/E ratio 1.66 2.11 2.44 2.74 3.06 3.44 4.26
8 Owner’s discretionary inc � [6]/[7] 15,060 35,545 51,230 63,869 73,529 109,012 176,056
9 Arm’s length salary 22,500 25,000 30,000 35,000 40,000 50,000 75,000
10 Personal exp charged to bus—assume B33* [8] 1,506 3,555 5,123 6,387 7,353 10,901 17,606
11 Adjusted net income � [8] � [9] � [10] (5,934) 14,100 26,352 35,255 40,882 69,913 118,662
12 Effective corp. inc tax rate 0% 0% 0% 0% 0% 0% 0%
13 Adjusted inc taxes 0 0 0 0 0 0 0
14 Adj net inc after tax (5,934) 14,100 26,352 35,255 40,882 69,913 118,662
15 Cash flow/net income (assumed) 95% 95% 95% 95% 95% 95% 95%
16 Adj cash flow after tax � [14] * [15] (5,637) 13,395 25,035 33,493 38,838 66,417 112,729
17 Avg disc to cash equiv value (Table 10-3) 6.7% 6.7% 6.7% 6.7% 6.7% 6.7% 6.7%
18 Adj sell price (illiq 100% int) � {1 � [17]}*[6] 23,317 69,951 116,585 163,220 209,854 349,756 699,512
19 Adjusted price/cash flow multiple � [18]/[16] NM 5.2 4.7 4.9 5.4 5.3 6.2

21 Part 2: Log Size P/CF Multiples

22 Control prem-% (1982–1991 Avg) [note 1] 25% 25% 25% 25% 25% 25% 25%
23 DLOM-% (Tables 10-6, 10-6A, 10-6B, etc.) 9.9% 10.1% 10.2% 10.2% 10.5% 12.4% 18.6%
24 Adj sell price (mkt min) � [18]/{(1 � [22])*(1 � [23])} 20,704 62,221 103,838 145,440 187,511 319,458 687,614
25 Discount rate � r � .5352 � .0186 ln (FMVMkt Min) 35.0% 33.0% 32.0% 31.4% 30.9% 29.9% 28.5%
26 Growth rate � g (assumed) 2.0% 2.5% 3.0% 4.0% 4.5% 5.0% 6.0%
27 Theoretical P/CF � (1 � g)*SQRT(1 � r)/(r � g) 3.6 3.9 4.1 4.4 4.5 4.8 5.3
28 P/CF-Illiquid control � [27]*(1 � [22])*(1 � [23]) 4.0 4.4 4.6 4.9 5.1 5.3 5.4
29 Error {1 � [28]/[19]} NM 16.5% 1.7% �0.2% 6.3% 0.2% 12.5% 4.1%
30 Absolute error [note 2] NM 16.5% 1.7% 0.2% 6.3% 0.2% 12.5% 4.2%
31 Squared error [note 2] 2.7% 0.0% 0.0% 0.4% 0.0% 1.6% 0.4%
33 Personal exp � % of Owner’s discretionary inc 10%

35 Sensitivity Analysis: How the error varies with
personal exp

Cell B33 Error

37 2% 17.3%
38 4% 14.0%
39 6% 10.7%
40 8% 7.4%
41 10% 4.1%

[1] Approximate midpoint of the 21% to 28% control premium estimated in Chapter 7
[2] The averages are for the last 5 columns only, as the sales under $100,000 are mostly likely asset-based, not income based.
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F I G U R E 10-1

P/E Ratio as a Function of Size (From the IBA Database)
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Row 11 is adjusted net income, which is row 8 � row 9 � row 10.
Row 12 is an estimate of the effective corporate income tax rate. This is
a judgment call. An accountant convinced me that even for the $1 million
sales, the owner’s discretionary income is low enough that it would not
be taxed at all. Any excess remaining over salary would be taken out of
taxable income as a bonus. I acceded to his opinion, though this point is
arguable—especially for the higher dollar sales. It is true that what counts
here is not who the seller is, but who the buyer is. A large corporation
buying a small firm would still impute corporate taxes at the maximum
rate; however, only the last category is at all likely to be bought by a large
firm, and even then, most buyers of $0.5 to $1 million firms are probably
single individuals. Therefore, it makes sense to go with no corporate
taxes, with a possible reservation in our minds about the last column.

With this zero income taxes assumption, row 13 equals zero and row
14, adjusted income after taxes, equals row 11.

Next we need to convert from net income to cash flow. Again, the
information does not exist, so we need to make reasonable assumptions.
For most businesses, cash flow lags behind net income. Most of these are
small businesses that sold for fairly small dollar amounts, which means
that expected growth—another important missing piece of information—
must be low, on average. The lower the growth, the less strain on cash
flow. We assume cash flow is 95% of adjusted net income. It would be
reasonable to assume this ratio is smaller for the higher value businesses,
which presumably have higher growth. We do not vary our cash flow
ratio, as none of these are likely to be very high-growth businesses. Thus,
all cells in row 15 equal 95%. In row 16 we multiply row 14 by row 15
to calculate adjusted after-tax cash flow.

The next step in adjusting the IBA multiples is to reduce the nominal
selling price to a cash-equivalent selling price, which we calculate in Table
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T A B L E 10-3

Proof of Discount Calculation

A B C

4 Nominal Market

5 r 8% 14%
6 i � r/12 0.6667% 1.1667%
7 Yrs 7 7
8 n � Yrs *12 84 84
9 ADF @ 14%, 84 mos. 64.15926114 53.36176
10 Discount on total prin 16.8%
11 % financed 40%
12 Discount on % financed 6.7%

10-3. Exhibit 33-3 in Pratt (Pratt 1993) shows a summary of sale data from
Bizcomps. Businesses selling for less than $100,000 have a 60% average
cash down, and businesses selling for more than $500,000 have an aver-
age 58% cash down. Using a 60% cash down, we assume the seller fi-
nances the 40% (Table 10-3, B11) balance for 7 years, which is 84 months
(B8, C8) at 8% (B5) with a market rate of 14% (C5).

The annuity discount factor (ADF), the formula for which is
n1 � [1/(1 � r) ]

ADF �
r

is 53.3618 (C9) at the market rate of interest and 64.15926 (B9) at the
nominal rate. One minus the ratio of two equals the discount to cash
equivalent value if the loan is 100% financed, or

53.3618
1 � � 16.8%

64.15926

(B10). We multiply this by the 40% financed (B11) to calculate the average
discount to cash equivalent value of 6.7% (B12), which we transfer back
to Table 10-2, row 17.

Multiplying the mean selling price in row 6 by one minus the dis-
count to cash equivalent value in row 17 leads to an adjusted mean selling
price in row 18. For example, $25,000 � (1 � 6.7%) � $23,317 [B6 �
(1 � B17) � B18].

Finally, we divide row 18 by row 16 to calculate the adjusted price
to cash flow (P/CF) multiple for the IBA database. In general, the P/CF
multiple rises as price rises, although not always. There is no meaningful
P/CF multiple in B19, because adjusted cash flow in B16 is negative. The
P/CF multiples begin in C19 at 5.2 for a mean selling price of $75,000,
then decline to 4.7 (D19) for a mean selling price of $125,000, and rise
steadily to 6.2 (H19) for a mean selling price of $750,000. The only excep-
tion is that the P/CF is greater at 5.4 for the $225,000 selling price than
at 5.3 for the $375,000 selling price. The first anomaly is probably not
significant, because many, if not most, firms selling under $100,000 are
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priced based on their assets rather than their earnings capacity. The sec-
ond anomaly, from P/CF of 5.4 to 5.3, is a very small reversal of the
general pattern of rising P/CF multiples in the IBA database.

Part 2: Log Size P/CF Multiples

In this section of Table 10-2 we will calculate ‘‘theoretical’’ P/CF multiples
based on the log size model and the DLOM calculations in Chapter 7.
The term theoretical is somewhat of a misnomer, as the calculation of both
the log size equation and DLOM is empirically based. Nevertheless, we
use the term for convenience.

Before we can apply the log size equation from Table 10-1, we need
a marketable minority interest FMV, while the adjusted selling price
(FMV) in row 18 is a illiquid control value. Therefore, we need to divide
row 18 by one plus the control premium times one minus DLOM, which
we do in row 24. We assume a control premium of 25% (row 22), which
is the approximate midpoint of the 21–28% range of control premiums
discussed in Chapter 7.

The calculation of DLOM is unique for each size category and ap-
pears in Tables 10-6 and 10-6A–10-6F. We will cover those tables later. In
the meantime, DLOM rises steadily from 9.9% (B23) for the $25,000 mean
selling price to 18.6% (H23) for the $750,000 mean selling price category.

Row 24, the marketable minority FMV, is row 18 � [(1 � row 22) �
(1 � row 23)]. The marketable minority values are all lower than the
illiquid control values, as the control premium is much greater in mag-
nitude than DLOM.

We calculate the log size discount rate in row 25 using the regression
equation from Table 10-1. It ranges from a high of 35.2% (B25) for the
smallest category to a low of 28.7% (H25) for the largest category.

Next we estimate the constant growth rates that the buyers and sell-
ers collectively implicitly forecast when they agreed on prices. It is un-
fortunate that none of the transactional databases that are publicly avail-
able contain even historical growth rates, let alone forecast growth rates.
Therefore, we must make another estimate. We estimate growth rates to
rise from 2% (B26) to 6% (H26), growing at 0.5% for each category, except
the last one going from 5% to 6%. It is logical that buyers will pay more
for faster growing firms.

In row 27 we calculate a midyear Gordon model:

�1 � r
(1 � g)

r � g

with r and g coming from rows 25 and 26, respectively.5 This is a mar-
ketable minority interest P/CF multiple when cash flow is expressed as
the trailing year’s cash flow. In row 28 we convert this to an illiquid
control P/CF by doing the reverse of the procedure we performed in row

5. The purpose of the (1 � g) term is correct for the fact that we are applying it to each dollar of
prior year’s cash flow and not to the customary next year’s cash flow.
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24—we multiply by one plus the control premium and one minus DLOM,
i.e., P/CFIlliq Control � P/CFMM � (1 � CP) � (1 � DLOM) � row 27 �
(1 � row 22) � (1 � row 23).

In row 29 we calculate the error, which is one minus the ratio of row
28 divided by row 19, or one minus the ratio of the forecast log size-
based P/CF to the IBA’s adjusted P/CF. Row 30 is the absolute value of
the errors in row 29. The absolute values of the errors are most extreme
for the low and high values of the mean selling price, with a 16.5% (C30)
absolute error for the $75,000 mean selling price and a 12.5% (H30) ab-
solute error for the $750,000 selling price, with small absolute errors in
between ranging around 0.2–6.3%. The mean error is 4.1% (I29).6

Conclusion

The mean absolute error is 4.2% (I30). Rounding this to 4%, that is a very
respectable result. It is evidence supporting the log size model in Chapter
4 and control premium and economic components model of DLOM in
Chapter 7.

Nevertheless, as mentioned before, there are too much missing data
and resulting guesswork to come to solid conclusions. The estimates are
all reasonable, but one could make different reasonable estimates and
come to very different results. Thus, this analysis is worthwhile evidence,
but it proves nothing.

In the remainder of the chapter we will describe the DLOM calcu-
lations in Tables 10-4, 10-6, and their variations as 10-4A, 10-6A, etc.

CALCULATION OF DLOM

As discussed in Chapter 7, there are three components in the economic
components model to the calculation of DLOM. Components #1 and #3,
the delay to sale and transactions costs components, require unique anal-
ysis for each IBA size category. Therefore, we have one spreadsheet for
each of the two components for each IBA size category. Tables 10-4 and
10-6 are the calculations of components #1 and #3, respectively, for the
$25,000 mean selling price firm. Additionally, Table 10-6 contains the
DLOM calculations. We will describe these tables in detail. Tables 10-4A
and 10-6A are identical to Tables 10-4 and 10-6, the only difference being
that these are calculations for the $75,000 mean selling price firms. This
series continues all the way through Tables 10-4F and 10-6F for the
$750,000 mean selling price IBA category. Table 10-5 contains the calcu-
lations of the buyer and seller transactions costs for all size categories.

Table 10-4: Computation of the Delay-to-Sale
Component—$25,000 Firm

Table 10-4 is identical to Table 7-10, except that we are customizing the
calculation for this IBA category of firm. We begin by inserting the selling

6. This excludes the $75,000 mean selling price errors, as that is likely due to the sale being priced
on an asset rather than an income basis. We also exclude this category in the other measures
of mean error.
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T A B L E 10-4

Calculation of Component #1—Delay to Sale—$25,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 �5.33E � 18 5.625E � 09 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $ 25,000 0.0%
8 FMV-marketable minority 100% interest 5.97E � 10 $ 25,000 0.0%
9 Earnings stability [3] �0.1376 0.4200 �5.8%
10 Revenue stability [3] �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 0.2500 3.3%
12 Total Discount [4] 0.0%
14 Value of block-pre-discount [5] $ 25,000
16 Selling price $ 25,000
17 Adjusted net income $ (5,934)
18 Assumed pre-tax margin NA
19 Sales $ 75,000
20 Sales2 5.625E�09

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.

price in B16 and adjusted net income in B17. For the larger IBA categories,
net income (owner’s discretionary income) is positive, and we divide that
by an assumed pretax margin of 5% in B18 to estimate sales in B19. We
cannot do that for the $25,000 sales category only, because of net losses.
We estimate sales at three times the selling price, or $75,000 (B19). The
square of sales is then $5.625 � 109, which is calculated in B20 and trans-
ferred to C6.7

We insert the $25,000 mean selling price in C8, C14, and C16. Here
we are calculating the value of 100% of the stock, so the block value and
the value of the entire firm will be identical, which is not true in the
restricted stock calculations in Table 7-10.8

Cell C7 is the post-discount value of the block. However, both C7
and C14 equal $25,000. This is because the discount calculation came to
zero (D12). Normally, C7 would be lower than C14.

A correlation analysis of the Management Planning data, not shown
in the book, revealed that firm size and earnings and revenue stability
are uncorrelated. Thus, we use the averages from Table 7-5, G60 and H60
of 0.42 (C9) and 0.69 (C10), respectively.

7. The calculations in B16 to B20 did not appear in Table 7-10, as they were unnecessary there.
8. Technically, we should be using the marketable minority FMV rather than the illiquid control

FMV in Table 10-4 (and its variants 10-4A, etc.), cell C14 (which also affects C7 and C8).
However, we do not yet know the marketable minority FMV, as that is the point of the
exercise. To even attempt to calculate it would require multiple iterations, which would
greatly complicate the analysis and add nothing, as the regression coefficients in B7 and B8
are so small that the difference is immaterial. Therefore, we use the illiquid control values.
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Finally we assume that a $25,000 firm takes only three months, or
0.25 (C11) years to sell. Summing D5 through D11 actually results in a
slightly negative discount, which does not make sense. Therefore, we use
a spreadsheet formula to calculate D12 as the maximum of the sum of
D5:D11 and zero. The delay to sale component is zero for all size cate-
gories except $375,000 and $750,000. The calculations of component #1 of
DLOM for those two categories appear in Tables 10-4E and 10-4F. The
main reason for this is that we assume is takes either 0.25 years or 0.33
years to sell firms under the $375,000 category, while we assume that it
takes 0.5 years and 1.0 years to sell in the $375,000 and $750,000 catego-
ries, respectively (Tables 10-4E and 10-F, C11). The resulting discounts are
still small in magnitude. In Table 10-4E, D12, we calculate component #1
as 1.9%, and in Table 10-4F, D12, we calculate component #1 as 8.4%.

Though we did not elect to do so here, it would be a reasonable
approach to rely on our findings in Chapter 7 that the regression analysis
does not work well for delays to sale of much less than a year. That being
the case, it would make sense to use a different model—even something
so simple as a present value—to calculate the delay to sale component
for under one year. For example, if we assume a 25% discount rate, a
three-month delay to sale implies a 5% discount as component #1, and a
four-month delay to sale implies a 7% discount as component #1. It is
important to recognize that not all models work well across all ranges of
data, and sometimes circumstances force us to use different models. For
simplicity in this analysis, we did not elect to use another model.

Table 10-5: Calculation of Transactions Costs

Table 10-5 contains our calculations of transactions costs for both buyer
and seller for all of the IBA size categories. Column A denotes whether
the transactions costs are for buyer or sellers. Column B is the mean
selling price of the IBA study. Column C is the base 10 logarithm of
column B.

Columns D and F contain, respectively, the x-coefficient and the con-
stant from the regression in Table 7-11. In column E we multiply column
C by column D. We add columns E and F together to obtain column G,
which is the regression forecast of all transactions costs except for the
business broker (or investment banker). Column H contains the business
broker fees, which we assume at 10% for sellers and zero for buyers.
Finally, column I is the grand total forecast of transactions costs for buyers
and sellers by size category. Note that both buyer and seller transactions
costs decline as firm size grows.

While the $10 million firm in rows 20 and 21 are outside of the scope
of the IBA study, we use them later on in our own analysis to extrapolate
the results that we derive from our analysis of the IBA study.

Table 10-6: Calculation of DLOM

Table 10-6 is exactly the same format and logic as Table 7-14, which we
already described in Chapter 7. B9 through B12 contain the pure dis-
counts for the four economic components. B9, the pure discount for com-
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T A B L E 10-5

Calculation of Transaction Costs for Firms of All Sizes in the IBA Study

A B C D E F G H I

5 FMV log10 FMV X-Coeff. log FMV � Coeff. Regr. Constant Forecast Subtotal Bus. Broker Forecast Total

6 Buyer $ 25,000 4.39794 �0.01727 �0.07596 0.15310 7.7% 0.0% 7.7%
7 Seller $ 25,000 4.39794 �0.01599 �0.07034 0.14139 7.1% 10.0% 17.1%
8 Buyer $ 75,000 4.87506 �0.01727 �0.08420 0.15310 6.9% 0.0% 6.9%
9 Seller $ 75,000 4.87506 �0.01599 �0.07797 0.14139 6.3% 10.0% 16.3%
10 Buyer $ 125,000 5.09691 �0.01727 �0.08804 0.15310 6.5% 0.0% 6.5%
11 Seller $ 125,000 5.09691 �0.01599 �0.08152 0.14139 6.0% 10.0% 16.0%
12 Buyer $ 175,000 5.24304 �0.01727 �0.09056 0.15310 6.3% 0.0% 6.3%
13 Seller $ 175,000 5.24304 �0.01599 �0.08386 0.14139 5.8% 10.0% 15.8%
14 Buyer $ 225,000 5.35218 �0.01727 �0.09245 0.15310 6.1% 0.0% 6.1%
15 Seller $ 225,000 5.35218 �0.01599 �0.08561 0.14139 5.6% 10.0% 15.6%
16 Buyer $ 375,000 5.57403 �0.01727 �0.09628 0.15310 5.7% 0.0% 5.7%
17 Seller $ 375,000 5.57403 �0.01599 �0.08915 0.14139 5.2% 10.0% 15.2%
18 Buyer $ 750,000 5.87506 �0.01727 �0.10148 0.15310 5.2% 0.0% 5.2%
19 Seller $ 750,000 5.87506 �0.01599 �0.09397 0.14139 4.7% 10.0% 14.7%
20 Buyer $10,000,000 7.00000 �0.01727 �0.12091 0.15310 3.2% 0.0% 3.2%
21 Seller $10,000,000 7.00000 �0.01599 �0.11196 0.14139 2.9% 2.0% 4.9%

Note: Regression constants and x-coefficients come from Table 7-11. The $10 million firm, using a Lehman Bros. Formula, has a 2% investment banker fee instead of a 10% business broker’s fee.
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T A B L E 10-6

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 0.0% 0.0% 100.0% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 5.7% 6.1% 93.9% Transactions costs—buyers
12 3B 15.1% 1.0% 99.0% Transactions costs—sellers
13 Percent remaining 90.1% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 9.9% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 25,000
19 Discount rate � r [3] 34.7%
20 Constant growth rate � g 2.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.7574
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I6 and I7 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.

ponent #1, equals zero, and that comes from our calculation in Table
10-4, D12. B10, the pure discount for component #2, equals 9%. That is
the same as it was in Table 7-14, and it comes from the Schwert article.
Components 3A and 3B come from Table 10-5, cells I6 and I7, respectively,
less a 2% brokerage cost for publicly traded stock. These two components
are equal to 5.7% (B11) and 15.1% (B12), respectively.

As in Table 7-12, the first two components transfer from B9 and B10
to C9 and C10 directly. However, as discussed in the commentary to Table
7-12, transactions costs ‘‘leave the system’’ with every sale. Thus, we must
present value a perpetuity of transactions costs that occur every j � 10
years. We do so using the formulas in note [2] to the spreadsheet, which
are equations (7–9) and (7–9a) from Chapter 7. The present value of all
buyers’ transactions costs is 6.1% (C11), and the present value of all sell-
ers’ transactions costs is 1.0% (C12). The final calculation of DLOM is
11.9% (D14)

Tables 10-6A–10-6F: Calculations of DLOM for
Larger Firms

Tables 10-6A–10-6F are structured and calculated identically to Table
10-6. There are five differences in the parameters, the first four of which
tend to increase DLOM as firm size increases, and the last to decrease
DLOM as firm size increases.
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T A B L E 10-4A

Calculation of Component #1—Delay to Sale—$75,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 �5.33E � 18 7.952E � 10 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $ 75,000 0.0%
8 FMV-marketable minority 100% interest 5.97E � 10 $ 75,000 0.0%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 0.2500 3.3%
12 Total Discount [4] 0.0%
14 Value of block-pre-discount [5] $ 75,000
16 Selling price $ 75,000
17 Adjusted net income $ 14,100
18 Assumed pre-tax margin 5%
19 Sales $281,991
20 Sales2 7.95E � 10

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.

T A B L E 10-4B

Calculation of Component #1—Delay to Sale—$125,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 [2] �5.33E � 18 2.778E � 11 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $125,000 0.0%
8 FMV-marketable minority 100% interest 5.97E � 10 $125,000 0.0%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 0.3330 4.5%
12 Total Discount [4] 0.0%
14 Value of block-pre-discount [5] $125,000
16 Selling price $125,000
17 Adjusted net income $ 26,352
18 Assumed pre-tax margin 5%
19 Sales $527,049
20 Sales2 2.78E � 11

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.
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T A B L E 10-4C

Calculation of Component #1—Delay to Sale—$175,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 [2] �5.33E � 18 4.972E � 11 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $175,000 0.0%
8 FMV-marketable minority 100% interest 5.97E � 10 $175,000 0.0%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 0.3330 4.5%
12 Total Discount [4] 0.0%
14 Value of block-pre-discount [5] $175,000
16 Selling price $175,000
17 Adjusted net income $ 35,255
18 Assumed pre-tax margin 5%
19 Sales $705,109
20 Sales2 4.97E � 11

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.

T A B L E 10-4D

Calculation of Component #1—Delay to Sale—$225,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 [2] �5.33E � 18 6.685E � 11 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $225,000 �0.1%
8 FMV-marketable minority 100% interest 5.97E � 10 $225,000 0.0%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 0.3330 4.5%
12 Total Discount [4] 0.0%
14 Value of block-pre-discount [5] $225,000
16 Selling price $225,000
17 Adjusted net income $ 40,882
18 Assumed pre-tax margin 5%
19 Sales $817,647
20 Sales2 6.69E � 11

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.
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T A B L E 10-4E

Calculation of Component #1—Delay to Sale—$375,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 [2] �5.33E � 18 1.955E � 12 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $368,041 �0.2%
8 FMV-marketable minority 100% interest 5.97E � 10 $375,000 0.0%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 0.5000 6.7%
12 Total Discount [4] 1.9%
14 Value of block-pre-discount [5] $375,000
16 Selling price $375,000
17 Adjusted net income $ 69,913
18 Assumed pre-tax margin 5%
19 Sales $1,398,256
20 Sales2 1.96E � 12

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.

T A B L E 10-4F

Calculation of Component #1—Delay to Sale—$750,000 Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 [2] �5.33E � 18 1.955E � 12 0.0%
7 Value of block-post-discount [2] �4.26E � 09 $686,724 �0.3%
8 FMV-marketable minority 100% interest 5.97E � 10 $750,000 0.0%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 1.0000 13.7%
12 Total Discount [4] 8.4%
14 Value of block-pre-discount [5] $ 750,000
16 Selling price $ 750,000
17 Adjusted net income $ 69,913
18 Assumed pre-tax margin 5%
19 Sales $1,398,256
20 Sales2 1.96E � 12

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.
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T A B L E 10-4G

Calculation of Component #1—Delay to Sale—$10 Million Firm [1]

A B C D

4 Coefficients Co. Data Discount

5 Intercept 0.1342 NA 13.4%
6 Revenues2 [2] �5.33E � 18 2.560E � 14 �0.1%
7 Value of block-post-discount [2] �4.26E � 09 $ 9,489,650 �4.0%
8 FMV-marketable minority 100% interest 5.97E � 10 $10,000,000 0.6%
9 Earnings stability (assumed) �0.1376 0.4200 �5.8%
10 Revenue stability (assumed) �0.1789 0.6900 �12.3%
11 Average years to sell 0.1339 1.0000 13.4%
12 Total Discount [4] 5.1%
14 Value of block-pre-discount [5] $10,000,000
16 Selling price $10,000,000
17 Divide by P/E multiple assumed at

12.5 � net inc
$ 800,000

18 Assumed pre-tax margin 5%
19 Sales $16,000,000
20 Sales2 2.56E � 14

[1] Based on Abrams regression of Management Planning, Inc. data-Regression #2, Table 7-10
[2] Equal to Pre-Discount Shares Sold in dollars * (1-Discount). B7 equals B14 only when the discount � 0%.
[3] Earnings and Revenue stability are assumed at the averages from Table 7-5, G60 and H60, respectively, for all FMVs. In the
Management Planning data, a correlation analysis revealed that firm size and the stability measures are uncorrelated. Therefore, we
assume the same levels for all FMVs.
[4] Total Discount � max(discount, 0), because Disc � 0 indicates the model is outside of its range of reasonability.
[5] In our regression of the Management Planning, Inc. data, this was a marketable minority interest value. This is an illiquid control
value and is higher by 12% to 25% than the marketable minority value. The regression coefficient relating to market capitalization in
B8 is so small that the difference is immaterial, and it is easier to work with the value available.

T A B L E 10-6A

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 0.0% 0.0% 100.0% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 4.9% 5.3% 94.7% Transactions costs—buyers
12 3B 14.3% 1.2% 98.8% Transactions costs—sellers
13 Percent remaining 89.9% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 10.1% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 75,000
19 Discount rate � r [3] 32.6%
20 Constant growth rate � g (Table 10-2, row 24) 2.5%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.7728
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I8 and I9 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.
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T A B L E 10-6B

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 0.0% 0.0% 100.0% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 4.5% 4.9% 95.1% Transactions costs—buyers
12 3B 14.0% 1.3% 98.7% Transactions costs—sellers
13 Percent remaining 89.8% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 10.2% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 125,000
19 Discount rate � r [3] 31.7%
20 Constant growth rate � g (Table 11-2, row 24) 3.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.7822
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I10 and I11 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.

T A B L E 10-6C

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 0.0% 0.0% 100.0% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 4.3% 4.7% 95.3% Transactions costs—buyers
12 3B 13.8% 1.3% 98.7% Transactions costs—sellers
13 Percent remaining 89.8% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 10.2% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 175,000
19 Discount rate � r [3] 31.0%
20 Constant growth rate � g (Table 10-2, row 24) 3.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.7860
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I12 and I13 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.
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T A B L E 10-6D

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 0.0% 0.0% 100.0% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 4.1% 4.5% 95.5% Transactions costs—buyers
12 3B 13.6% 1.6% 98.4% Transactions costs—sellers
13 Percent remaining 89.5% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 10.5% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 225,000
19 Discount rate � r [3] 30.6%
20 Constant growth rate � g (Table 10-2, row 24) 4.5%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.8003
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I4 and I5 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.

T A B L E 10-6E

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 1.9% 1.9% 98.1% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 4.7% 5.3% 94.7% Transactions costs—buyers
12 3B 14.2% 1.9% 98.1% Transactions costs—sellers
13 Percent remaining 87.6% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 12.4% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 375,000
19 Discount rate � r [3] 29.6%
20 Constant growth rate � g (Table 11-2, row 24) 5.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.8100
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I6 and I7 � 1% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.
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T A B L E 10-6F

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 8.4% 8.4% 91.6% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 4.2% 4.8% 95.2% Transactions costs—buyers
12 3B 13.7% 2.3% 97.7% Transactions costs—sellers
13 Percent remaining 81.4% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 18.6% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $ 750,000
19 Discount rate � r [3] 28.3%
20 Constant growth rate � g (Table 11-2, row 24) 6.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.8259
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I8 and I9 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.

T A B L E 10-6G

Calculation of DLOM

A B C D E F G

4 Section 1: Calculation of the Discount For Lack of Marketability

6 � 1 � Col. [C]
7 Pure Discount PV of Perpetual Remaining
8 Component � z [1] Discount [2] Value

9 1 5.1% 5.1% 94.9% Delay to sale
10 2 9.0% 9.0% 91.0% Buyer’s monopsony power—thin markets
11 3A 2.7% 3.6% 96.4% Transactions costs—buyers
12 3B 4.4% 1.5% 98.5% Transactions costs—sellers
13 Percent remaining 85.0% Total % remaining � components 1 � 2 � 3A � 3B
14 Final discount 15.0% Discount � 1 � total % remaining

16 Section 2: Assumptions and Intermediate Calculations:

18 FMV-equity of co. (before discounts) $10,000,000
19 Discount rate � r [3] 23.5%
20 Constant growth rate � g (Table 10-2, row 24) 8.0%
21 Intermediate calculation: x � (1 � g)/(1 � r) 0.8743
22 Avg # years between sales � j 10

[1] Pure Discounts: For Component #1, Table 10-4, cell D12; For Component #2, 9% per Schwert article. For Component #3A and #3B, Table 10-5, cells I20 and I21 � 2% for public
brokerage costs.
[2] PV of Perpetual Discount Formula: 1� (1 � x	j)/((1� (1 � z)*x	j)), per equation [7-9], used for Component #3B.
PV of Perpetual Discount Formula: 1 � (1 � z)*(1 � x	j)/((1 � (1 � z)*x	j)), per equation [7-9a], used for Component #3A.
Components #1 and #2 simply transfer the pure discount.
[3] The formula is: 0.5352 � (.0186 ln FMV), based on Table 10-1, B34 and B35.
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1. As firm size increases, our assumed growth rate, g, increases. By
our analysis of the partial derivatives in the Mathematical
Appendix to Chapter 7, that causes an increase in DLOM.

2. As firm size increases, the log size discount rate, r, decreases. By
our analysis of the partial derivatives in the Mathematical
Appendix to Chapter 7, that also causes an increase in DLOM.

3. As mentioned earlier, for firm sizes under $375,000, we assumed
the delay to sale to be 0.33 years or less, which lead to a zero
discount for component #1. For the $375,000 and $750,000 firms,
we assumed a one-half-year and one-year delay to sale, which
led to a component #1 pure discount of 1.9% (Table 10-6E, B9)
and 8.4% (Table 10-6F, B9), respectively. The latter accounts for
the vast majority of the much higher DLOM for the $750,000
mean selling price firms. Had that been zero, like all of the
others except the $375,000 firm, DLOM for the $750,000 firms
would have been 13.1%—much closer to DLOM for the smaller
firms.

4. We assumed a 1% broker’s fee for publicly traded stocks for the
$375,000 and $750,000 firms, while we assumed a 2% fee for the
firms under that size. This increased the pure discount for
components #3A and #3B by 1% for those two size categories,
and therefore increased DLOM.

5. Transactions costs decrease as size increases. Buyers’ transactions
costs are 7.7% (Table 10-5, I6) for $25,000 firms and 5.2% for
$750,000 firms (I18), for a difference of 2.5%. Sellers’ transactions
costs are 17.1% (I7) for $25,000 firms and 14.7% (I19) for
$750,000 firms, for a difference of 2.4%.

Items 1 through 4 above cause DLOM to increase with size, while
item 5 causes DLOM to decrease with size. Looking at Table 10-2, it is
clear that the first four items dominate, which causes DLOM to increase
with size. This is not a result that I would have predicted before. I would
have thought that overall, DLOM decreases with size.

As mentioned earlier in this chapter, had we used a different model,
it would have been possible to assign a pure discount for the delay to
sale of perhaps 3–5% using another model. This would have narrowed
the differences between DLOM for the small firms and the large ones,
but we would still have come to the counterintuitive conclusion that
DLOM increases with firm size.

Calculation of DLOM for Large Firms

The preceding result begs the question of what happens to DLOM beyond
the realm of small firms. To answer this question, we extend our analysis
to Tables 10-4G and 10-6G.

Table 10-4G is otherwise identical to its predecessor, Table 10-4F.
Since we do not have the benefit of the IBA data at this size level, we
have to forecast sales in a different fashion. The calculation of component
#1 is still not sensitive at this level to the square of revenues, so we can
afford to be imprecise. Assuming an average P/E multiple of 12.5, we
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divide the assumed $10 million selling price by the P/E multiple to arrive
at net income of $800,000. Dividing that by an assumed pretax margin of
5% leads to sales of $16 million (B19), which is $2.56 � 1014 (B20, trans-
ferred to C6) when squared. That contributes only –0.1% (D6) to the cal-
culation of the pure discount from the delay to sale component (it was
0.0% in Table 10-4F, D6).

The really significant difference in the calculation comes from cell
D7, which is �4.0% in Table 10-4G and zero in Table 10-4F. The final
calculation of component #1 is 5.1% (D12) for the $10 million firm, com-
pared to 8.4% for the $750,000 firm. Thus it seems that component #1
rises sharply somewhere between $375,000 and $750,000 firms, but then
begins to decline as the size effect dominates and causes transactions costs
to decline, while not adding any additional time to sell the firm.

Table 10-6G is our calculation of DLOM for the $10 million firm.
Comparing it to Table 10-6F, the DLOM calculation for the $750,000 firm,
the final result is 15.0% (Table 10-6G, D14) versus 20.4% (Table 10-6F,
D14). Thus, it appears that DLOM should continue to decline with size.
Thus it appears that DLOM rises with size up to about $1 million in
selling price and declines thereafter. Another factor we did not consider
here that also would contribute to a declining DLOM with size is that
the number of interested buyers would tend to increase with larger size,
which should lower component #2—buyer’s monopsony power—below
the 9% from the Schwert article cited in Chapter 7.

INTERPRETATION OF THE ERROR

As mentioned earlier, the magnitude of the error in Table 10-2 is fairly
small. The five right columns average a 0.4% error (I29) and a 4.2% (I30)
mean absolute error. We can interpret this as a victory for the log size
and economic components models—and I do interpret it that way, to
some degree. However, the many assumptions that we had to make ren-
der our calculations too speculative for us to place much confidence in
them. They are evidence that we are probably not way off the mark, but
certainly fall short of proving that we are right.

An assumption not specifically discussed yet is the assumption that
the simple means of Raymond Miles’s categories is the actual mean of
the transactions in each category. Perhaps the mean of transactions in the
$500,000 to $1 million category is really $900,000, not $750,000. Our results
would be inaccurate to that extent and that would be another source of
error in reconciling between the IBA P/E multiples and my P/CF mul-
tiples. It does appear, though, that Table 10-2 provides some evidence of
the reasonableness of the log size and economic components models.

Amihud and Mendelson (1986) show that there is a clientele effect
in investing in publicly held securities. Investors with longer investment
horizons can amortize their transactions costs, which are primarily the
bid–ask spread and secondarily the broker’s fees,9 over a longer period,
thus reducing the transactions cost per period. Investors will thus select

9. Because broker’s fees are relatively insignificant in publicly held securities, we will ignore them
in this analysis. That is not true of business broker’s fees for selling privately held firms.
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their investments by their investment horizons, and each security will
have two components to its return: that of a zero bid–ask spread asset
and a component that rewards the investor for the illiquidity that he is
taking on in the form of the bid–ask spread.

Thus, investors with shorter investment horizons will choose secu-
rities with low bid–ask spreads, which also have smaller gross returns,
and investors with longer time horizons will choose securities with larger
bid–ask spreads and larger gross returns. Their net returns will be higher
on average than those of short-term investors because the long-term in-
vestor’s securities choices will have higher gross returns to compensate
them for the high bid–ask spread, which they amortize over a sufficiently
long investment horizon to reduce its impact on net returns. A short-term
investment in a high bid–ask spread stock would lose the benefit of the
higher gross return by losing the bid–ask spread in the sale with little
time over which to amortize the spread.

Investors in privately held firms usually have a very long time ho-
rizon, and the transactions costs are considerable compared to the bid–
ask spreads of NYSE firms. In the economic components model I assumed
investors in privately held firms have the same estimate of j, the average
time between sales, in addition to the other variables, growth (g), discount
rate, (r), and buyers’ and sellers’ transactions costs, z. There may be size-
based, systematic differences in investor time horizons; if so, that would
be a source of error in Table 10-2.

Sufficiently long time horizons may also predispose the buyer to
forgo some of the DLOM he or she is entitled to. If DLOM should be,
say, 25%, what is the likelihood of the buyer caving in and settling for
20% instead? If time horizons are j � 10 years, then the buyer amortizes
the 5% ‘‘loss’’ over 10 years, which equals 0.5% per year. If j � 20, then
the loss is only 0.25% per year. Thus, long time horizons should tend to
reduce DLOM, and that is not a part of the economic components
model—at least not yet. It would require further research to determine
if there are systematic relationships between firm size and buyers’ time
horizons.

CONCLUSION

It does seem, then, that we are on our way as a profession to developing
a ‘‘unified valuation theory,’’ one with one or two major principles that
govern all valuation situations. Of course, there are numerous subprin-
ciples and details, but we are moving in the direction of a true science
when we can see the underlying principles that unify all the various
phenomena in our discipline.

Of course, if one asks if valuation is a science or an art, the answer
is valuation is an art that sits on top of a science. A good scientist has to
be a good artist, and valuation art without science is reckless fortune
telling.



CHAPTER 10 Empirical Testing of Abrams’ Valuation Theory 381

BIBLIOGRAPHY

Amihud, Yakov, and Haim Mendelson. 1986. ‘‘Asset Pricing and the Bid–Ask Spread.’’
Journal of Financial Economics 17:223–249.

Miles, Raymond C. 1992. ‘‘Price/Earnings Ratios and Company Size Data for Small Busi-
nesses.’’ Business Valuation Review (September): 135–139.

Pratt, Shannon P. 1993. Valuing Small Businesses and Professional Practices, 2d ed. Burr Ridge,
Ill.: McGraw-Hill.



383

C H A P T E R 1 1

Measuring Valuation Uncertainty
and Error

INTRODUCTION
Differences Between Uncertainty and Error
Sources of Uncertainty and Error

MEASURING VALUATION UNCERTAINTY
Table 11-1: 95% Confidence Intervals

Valuing the Huge Firm
Valuation Errors in the Others Size Firms
The Exact 95% Confidence Intervals
Table 11-2: 60-Year Log Size Model

Summary of Valuation Implications of Statistical Uncertainity in the
Discount Rate

MEASURING THE EFFECTS OF VALUATION ERROR
Defining Absolute and Relative Error
The Valuation Model
Dollar Effects of Absolute Errors in Forecastng Year 1 Cash Flow
Relative Effects of Absolute Errors in Forecasting Year 1 Cash Flow
Absolute and Relative Effects of Relative Errors in Forecasting Year 1
Cash Flow

Absolute Errors in Forecasting Growth and the Discount Rate
Definitions
The Mathematics
Example Using the Error Formula
Relative Effects of Absolute Error in r and g
Example of Relative Valuation Error
Valuation Effects on Large Versus Small Firms
Relative Effect of Relative Error in Forecasting Growth and
Discount Rates

Tables 11-4–12-4b: Examples Showing Effects on Large vs. Small
Firms

Table 11-5: Summary of Effects of Valuation Errors
SUMMARY AND CONCLUSIONS

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.



384 Part 4 Putting It All Together

INTRODUCTION

This chapter describes the impact of various sources of valuation uncer-
tainty and error on valuing large and small firms. It will also provide the
reader with a greater understanding of where our analysis is most vul-
nerable to the effects of errors and demonstrate where appraisers need to
focus the majority of their efforts.

Differences between Uncertainty and Error

It is worthwhile to explain the differences between uncertainty and error.
I developed the log size equation in Chapter 4 by regression analysis.
Because the R2 is less than 100%, size does not explain all of the differ-
ences in historical rates of return. Unknown variables and/or random
variation explain the rest. When we calculate a 95% confidence interval,
it means that we are 95% sure that the true value of the dependent vari-
able is within the interval and 5% sure it is outside of the interval. That
is the uncertainty. One does not need to make an error to have uncertainty
in the valuation.

Let’s suppose that for a firm of a particular size, the regression-
determined discount rate is 20% and the 95% confidence interval is be-
tween 18% and 23%. It may be that the true and unobservable discount
rate is also 20%, in which case we have uncertainty, but not error. On the
other hand, if the true discount rate is anything other than 20%, then we
have both uncertainty and error—even though we have used the model
correctly. Since the true discount rate is unobservable and unknowable
for privately held firms, we will never be certain that our model will
calculate the correct discount rate—even when we use it properly. If one
makes a mistake in using the model, that is what we mean by appraiser
error. For the remainder of this chapter, we will use the simpler term,
error, to mean appraiser-generated error. The first part of the chapter deals
with valuation uncertainty, and the second part deals with valuation
error.

Sources of Uncertainty and Error

We need only look at the valuation process in order to see the various
sources of valuation uncertainty and error. As mentioned in the Intro-
duction to this book, the overall valuation process is:

● Forecast cash flows.
● Discount cash flows to present value.
● Calculate valuation premiums and discounts for degree of
control and marketability.

Uncertainty is always present, and error can creep into our results at each
stage of the valuation process.

MEASURING VALUATION UNCERTAINTY

In forecasting cash flows, even when regression analysis is a valid tool
for forecasting both sales and costs and expenses, it is common to have
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fairly wide 95% confidence intervals around our sales forecasts, as we
discovered in Chapter 2. Thus, we usually have a substantial degree of
uncertainty surrounding the sales forecast and a typically smaller, though
material, degree of uncertainty around the forecast of fixed and variable
costs. As each company’s results are unique, we will not focus on a quan-
titative measure of uncertainty around our forecast of cash flows in this
chapter.1 Instead, we will focus on quantitative measures of uncertainty
around the discount rate, as that is generic.

For illustration, we use a midyear Gordon Model formula,
as our valuation formula. Although a Gordon model(�1 � r)/(r � g),

is appropriate for most firms near or at maturity, this method is inappli-
cable to startups and other high-growth firms, as it presupposes that the
company being valued has constant perpetual growth.

Table 11-1: 95% Confidence Intervals

Table 11-1 contains calculations of 95% confidence intervals around the
valuation that results from our calculation of discount rate. We use the
72-year regression equation for the log size model. It is the relevant time
frame for comparison with CAPM, since the CAPM results in the SBBI
1998 Yearbook (Ibbotson Associates 1998) are for 72 years.2 Later, in Table
11-2, we examine the 60-year log size model for comparison. For purposes
of this exercise, we will assume the forecast cash flows and perpetual
growth rate are correct, so we can isolate the impact of the statistical
uncertainty of the discount rate.

The exact procedure for calculating the 95% confidence intervals is
mathematically complex and would strain the patience of most readers.
Therefore, we will use a simpler approximation in our explanation and
merely present the final results of the exact calculation in row 42.

Valuing the Huge Firm
Because the log size model produces a mathematical relationship between
return and size, our exploration of 95% confidence intervals around a
valuation result necessitates separate calculations for different-size firms.
We begin with the largest firms and work our way down.

In Table 11-1, cell B5 we show last year’s cash flow as $300 million.
Using the log size model, the discount rate is 13%3 (B6), and we assume
a perpetual growth rate of 8% (B7). We apply the perpetual growth rate
to calculate cash flows for the first forecast year. Thus, forecast cash flow
� $300 million � 1.08 � $324 million (B8).

In B12 we repeat the 13% discount rate. Next we form a 95% confi-
dence interval around the 13% rate in the following manner. Regression

1. In the second part of the chapter we will explore the valuation impact of appraiser error in
forecasting cash flows.

2. While Chapter 4 was updated to include the Ibbotson 1999 SBBI Yearbook results, this chapter
has not. Therefore, this chapter does not contain the 1998 stock market results, which were
very poor for the log size model. As noted in Chapter 4, large firms outperformed small
firms. Therefore, the confidence intervals calculated in this chapter would be wider if we
were to include the 1998 results, which are reported in the 1999 SBBI Yearbook.

3. Calculation of the log size discount rate is in rows 35–38. The regression equation in these rows
is based on the 1998 SBBI Yearbook and therefore does not match the equation in Table 4-1.
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#2 in Table 4-1 has 10 observations. The number of degrees freedom is n
� k � 1, where n is the number of observations and k is the number of
independent variables; thus we have eight degrees of freedom. Using a
t-distribution with eight degrees of freedom, we add and subtract 2.306
standard errors to form a 95% confidence interval. The standard error of
the log size equation through SBBI 1998 was 0.76% (B48), which when
multiplied by 2.306 equals 1.75%. The upper bound of the discount rate
calculated by log size is 13% � 1.75% � 14.75% (B11), and the lower
bound is 13% � 1.75% � 11.25% (B13).4

For purposes of comparison, we assume that CAPM also arrives at
a 13% discount rate (B16). We multiply the CAPM standard error of 2.42%
(B49) by 2.306 standard errors, yielding �5.58% for our 95% confidence
interval. In cell B15 we add 5.58% to the 12% discount rate, and in cell
B17 we subtract 5.58% from the 12% rate, arriving at upper and lower
bounds of 18.58% and 7.42%, respectively.

Rows 19 to 21 show the calculations of the midyear Gordon model
multiples (GM) � For r � 13% � 1.75% and g � 8%,(�1 � r)/(r � g).
GM � 21.2603 (B20), which we multiply by the $324 million cash flow
(B8) to come to an FMV (ignoring discounts and premiums) of $6.89 bil-
lion (B24).

We repeat the process using 14.75%, the upper bound of the 95%
confidence interval for the discount rate (B11) in the GM formula, to come
to a lower bound of the GM of 15.8640 (B19). Similarly, using a discount
rate of 11.25% (the lower bound of the confidence interval, B13) the cor-
responding upper bound GM formula is 32.4791 (B21). The FMVs asso-
ciated with the lower and upper bound GMMs are $5.14 billion (B23) and
$10.52 billion (B25), or 74.6% (C23) and 152.8% (C25), respectively, of our
best estimate of $6.89 billion.

Cell C39 shows the average size of the 95% confidence interval
around the valuation estimate. It is 39%, which is equal to 1⁄2 � [(1 �
74.6%) � (152.8% � 1)]. It is not literally true that the 95% confidence
interval is the same above and below the estimate, but it is easier to speak
in terms of a single number.

Row 28 shows the Gordon model multiple using a CAPM discount
rate, which we assume is identical to the log size model discount rate.
Using the CAPM upper and lower bound discount rates in B15 and B17,
the lower and upper bounds of the 95% confidence interval for the CAPM
Gordon model are 10.2920 (B27) and �178.5324 (B29), respectively. Ob-
viously, the latter is an explosive, nonsense result, and the average 95%
confidence interval is infinite in this case.

4. This is an approximation. The exact formula is:

21 x0Y � 
̂ � t s � � 10 0 0.025 2�n x� i
i

where is the regression-determined discount rate for our subject company, xi are the
̂0

deviations of the natural logarithm of each decile’s market capitalization from the mean log
of the 10 Ibbotson decile average market capitalizations, t0.025 is the two-tailed, 95% t-
statistic, s is the standard error of the y-estimate as calculated by the regression, n � 10, the
number of deciles in the regression sample, and x0 is the deviation of the log of the FMV of
the subject company from the mean of the regression sample.
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We obtain the same estimate of FMV for CAPM as the log size model
(B32, B24), but look at the lower bound estimate in B31. It is $3.33 billion
(rounded), or 48.4% (C31) of the best estimate, versus 74.6% (C23) for the
same in the log size model. The CAPM standard error being more than
three times larger creates a huge confidence interval and often leads to
explosive results for very large firms.

Valuation Error in the Other-Size Firms
The remaining columns in Table 11-1 have the same formulas and logic
as columns B and C. The only difference is that the size of the firm varies,
which implies a different discount rate and therefore different 95% con-
fidence intervals. In column D we assume the large firm had cash flows
of $15 million last year (D5), which will grow at 7% (D7). We see that the
log size model has an average 95% confidence interval of �14% (E39)
and CAPM has an average 95% confidence interval of �56% (E40).

Columns F and H are successively smaller firms. Note how the min-
imum valuation uncertainty declines with firm size.

The approximate 95% confidence intervals for log size are 39%, 14%,
9%, and 7% (row 39) for the huge, large, medium, and small firm, re-
spectively. The CAPM confidence intervals also decline with firm size,
but are much larger than the log size confidence intervals. For example,
the CAPM small firm 95% confidence interval is �23% (I40)—much
larger than the 7% (I39) interval for the Log Size Model.

The Exact 95% Confidence Intervals
As mentioned earlier, rows 39 and 40 are a simplified approximation of
the 95% confidence intervals around the discount rates, used to minimize
the complexity of an already intricate series of calculations and related
explanations.

Row 42 contains the exact 95% confidence intervals for log size. Note
that the exact 95% confidence intervals are larger than their approxima-
tions in Rows 39 to 40. There are no actual 95% confidence intervals for
CAPM.5

Aside from the direct effect of size on the calculation of the discount
rate, there is a secondary, indirect effect of size on the confidence inter-
vals. All other things being equal, confidence intervals are at their mini-
mum at the mean of the data set, which is over $4 billion for the NYSE,
and increase the further we move away from the mean. The huge firm
in column B—and to a lesser extent the large firm in column D—are close
to the mean of the NYSE market capitalization. Therefore, we have two
opposing forces operating on the confidence intervals. The mathematics
of the log size equation and Gordon model multiple are such that the
smaller the firm, the smaller the confidence interval for the FMV. How-
ever, the smaller firms are far below the mean of the NYSE sample, so
that tends to increase the actual 95% confidence interval.

Thus, the direct effect and the indirect effect on the confidence inter-
vals work in opposite directions. Jumping ahead of ourselves for a mo-

5. The reason for this is that the CAPM calculations in the SBBI Yearbook are not a pure
regression, because the y-intercept is forced to the risk-free rate.
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ment, that explains the result in Table 11-2 (which is virtually identical to
Table 11-1 using the 60-year log size regression equation instead of the
72-year equation) that the exact log size confidence interval for the small
firm is �3%, while it is �2% for the medium firm. If the SBBI Yearbook
compiled similar information for Nasdaq companies, this secondary effect
would be far less, and it is almost certain that the small firm 95% con-
fidence interval would be smaller than the medium firm confidence
interval.

Table 11-2: 60-Year Log Size Model
As mentioned above, Table 11-2 is identical to Table 11-1 except that it
uses the 60-year log size equation instead of the 72-year equation. In this
case we have a much smaller standard error of 0.14% (B35). There is no
comparison to CAPM, because no corresponding data is available. Note
that the actual 95% confidence intervals dramatically reduce to �5% of
value for the huge firm (C29) and �2–3% of value for the other size firms
(E29, G29, and I29).

At this point, we remember that there are more sources of uncertainty
than the discount rate, and even with the log size model itself there re-
main questions concerning the underlying data set. I eliminated the first
12 years of data for reasons that I and others consider valid. Nevertheless,
that adds an additional layer of uncertainty to the results that we cannot
quantify.

Summary of Valuation Implications of Statistical
Uncertainty in the Discount Rate

The 95% confidence intervals are very sensitive to our choice of model
and data set. Using the log size model, we see that under the best of
circumstances of using the past 60 years of NYSE data, the huge firms
($5 billion in FMV in our example, corresponding to CRSP Decile #2) have
a �5% (Table 11-2, C29) 95% confidence interval arising just from the
statistical uncertainty in calculating the discount rate. All other-size firms
have 95% confidence intervals of �2–3% around the estimate (Table
11-2, row 29). If one holds the opinion that using all 72 years of NYSE
data is appropriate—which I do not—then the confidence intervals are
wider, with �45% (Table 11-1, C42) for the billion dollar firms and �13%
(G42, I42) to 17% (E42) minimum intervals for small to medium firms.
Actually, the confidence intervals around the valuation are not symmetric,
as the assumption of a symmetric t-distribution around the discount rate
results in an asymmetric 95% confidence interval around the FMV, with
a larger range of probable error on the high side than the low side.

Huge firms tend to have larger confidence intervals because they are
closer to the edge, where the growth rate approaches the discount rate.6

Small to medium firms are farther from the edge and have smaller con-
fidence intervals. The CAPM confidence intervals are much larger than
the log size intervals.

6. Smaller firms with very high expected growth will also be close to the edge, although not as
close as large firms with the same high growth rate.
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T A B L E 11-1

95% Confidence Intervals

A B C D E F G H I

4 Huge Firm Large Firm Med. Firm Small Firm

5 Cash flow-CFt�1 300,000,000 15,000,000 1,000,000 100,000
6 r (assume correct) 13% 19% 24% 28%
7 g � constant growth rate 8% 7% 5% 5%
8 Cash Flowt 324,000,000 16,050,000 1,050,000 105,000
9 Discount rate range
10 Log size model
11 Upper bound [2] 14.75% 20.75% 25.75% 29.75%
12 As calculated [1] 13.00% 19.00% 24.00% 28.00%
13 Lower bound [2] 11.25% 17.25% 22.25% 26.25%
14 CAPM
15 Upper bound 18.58% 24.58% 29.58% 33.58%
16 As calculated [1] 13.00% 19.00% 24.00% 28.00%
17 Lower bound 7.42% 13.42% 18.42% 22.42%
18 Gordon model-log size
19 Lower bound [3] 15.8640 7.9903 5.4036 4.6019
20 Gordon-mid [3] 21.2603 9.0906 5.8608 4.9190
21 Upper bound [3] 32.4791 10.5666 6.4105 5.2882
22 FMV-log size model
23 Lower bound [4] 5,139,936,455 74.6% 128,244,770 87.9% 5,673,826 92.2% 483,200 93.6%
24 Gordon-mid [4] 6,888,334,487 100.0% 145,904,025 100.0% 6,153,845 100.0% 516,495 100.0%
25 Upper bound [4] 10,523,225,754 152.8% 169,594,333 116.2% 6,731,077 109.4% 555,257 107.5%
26 Gordon model-CAPM
27 Lower bound 10.2920 6.3488 4.6310 4.0439
28 Gordon-mid 21.2603 9.0906 5.8608 4.9190
29 Upper bound �178.5354 Explodes 16.5899 8.1092 6.3517
30 FMV-CAPM
31 FMV-lower 3,334,607,119 48.4% 101,898,640 69.8% 4,862,595 79.0% 424,611 82.2%
32 FMV-mid 6,888,334,487 100.0% 145,904,025 100.0% 6,153,845 100.0% 516,495 100.0%
33 FMV-upper NA NA 266,268,022 182.5% 8,514,618 138.4% 666,929 129.1%
34 Verify discount rate [5]
35 Add constant 47.62% 47.62% 47.62% 47.62%
36 �1.518% * ln (FMV) �34.39% �28.54% �23.73% �19.97%
37 Discount rate 13.23% 19.08% 23.89% 27.65%
38 Rounded 13% 19% 24% 28%

39 Approx 95% conf. int. �
log size � /� [6]

39% 14% 9% 7%

40 Approx 95% conf. int. �
CAPM � /� [6]

Explodes 56% 30% 23%

42 Actual 95% conf. int. �
log size � /� [7]

45% 17% 13% 13%

When we add differences in valuation methods and models and all
the other sources of uncertainty and errors in valuation, it is indeed not
at all surprising that professional appraisers can vary widely in their
results.

MEASURING THE EFFECTS OF VALUATION ERROR

Up to now, we have focused on calculating the confidence intervals
around the discount rate to measure valuation uncertainty. This uncer-
tainty is generic to all businesses. It was also briefly mentioned that we
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T A B L E 11-1 (continued)

95% Confidence Intervals

A B C D E F G H I

4 Huge Firm Large Firm Med. Firm Small Firm

44 Assumptions:

46 Log size constant 47.62%
47 Log size X coefficient �1.518%
48 Standard error-log size 0.76%
49 Standard error-CAPM 2.42%

Notes:
[1] We assume both the Log Size Model & CAPM arrive at the same discount rate.
[2] The lower and upper bounds of the discount rate are 2.306 standard errors below and above the discount rate estimated by the model. In a t-Distribution with 8 degrees of freedom,
2.306 standard errors approximately yields a 95% confidence interval. See footnote [7] for the exact formula.
[3] This is the Gordon Model with a midyear assumption. The multiple � SQRT(1 � r) / (r � g), where r is the discount rate and g is the perpetual growth rate. We use the lower and
upper bounds of r to calculate our ranges. See footnote [7] for the exact calculation of the confidence intervals.
[4] FMV � Forecast Cash Flow-Next Year � CFt�1 � Gordon Multiples
[5] Log Size equation uses data through SBBI 1998 and therefore does not match Table 4-1 exactly.
[6] For simplicity of explanation, this is an approximate 95% confidence interval and is 2.306 standard errors above and below the forecast discount rate, with its effect on the valuation.
See footnote [7] for the exact confidence interval.
[7] These are the actual confidence intervals using the exact formula:

21 x0Y � 
̂ � t s � � 1 ,0 0 0.025 2�n x� i

where the is the regression-determined discount rate, t0.025 is the two-tailed 95% confidence level t-statistic, s is the standard error of the regression (0.76% for Log Size), and xi is the
̂0

deviation of ln(mkt cap) of each decile from the mean ln(mkt cap) of the Ibbotson deciles. The actual confidence intervals are calculated only for the Log Size Model. CAPM is not a pure
regression, as its y-intercept is forced to the risk-free rate, and therefore the error term is a mixture of random error and systematic error resulting from forcing the y-intercept.

can calculate the 95% confidence intervals around our forecast of sales,
cost of sales, and expenses, though that process is unique to each firm.
All of these come under the category of uncertainty. One need not make
errors to remain uncertain about the valuation.

In the second part of this chapter we will consider the impact on the
valuation of the appraiser making various types of errors in the valuation
process. We can make some qualitative and quantitative observations us-
ing comparative static analysis common in economics.

The practical reader in a hurry may wish to skip to the conclusion
section, as the analysis in the remainder of the chapter does not provide
any tools that one may use directly in a valuation. However:

1. The conclusions are important in suggesting how we should
allocate our time in a valuation.

2. The analysis is helpful in understanding the sensitivity of the
valuation conclusion to the different variables (forecast cash
flow, discount rate, and growth rate) and errors one may make
in forecasting or calculating them.

Defining Absolute and Relative Error

We will be considering errors from two different viewpoints:

● By variable—we will consider errors in forecasting cash flow,
discount rate, and growth rate.
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T A B L E 11-2

95% Confidence Intervals—60-Year Log Size Model

A B C D E F G H I

4 Huge Firm Large Firm Med. Firm Small Firm

5 Cash flow-CFt�1 300,000,000 15,000,000 1,000,000 100,000
6 r (assume correct) 15% 19% 23% 26%
7 g � constant growth rate 8% 7% 5% 5%
8 Cash flowt 324,000,000 16,050,000 1,050,000 105,000
9 Discount rate range
10 Log size model
11 Upper bound [2] 15.32% 19.32% 23.32% 26.32%
12 As calculated [1] 15.00% 19.00% 23.00% 26.00%
13 Lower bound [2] 14.68% 18.68% 22.68% 25.68%
14 Gordon model-log size
15 Lower bound [3] 14.6649 8.8644 6.0608 5.2710
16 Gordon-mid [3] 15.3197 9.0906 6.1614 5.3452
17 Upper bound [3] 16.0379 9.3292 6.2657 5.4217
18 FMV-log size model
19 Lower bound [4] 4,751,416,807 95.7% 142,274,156 97.5% 6,363,826 98.4% 553.459 98.6%
20 Gordon-mid [4] 4,963,589,879 100.0% 145,904,025 100.0% 6,469,480 100.0% 561,249 100.0%
21 Upper bound [4] 5,196,269,792 104.7% 149,734,328 102.6% 6,578,981 101.7% 569,281 101.4%
22 Verify discount rate
23 Log size constant 41.72% 41.72% 41.72% 41.72%
24 �1.204% * ln (FMV) �26.88% �22.63% �18.88% �15.94%
25 Discount rate 14.84% 19.09% 22.84% 25.78%
26 Rounded 15% 19% 23% 26%

27 Min 95% conf. int. � log
size � /�

4% 3% 2% 1%

29 Actual 95% conf. int. �
log size � /�

5% 3% 2% 3%

31 Assumptions:

33 Log size constant 41.72%
34 Log size X coefficient �1.204%
35 Standard errors-log size 0.14%

● By type of error, i.e., absolute versus relative errors. The
following examples illustrate the differences between the two:
● Forecasting cash flow: If the correct cash flow forecast should
have been $1 million dollars and the appraiser incorrectly
forecast it as $1.1 million, the absolute error is $100,000 and
the relative error in the forecast is 10%.

● Forecasting discount and growth rates: If the correct forecast of
the discount rate is 20% and the appraiser incorrectly forecast
it as 22%, his absolute forecasting error is 2% and his relative
error is 10%.

We also will measure the valuation effects of the errors in absolute and
relative terms.

● Absolute valuation error: We measure the absolute error of the
valuation in dollars. Even if the absolute error is measured in
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percentages, e.g., if we forecast growth too high by 2% in
absolute terms, it causes an absolute valuation error that we
measure in dollars. For example, a 2% absolute error in the
discount rate might lead to a $1 million overvaluation of the
firm.

● Relative valuation error: The relative valuation error is the
absolute valuation error divided by the correct valuation. This is
measured in percentages. For example, if the value should have
been $5 million and it was incorrectly stated as $6 million, there
is a 16.7% overvaluation.

The Valuation Model

We use the simplest valuation model in equation (11-1), the end-of-year
Gordon model, where V is the value, r is the discount rate, and g is the
constant perpetual growth rate.

CF 1 7V � � CF Gordon model end-of-year assumption (11-1)
r � g r � g

Dollar Effects of Absolute Errors in Forecasting Year 1
Cash Flow

We now assume the appraiser makes an absolute (dollar) error in fore-
casting Year 1 cash flows. Instead of forecasting cash flows correctly as
CF1, he or she instead forecasts it as CF2. We define a positive forecast
error as CF2 � CF1 � �CF � 0. If the appraiser forecasts cash flow too
low, then CF1 � CF2, and �CF � 0.

Assuming there are no errors in calculating the discount rate and
forecasting growth, the valuation error, �V, is equal to:

1 1
�V � CF � CF � CF � CF� �2 1 2 1r � g r � g

1
� (CF � CF ) (11-2)2 1 r � g

Substituting �CF � CF2 � CF1 into equation (11-2), we get:

1
�V � �CF (11-3)

r � g
valuation error when r and g are correct and CF is incorrect

We see that for each $1 increase (decrease) in cash flow, i.e., �CF �
1, the value increases (decreases) by 1/(r � g).8 Assuming equivalent
growth rates in cash flow, large firms will experience a larger increase in
value in absolute dollars than small firms for each additional dollar of

7. For simplicity, for the remainder of this chapter we will stick to this simple equation and ignore
the more proper log size expression for r, the discount rate, where r � a � b ln V.

8. It would be for the more accurate midyear formula. Other differences when�1 � r/(r � g)
using the midyear formula appear in subsequent footnotes.
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cash flow. The reason is that r is smaller for large firms according to the
log size model.9

If we overestimate cash flows by $1, where r � 0.15, and g � 0.09,
then value increases by 1/(0.15 � 0.09) � 1/0.06 � $16.67. For a small
firm with r � 0.27 and g � 0.05, 1/(r � g) � 1/0.22, implying an increase
in value of $4.55. If we overestimate cash flows by $100,000, i.e., �CF �
$100,000, we will overestimate the value of the large firm by $1.67 million
($100,000 � 16.67) and the small firm by $455,000 ($100,000 � 4.55). Here
again, we find that larger firms and high-growth firms will tend to have
larger valuation errors in absolute dollars; however, it turns out that the
opposite is true in relative terms.

Relative Effects of Absolute Errors in Forecasting Year 1
Cash Flow

Let’s look at the relative error in the valuation (‘‘the relative effect’’) due
to the absolute error in the cash flow forecast. It is equal to the valuation
error in dollars divided by the correct valuation. If we denote the relative
valuation error as %�V, it is equal to:

�V
%�V � relative valuation error (11-4)

V

We calculate equation (11-4) as (11-3) divided by (11-1):

�CF/(r � g)�V �CF
% error � � � (11-5)

V CF/(r � g) CF
relative valuation error from absolute error in CF

For any given error in cash flow, �CF, the relative valuation error is
greater for small firms than large firms, because the numerators are the
same and the denominator in equation (11-5) is smaller for small firms
than large firms.

For example, suppose the cash flow should be $100,000 for a small
firm and $1 million for a large firm. Instead, the appraiser forecasts cash
flow $10,000 too high. The valuation error for the small firm is $10,000/
$100,000 � 10%, whereas it is $10,000/$1,000,000 � 1% for the large
firm.10

Absolute and Relative Effects of Relative Errors in
Forecasting Year 1 Cash Flow

It is easy to confuse this section with the previous one, where we consid-
ered the valuation effect in relative terms of an absolute error in dollars
in forecasting cash flows. In this section, we will consider an across-the-

9. According to CAPM, small beta firms would be more affected than large beta firms. However,
there is a strong correlation between beta and firm size (see Table 4-1, regression #3), which
leads us back to the same result.

10. This formula is identical using the midyear Gordon model, as the appears in both�1 � r
numerators in equation (11-5) and cancel out.
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board relative (percentage) error in forecasting cash flows. If we say the
error is 10%, then we incorrectly forecast the small firm’s cash flow as
$110,000 and the large firm’s cash flow as $11 million. Both errors are 10%
of the correct cash flow, so the errors are identical in relative terms, but
in absolute dollars the small firm error is $10,000 and the large firm error
is $1 million. To make the analysis as general as possible, we will use a
variable error of k% in our discussion.

A k% error in forecasting cash flows for both a large firm and a small
firm increases value in both cases by k%,11 as shown in equations (11-6)
through (11-8) below. Let V1 � the correct FMV, which is equation (11-6)
below, and V2 � the erroneous FMV, with a k% error in forecasting cash
flows, which is shown in equation (11-7). The relative (percentage) val-
uation error will be V2/V1 � 1, which we show in equation (11-8).

1
V � CF (11-6)1 r � g

In equation (11-6), V1 is the correct value, which we obtain by mul-
tiplying the correct cash flow, CF, by the end-of-year Gordon model mul-
tiple. Equation (11-7) shows the effect of overestimating cash flows by k%.
The overvaluation, V2, equals:

1
V � (1 � k)CF � (1 � k)V (11-7)2 1r � g

V2%�V � � 1 � k (11-8)
V1

relative effect of relative error in forecasting cash flow

Equation (11-8) shows that there is a k% error in value resulting from
a k% error in forecasting Year 1 cash flow, regardless of the initial firm
size.12 Of course, the error in dollars will differ. If the percentage error is
large, there is a second-order effect in the log size model, as a k% over-
estimate of cash flows not only leads to a k% overvaluation, as we just
discussed, but also will cause a decrease in the discount rate, which leads
to additional overvaluation. It is also worth noting that an undervaluation
works the same way. Just change k to 0.9 for a 10% undervaluation instead
of 1.1 for a 10% overvaluation, and the conclusions are the same.

Absolute Errors in Forecasting Growth and the
Discount Rate

A fundamental difference between these two variables and cash flow is
that value is nonlinear in r and g, whereas it is linear in cash flow. We
will develop a formula to quantify the valuation error for any absolute

11. Strictly speaking, the error is really k, not k%. However, the description flows better using the
percent sign after the k.

12. Again, this formula is the same with the midyear Gordon model, as the square root term
cancels out.
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error in calculating the discount rate or the growth rate, assuming cash
flow is forecast correctly.

Definitions
First we begin with some definitions. Let:

V1 � the correct value
V2 � the erroneous value
r1 � the correct discount rate
r2 � the erroneous discount rate
g1 � the correct growth rate
g2 � the erroneous growth rate13

CF � cash flow, which we will assume to be correct in this section
� � the change in any value, which in our context means the error

We will consider a positive error to be when the erroneous value, discount
rate, or growth rate is higher than the correct value. For example, if g1 �
5% and g2 � 6%, then �g � g2 � g1 � 1%; if g1 � 6% and g2 � 5%, then
�g � �1%.

The Mathematics
The correct valuation, according to the end-of-year Gordon model, is:

CF
V � the correct value (11-9)1 r � g1 1

The erroneous value is:

CF
V � the erroneous value (11-10)2 r � g2 2

The error, �V � V2 � V1, equals:

CF CF 1 1
�V � � � CF � (11-11)� �r � g r � g r � g r � g2 2 1 1 2 2 1 1

In order to have a common denominator, we multiply the first term in
round brackets by (r1 � g1)/(r1 � g1) and we multiply the second term
in round brackets by (r2 � g2)/(r2 � g2).

(r � g ) � (r � g )1 1 2 2
�V � CF (11-12)� �(r � g )(r � g )1 1 2 2

Rearranging the terms in the numerator, we get:

(r � r ) � (g � g )1 2 1 2
�V � CF (11-13)� �(r � g )(r � g )1 1 2 2

Changing signs in the numerator:

13. Actually, only one of the two variables—r2 or g2—need be erroneous. The other one can be
correct, which would make it equal to its r1 or g1 counterpart.
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�(r � r ) � (g � g )2 1 2 1
�V � CF (11-14)� �(r � g )(r � g )1 1 2 2

which simplifies to:

��r � �g
�V � CF (11-15)� �(r � g )(r � g )1 1 2 2

14absolute effect of absolute error in r or g

Example Using the Error Formula
Let’s use an example to demonstrate the error formula. Suppose cash flow
is forecast next year at $100,000 and that the correct discount and growth
rate are 20% and 5%, respectively. The Gordon model multiple is 1/(0.25
� 0.05) � 5, which leads to a valuation before discounts of $500,000.
Instead, the appraiser makes an error and uses a zero growth rate. His
erroneous Gordon model multiple will be 1/(0.25 � 0) � 4, leading to a
$400,000 valuation. The appraiser’s error is an undervaluation of $400,000
� $500,000 � �$100,000.

Using equation (11-15),

0 � 0.05 �0.05
�V � $100,000 � 100,000� � � �(0.25 � 0.05)(0.25 � 0) 0.2 � 0.25

�0.05
� 100,000 � � �$100,000

0.05

Relative Effects of Absolute Error in r and g
The relative valuation error, as before, is the valuation error in dollars
divided by the correct valuation, or:

CF(��r � �g)/(r � g )(r � g )�V 1 1 2 2% Error � � (11-16)
V CF/(r � g )1 1

��r � �g�V
% Error � � (11-17)

V r � g2 2
15relative effects of absolute error in r and g

14. When �r � 0, then the formula using the midyear Gordon model is identical to equation
(11-15), with the addition of the term after the CF, but before the square brackets.�1 � r
When there is an error in the discount rate, the error formula using the midyear Gordon
model is

(r � g )�1 � r � (r � g )�1 � r1 1 2 2 2 1
CF � �(r � g )(r � g )1 1 2 2

The partial derivative for g is similar to the discrete equation for change:

	V CF
� 2	g (r � g)

Since it is a partial derivative, we hold r constant, which means �r � 0, and instead of
having r2 � g2, we double up on r1 � g1, which we can simplify to r � g. Again, these
formulas are correct only when CF is forecast correctly.

15. This formula would be identical using the midyear Gordon model, as the would�1 � r
appear in both numerators in equation (11-16) and cancel out.
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Example of Relative Valuation Error
From the previous example, the relative valuation error is

$400,000
� 1 � �20%

$500,000

a 20% undervaluation. Using equation (11-17), the relative error is

0 � 0.05 0.05
� � � �20%

0.25 � 0 0.25

which agrees with the previous calculation and demonstrates the accu-
racy of equation (11-17). It is important to be precise with the deltas, as
it is easy to confuse the sign. In equation (11-17) the numerator is ��r �
�g. It is easy to think that since there is a plus sign in front of �g, we
should use a positive 0.05 instead of �0.05. This is incorrect, as we are
assuming that the appraiser’s error in the growth rate itself is negative,
i.e., the erroneous growth rate minus the correct growth rate, (V2 � V1)
� 0 � 0.05 � �0.05.

Valuation Effects on Large Versus Small Firms
Next we look at the question of whether large or small firms are more
affected by identical errors in absolute terms in the discount or growth
rate. The numerator of equation (11-17) will be the same regardless of
size. The denominator, however, will vary with size. Holding g2 constant,
r2 will be smaller for large firms, as will r2 � g2. Thus, the relative error,
as quantified in equation (11-17), will be larger for large firms than small
firms, assuming equal growth rates.16

Table 11-3 demonstrates the above conclusion. Columns B through D
show valuation calculations for the huge firm, as in Table 11-1. Historical
cash flow was $300 million (B6), and we assume a constant 8% (B7)
growth rate as being correct, which leads to forecast cash flow of $324
million (B8). Using the log size model, we get a discount rate of 15% (B9),
as shown in cells B14–B17. In B10, we calculate an end-of-year Gordon
model multiple of 14.2857, which differs from Table 11-1, where we were
using a midyear multiple. Multiplying row 8 by row 10 produces a value
of $4.63 billion (B11).

Column C contains the erroneous valuation, where the appraiser uses
a 9% growth rate (C7) instead of the correct 8% growth rate in B7. That
leads to a valuation of $5.45 billion (C11). The valuation error is $821.4
million (D11), which is C11 � B11. Dividing the $821.4 million error by
the correct valuation of $4.63 million, the valuation error is 17.7% (D12).
We repeat the identical procedure with the small firm in columns E–G
using the same growth and discount rate as the huge firm, and the val-
uation error is 6.9% (G12). This demonstrates the accuracy of our conclu-
sion from equation (11-17) that equal absolute errors in the growth rate

16. As before, this is theoretically not true in CAPM, which should be independent of size.
However, in reality, � is correlated to size.
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T A B L E 11-3

Absolute Errors in Forecasting Growth Rates

A B C D E F G

4

5

Huge Firm

Correct Erroneous Error

Small Firm

Correct Erroneous Error

6 Cash flow-CFt�1 300,000,000 300,000,000 100,000 100,000
7 g � growth rate 8% 9% 8% 9%
8 Cash flowt 324,000,000 327,000,000 108,000 109,000
9 Discount rate 15.0% 15.0% 26.0% 26.0%
10 Gordon multiple-end year 14.2857 16.6667 5.5556 5.8824
11 FMV 4,628,571,429 5,450,000,000 821,428,571 600,000 641,176 41,176

12 Percentage error 17.7% 6.9%

13 Verify discount rate

14 �0.01204 * ln(FMV) �26.80% �26.99% �16.02% �16.10%
15 Add constant 41.72% 41.72% 41.72% 41.72%
16 Discount rate 14.92% 14.73% 25.70% 25.62%
17 Rounded 15% 15% 26% 26%

or discount rate cause larger relative valuation errors for large firms than
small firms.

Let’s now compare the magnitude of the effects of an error in cal-
culating cash flow versus discount or growth rates. From equation (11-8),
a 1% relative error in forecasting cash flows leads to a 1% valuation error.
From equation (11-17), a 1% absolute error in forecasting growth leads to
a valuation error of 0.01/(r2 � g2). Using typical values for the denomi-
nator, the valuation error will most likely be in the range of 4–20% for
each 1% error in forecasting growth (or error in the discount rate). This
means we need to pay relatively more attention to forecasting growth rates and
discount rates than we do to producing the first year’s forecast of cash flows,
and the larger the firm, the more care we should be taking in the analysis.

Also, it is clear from (11-15) and (11-17) that it is the net error in both
r and g that drives the valuation error, not the error in either one indi-
vidually. Using the end-of-year Gordon model, equal errors in r and g
cancel each other out. With the more accurate midyear formula, errors in
g have slightly more impact on the value than errors in r, as an error in
r has opposite effects in the numerator and denominator.

Relative Effect of Relative Error in Forecasting Growth and
Discount Rates
We can investigate the impact of a k% relative error in estimating g by
restating the Gordon model in equation (11-18) below with the altered
growth rate (1 � k)g. We denote the correct value as V1 and the incorrect
value as V2.

CF
V � (11-18)2 r � (1 � k)g

The ratio of the incorrect to the correct value is V2/V1, or:
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r � gV2 � (11-19)
V r � (1 � k)g1

The relative error in value resulting from a relative error in forecasting
growth will be (V2/V1) � 1, or:

r � g
% Error � � 1 (11-20)

r � (1 � k)g

relative error in value from relative error in growth

Thus, if both a large and small firm have the same growth rate, then
the lower discount rate of the large firm will lead to larger relative val-
uation errors in the large firm than the small firm. Note that for k � 0,
(11-20) � 0, as it should. When k is negative, which means we forecast
growth too low, the result is the same—the under-valuation is greater for
large firms than small firms.

A relative error in forecasting the discount rate shifts the (1 � k) in
front of the r in (11-20) instead of being in front of the g. The formula is:

r � g
% Error � � 1 (11-21)

(1 � k)r � g

relative error in value from relative error in r

Tables 11-4 through 11-4B: Examples Showing Effects on
Large Versus Small Firms
Table 11-4 shows the calculations for k � 10% (B38) relative error in fore-
casting growth. Rows 5–6 contain the discount rate and growth rate for
a huge firm in column B and a small firm in column C, respectively. The
end-of-year Gordon model multiples are 50 (B7) and 5.5556 (C7) for the
huge and the small firm, respectively. Multiplying the Gordon model
multiples by the forecast cash flows in row 8 results in the correct values,
V1, in row 9 of $15 billion and $555,556, respectively.

Now let’s see what happens if we forecast growth too high by 10%
for each firm. Row 10 shows the erroneously high growth rate of 9.9%.
Row 11 contains the new Gordon model multiples, and row 12 shows V2,
the incorrect values we obtain with the high growth rates. Row 13 shows
the ratio of the incorrect to the correct valuation, i.e., V2/V1, and Row 14
shows the relative error, (V2/V1) � 1 � 81.82% for the huge firm and
5.26% for the small firm.

Rows 20–36 are a sensitivity analysis that show the relative valuation
errors for various combinations of r and g using equation (11-20), with
k � 10%. Note that the bolded cells in F20 and F36 match the results in
row 14, confirming the accuracy of the error formula. This verifies our
observation from analysis of equation (11-20) that equal relative errors in
forecasting growth will create much larger relative valuation errors for
large firms than small firms, holding growth constant. All we need do is
notice that the relative errors in the sensitivity analysis decline as we
move down each column, and as small firms have higher discount rates,
the lower cells represent the smaller firms.
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T A B L E 11-4

Percent Valuation Error for 10% Relative Error in Growth

A B C D E F G

4 Description Huge Firm Small Firm

5 r 11% 27%
6 g 9% 9%
7 Gordon model 50.0000 5.5556
8 Cash flow 300,000,000 100,000
9 V1 15,000,000,000 555,556
10 (1 � PctError)*g 9.90% 9.90%
11 Gordon model 2 90.9091 5.8480
12 V2 27,272,727,273 584,795
13 V2/V1 1.8182 1.0526
14 (V2/V1) � 1 81.82% 5.26%

16 Sensitivity Analysis: Valuation Error for Combinations of r and g

18 Growth rate � g

19 Discount Rate � r 5% 6% 7% 8% 9% 10%

20 11% 9.09% 13.64% 21.21% 36.36% 81.82% NA
21 12% 7.69% 11.11% 16.28% 25.00% 42.86% 100.00%
22 13% 6.67% 9.38% 13.21% 19.05% 29.03% 50.00%
23 14% 5.88% 8.11% 11.11% 15.38% 21.95% 33.33%
24 15% 5.26% 7.14% 9.59% 12.90% 17.65% 25.00%
25 16% 4.76% 6.38% 8.43% 11.11% 14.75% 20.00%
26 17% 4.35% 5.77% 7.53% 9.76% 12.68% 16.67%
27 18% 4.00% 5.26% 6.80% 8.70% 11.11% 14.29%
28 19% 3.70% 4.84% 6.19% 7.84% 9.89% 12.50%
29 20% 3.45% 4.48% 5.69% 7.14% 8.91% 11.11%
30 21% 3.23% 4.17% 5.26% 6.56% 8.11% 10.00%
31 22% 3.03% 3.90% 4.90% 6.06% 7.44% 9.09%
32 23% 2.86% 3.66% 4.58% 5.63% 6.87% 8.33%
33 24% 2.70% 3.45% 4.29% 5.26% 6.38% 7.69%
34 25% 2.56% 3.26% 4.05% 4.94% 5.96% 7.14%
35 26% 2.44% 3.09% 3.83% 4.65% 5.59% 6.67%
36 27% 2.33% 2.94% 3.63% 4.40% 5.26% 6.25%
38 Relative Error in g 10%

Formula in B20: (which copies to the other cells in the sensitivity analysis) � (($A20 � B$19)/($A20 � ((1 � $PctError)*B$19))) � 1

Table 11-4A is identical to Table 11-4, with the one exception that the
growth rate is a negative 10% instead of a positive 10%. Table 11-4A
demonstrates that, assuming identical real growth rates, forecasting
growth too low also affects large firms more than small firms.

Table 11-4B is also identical to Table 11-4, except that it measures the
relative valuation error arising from relative errors in calculating the dis-
count rate. Table 11-4B uses equation (11-21) instead of equation (11-20)
to calculate the error. It demonstrates that relative errors in forecasting
the discount rate affect the valuation of large firms more than the valu-
ation of small firms, assuming identical real growth rates.

Table 11-5: Summary of Effects of Valuation Errors

Table 11-5 summarizes the effects of the valuation errors. Each cell in the
table contains three items:
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T A B L E 11-4A

Percent Valuation Error for �10% Relative Error in Growth

A B C D E F G

4 Description Huge Firm Small Firm

5 r 11% 27%
6 g 9% 9%
7 Gordon model 50.0000 5.5556
8 Cash Flow 300,000,000 100,000
9 V1 15,000,000,000 555,556
10 (1 � PctError)*g 8.10% 8.10%
11 Gordon model 2 34.4828 5.2910
12 V2 10,344,827,586 529,101
13 V2/V1 0.6897 0.9524
14 (V2/V1) � 1 �31.03% �4.76%

16 Sensitivity Analysis: Valuation Error for Combinations of r and g

18 Growth rate � g

19 Discount Rate � r 5% 6% 7% 8% 9% 10%

20 11% �7.69% �10.71% �14.89% �21.05% �31.03% NA
21 12% �6.67% �9.09% �12.28% �16.67% �23.08% �33.33%
22 13% �5.88% �7.89% �10.45% �13.79% �18.37% �25.00%
23 14% �5.26% �6.98% �9.09% �11.76% �15.25% �20.00%
24 15% �4.76% �6.25% �8.05% �10.26% �13.04% �16.67%
25 16% �4.35% �5.66% �7.22% �9.09% �11.39% �14.29%
26 17% �4.00% �5.17% �6.54% �8.16% �10.11% �12.50%
27 18% �3.70% �4.76% �5.98% �7.41% �9.09% �11.11%
28 19% �3.45% �4.41% �5.51% �6.78% �8.26% �10.00%
29 20% �3.23% �4.11% �5.11% �6.25% �7.56% �9.09%
30 21% �3.03% �3.85% �4.76% �5.80% �6.98% �8.33%
31 22% �2.86% �3.61% �4.46% �5.41% �6.47% �7.69%
32 23% �2.70% �3.41% �4.19% �5.06% �6.04% �7.14%
33 24% �2.56% �3.23% �3.95% �4.76% �5.66% �6.67%
34 25% �2.44% �3.06% �3.74% �4.49% �5.33% �6.25%
35 26% �2.33% �2.91% �3.55% �4.26% �5.03% �5.88%
36 27% �2.22% �2.78% �3.38% �4.04% �4.76% �5.56%
38 Relative Error in g �10.0%

Formula in B20: (which copies to the other cells in the sensitivity analysis) � (($A20 � B$19)/($A20 � ((1 � $PctError)*B$19))) � 1

1. The formula for the valuation error.
2. The equation number containing the error formula.
3. Whether the error is larger for large firms, small firms, or there

is no difference.

The upper half of the table shows the valuation effects of absolute
errors in forecasting the variables (cash flow, discount rate, and growth
rate), and the lower half of the table shows the valuation effects of relative
errors in forecasting the variables.

In 10 of the 12 cells in the table that contain error formulas, the
valuation errors are greater for large firms than for small firms. Only
equation (11-5), which is the relative valuation error resulting from a dol-
lar error in forecasting cash flows, affects small firms more than large
firms. Equation (11-8), the relative valuation error resulting from a relative
error in forecasting cash flows, affects both small and large firms alike. It
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T A B L E 11-4B

Percent Valuation Error for 10% Relative Error in Discount Rate

A B C D E F G

4 Description Huge Firm Small Firm

5 r 11% 27%
6 g 9% 9%
7 Gordon model 50.0000 5.5556
8 Cash Flow 300,000,000 100,000
9 V1 15,000,000,000 555,556
10 (1 � PctError)*g 12.10% 29.70%
11 Gordon model 2 32.2581 4.8309
12 V2 9,677,419,355 483,092
13 V2/V1 0.6452 0.8696
14 (V2/V1) � 1 �35.48% �13.04%

16 Sensitivity Analysis: Valuation Error for Combinations of r and g

18 Growth rate � g

19 Discount Rate � r 5% 6% 7% 8% 9% 10%

20 11% �15.49% �18.03% �21.57% �26.83% �35.48% �52.38%
21 12% �14.63% �16.67% �19.35% �23.08% �28.57% �37.50%
22 13% �13.98% �15.66% �17.81% �20.63% �24.53% �30.23%
23 14% �13.46% �14.89% �16.67% �18.92% �21.88% �25.93%
24 15% �13.04% �14.29% �15.79% �17.65% �20.00% �23.08%
25 16% �12.70% �13.79% �15.09% �16.67% �18.60% �21.05%
26 17% �12.41% �13.39% �14.53% �15.89% �17.53% �19.54%
27 18% �12.16% �13.04% �14.06% �15.25% �16.67% �18.37%
28 19% �11.95% �12.75% �13.67% �14.73% �15.97% �17.43%
29 20% �11.76% �12.50% �13.33% �14.29% �15.38% �16.67%
30 21% �11.60% �12.28% �13.04% �13.91% �14.89% �16.03%
31 22% �11.46% �12.09% �12.79% �13.58% �14.47% �15.49%
32 23% �11.33% �11.92% �12.57% �13.29% �14.11% �15.03%
33 24% �11.21% �11.76% �12.37% �13.04% �13.79% �14.63%
34 25% �11.11% �11.63% �12.20% �12.82% �13.51% �14.29%
35 26% �11.02% �11.50% �12.04% �12.62% �13.27% �13.98%
36 27% �10.93% �11.39% �11.89% �12.44% �13.04% �13.71%
38 Relative Error in g 10%

Formula in B20: (which copies to the other cells in the sensitivity analysis) � (($A20 � B$19)/($A20 � ((1 � $PctError)*B$19))) � 1

is not surprising that the only two exceptions to the greater impact of
valuation errors being on large firms comes from cash flows, as value is
linear in cash flows. The nonlinear relationship of value to discount rate
and growth rate causes errors in those two variables to impact the val-
uation of large firms far more than small firms and to impact the value
of both more than errors in cash flow.

Errors in forecasting growth have the greatest impact on value. Value
is positively related to forecast growth. Errors in forecasting discount
rates are a close second in effect,17 though opposite in sign. Value is neg-
atively related to discount rate. Errors in forecasting the first year’s cash
flow by far have the least impact on value.

17. Again, this result comes from using the midyear Gordon model, not the end-of-year formula.
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T A B L E 11-5

Summary of Effects of Valuation Errors

Valuation Effects of Absolute Errors in the Variables [1]

Valuation Error Cash Flow Discount Rate � r Growth Rate � g

Absolute ($)
�V � �CF

1
(r � g)

�V � CF
�� r � �g� �(r � g )(r � g )1 1 2 2

�V � CF
�� r � �g� �(r � g )(r � g )1 1 2 2

(11-3) (11-15) (11-15)
Large firms Large firms Large firms

Relative (%) �V �CF
�

V CF
�� r � �g�V

�
V (r � g )2 2

�� r � �g�V
�

V (r � g )2 2

(11-5) (11-17) Note [3] (11-17) Note [3]
Small firms Large firms Large firms

Valuation Effects of Relative Errors in the Variables [1]

Valuation Error Cash Flow Discount Rate � r Growth Rate � g

Absolute ($) �V � kV1 Note [4] Note [4]
Note [2] NA NA
Large firms Large firms Large firms

Relative (%)
� 1 � k

V2
V1

%Error � � 1
r � g

(1 � k)r � g
%Error � � 1

r � g
r � (1 � k)g

(11-8) (11-21) (11-20)
No difference Large firms Large firms

[1] Each cell shows the formula for the valuation error, the equation number in the chapter for the formula, and whether the valuation error is larger for large firms, small firms, or there is
no difference.
[2] This formula is not explicitly calculated in the chapter. We can calculate it as: V2 � V1 � [(1 � k)V1 � V1] � kV1.
[3] While there is no difference in the magnitude of valuation errors arising from an error in r or g when we measure value by the end-of-year Gordon model, when we use the midyear
Gordon model, errors in g have slightly more impact than errors in r (and much more impact than errors in cash flow).
[4] Omitted because these expressions are complex and add little to understanding the topic.

Another issue in valuation error in using the log size model is that
while an initial error in calculating the discount rate is self-correcting
using an iterative method, an error in calculating cash flows or the growth
rate not only causes its own error, but also will distort the calculation of
the discount rate. For example, overestimating growth, g, will cause an
overvaluation, which will lower the discount rate beyond its proper level,
which will in turn cause a second order overvaluation. We did not see
this in our comparative static analysis, because for simplicity we were
working with the Gordon model multiple in the form of equation (11-1).
We allowed r to be an apparently independent variable instead of using
its more proper, but complicated log size form of r � a � b ln V. Thus,
the proper Gordon model using a log size discount rate is: .

1
V � CF �

a � b ln V � g

The secondary valuation error caused by a faulty forecast of cash
flows or growth rate will be minimal because the discount rate, as cal-
culated using the log size model, is fairly insensitive to the error in the
estimate of value. As mentioned earlier, on the surface, this would not be
a source of error using CAPM, as the discount rate in CAPM does not
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depend on the magnitude of the subject company’s cash flows. However,
that is not really true, as CAPM betas are correlated to size.

SUMMARY AND CONCLUSIONS

We discussed valuation uncertainty in the first part of this chapter and
valuation error in the second part. Using the past 60 years of NYSE data,
the actual 95% confidence intervals around the valuation estimate for our
statistical uncertainty in calculating the discount rate range from �5%
for huge firms down to �2–3% for firms of other sizes, as calculated in
Tables 11-1 and 11-2. Using all 72 years of NYSE data leads to much larger
confidence intervals, and using CAPM leads to even much larger confi-
dence intervals. Additionally, we could calculate the 95% confidence in-
tervals around the sales and expense forecast.

Errors in forecasting the growth rate and calculating the discount rate
cause much larger valuation errors than errors in forecasting the first
year’s cash flow. Thus, the bottom line conclusion from our analysis is
that we need to be most careful in forecasting growth and discount rates
because they have the most profound effect on the valuation. Usually we
spend the majority of our efforts forecasting cash flows, and it might be
tempting to some appraisers to accord insufficient analytic effort to the
growth forecast and/or the discount rate calculation. Hopefully, the re-
sults in this chapter show that that is a bad idea.

In this chapter we have not specifically addressed uncertainty and
errors in calculating valuation discounts, but one must obviously realize
that they, too, add to the overall uncertainty that we have in rendering
an opinion of value. There is material in Chapter 7 relating to uncertainty
in calculating restricted stock discounts, which forms part of our overall
uncertainty in calculating the discount for lack of marketability.

After analysis of just the uncertainty alone in the valuation—
not even considering the possibility that somewhere we have made an
actual error—a healthy humility about our final valuation conclusions is
appropriate.
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P A R T F I V E

Special Topics

INTRODUCTION

Part 5, which consists of Chapters 12, 13, and 14, deals with topics that
do not fit into any other part of the book. All three are practical ‘‘how-
to’’ chapters.

Chapter 12 concerns valuing startups. The chapter discusses three
topics. The first is the ‘‘First Chicago’’ approach, which is a weighted
average, multiscenario approach to valuing startups. It has the benefit of
breaking down the vast range of possibilities into discrete scenarios that
are more credible than attempting to model all possibilities in a single
scenario. Whereas almost all of this book is my own original work, the
First Chicago Approach and the related section on the venture capital
approach are based on a series of articles by Brad Fowler. It is important
to understand the multiscenario approach, not only for its own sake in
valuing simple start-ups but also as a preparation to understand the de-
cision tree approach in the debt restructuring study.

Chapter 12 also provides an example—again based on Fowler’s
work—of using a venture capital valuation approach. While this is tech-
nically a different valuation approach, we will consider it as essentially
the same topic as the First Chicago approach.

The second topic in Chapter 12 is the presentation of the essential
parts of an actual debt restructuring study I did for a client. It is an
example of using an original adaptation of decision tree logic for incor-
porating the effects of probabilistic milestones into a spreadsheet for the
valuation. In this study the viability of the subject company, the proba-
bility of obtaining venture capital financing, its ability to survive on its
own without venture capital financing, and its value depend on the out-
come of four different sales milestones. The logic and structure of this
analysis work well for other types of milestones, such as technological
(e.g., successful development) and administrative (e.g., obtaining Food
and Drug Administration approval).

The third topic in Chapter 12 is presenting an exponentially declining
sales growth model1 to semiautomate the process of modeling different

1 I thank R. K. Hiatt for developing this.

Copyright 2001 The McGraw-Hill Companies, Inc.   Click Here for Terms of Use.
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sales growth patterns. This is a great time saver in valuing startups using
a top-down approach.2 Typically, sales grow rapidly in the early years,
then more slowly, eventually coming to an expected constant growth rate.
Rather than manually insert every year’s sales growth, the appraiser can
instantly change the entire sales growth pattern over n years by changing
the contents of four spreadsheet cells. Furthermore, it makes extensive
sensitivity analysis, normally a cumbersome procedure, trivial.

ESOP valuation has generated a number of lawsuits. One of the sore
points of ESOP valuation that has led to litigation is the dilution in value
that the ESOP experiences after the sale. Selling stock to an ESOP that
does not have the cash to pay for the stock always causes a dilution in
value to the shareholders the instant the transaction takes place. Of
course, it takes time for the bad news to become known, as usually the
next valuation takes place one year later. Employees may be angry, feeling
that they (through the ESOP) paid too much for the owner’s stock. They
may feel someone has pulled a fast one. This can endanger the life and
health of the business.

In Chapter 13 we develop formulas to calculate the post-transaction
fair market value (FMV) before doing the transaction. This enables the
appraiser to provide accurate information to the ESOP trustee that will
enable both sides to enter the transaction with both eyes open. It also
demystifies the dilution in value and provides an accurate benchmark
with which to measure future performance. The chapter also provides
precise formulas with which the appraiser can perform the financial en-
gineering necessary to enable the owner to reduce his or her transaction
price in order to share some or all of the ESOP’s dilution. While this is
not common, sometimes there are benevolent owners who are sufficiently
well off and concerned about their employees to do that.

In general, this is a very mathematical chapter. For those readers who
prefer to minimize the amount of mathematics they must read, we have
included Appendix 13-B, a shortcut chapter.

Chapter 14 is a short, simple chapter that makes use of results in
Chapter 13. When partners or shareholders buy out one another, as a first
approximation there is no impact to the fair market value per share. This
is certainly true when the buyer has the cash to pay to the seller.

However, when the buyer does not have the cash and the company
itself takes out a loan to finance the purchase, secondary effects occur that
can be significant. Post-transaction, the firm will be more highly lever-
aged, which increases the discount rate. We use the dilution formulas
from Chapter 13 to provide a benchmark lower limit of fair market value
per share. The appraiser can then employ traditional discounted cash flow
analysis to value the firm. The result is likely to be a post-transaction fair
market value per share that is lower than the pre-transaction per share
value.

2 This is in contrast to the bottom-up approach, where the appraiser inserts a series of assumptions
to enable one to forecast sales. This might include line items such as market size, market
share for the subject company, etc.
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ISSUES UNIQUE TO STARTUPS

A number of issues fairly unique to valuing startups arise chiefly from
the uncertainty associated with new ventures. This uncertainty usually
necessitates a more complex, multiple scenario analysis known as the
First Chicago approach and requires more creativity on the part of the
appraiser than other, more routine assignments.3 In this chapter we also
present a much shorter, easier valuation method for startups, known as
the venture capital pricing approach.

Many new ventures have sequential events (milestones) that may or
may not occur, and the valuation depends upon the probabilities of the
occurrence of these milestones. Often, in order for event n to occur, event
(n � 1) must occur—but it may or may not. When valuing such firms,
we often combine the First Chicago approach with decision tree analysis
to arrive at a credible fair market value. This is a much more complex
task than the First Chicago approach by itself. The most common types
of milestones are sales, financing, technical, and regulatory, the latter two
being universal in the valuation of pharmaceutical and biotechnology
firms.

Another issue is that startups typically have a pattern of rapid sales
growth followed by declining sales growth rates, finally reaching some
steady state growth rate. Performing sensitivity analysis can be cumber-
some when the appraiser manually enters sales growth rates under a
number of different scenarios.

ORGANIZATION OF THE CHAPTER

This chapter addresses these issues in three parts. Part 1 consists of the
First Chicago approach of forecasting multiple scenarios, each with its
own discounted cash flow analysis. We produce a conditional FMV for
each scenario and then calculate a weighted average FMV based on VC
industry research that specifies the probabilities of each scenario coming
to fruition. We also include the venture capital pricing approach in Part
1, as it is short and simple.

Part 2 consists of using a very sophisticated decision tree analysis to
value an early stage firm for the purpose of deciding whether or not to
restructure its debt (the ‘‘debt restructuring study’’). The success or failure
of the firm depends on the outcome of a sequence of four events which
will impact the decision. This came from an actual valuation assignment.

Part 3 consists of a mathematical technique to streamline the process
of forecasting sales for a startup. We call the technique the exponentially
declining sales growth model. This model enables the user to generate a
realistic, exponentially declining sales pattern over the life of the product/
service with ease and greatly simplifies and facilitates sensitivity analysis,
as it eliminates or at least greatly reduces the need to manually insert
sales growth percentages in spreadsheets.

3 Two more sophisticated approaches are using Monte Carlo simulation and real options, which
are excellent solutions but beyond the scope of this chapter.
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FIRST CHICAGO APPROACH

Startups are much riskier ventures than mature businesses. Because of a
lack of sales history and often a lack of market information, a number of
widely varying scenarios are plausible, and the range of outcomes is
much wider and more unpredictable than that of mature businesses.

In a DCF analysis the forecast cash flows are supposed to be the
weighted average cash flows, with the appraiser having considered the
full range of possible outcomes. However, it is difficult to do this with
such a wide range of possible outcomes. Instead, typically the appraiser,
investment banker, or venture capitalist uses the usually optimistic fore-
cast of the client—perhaps downplayed somewhat—and discounts that
to present value at a very high rate, around 50–75%.

Thus, a more traditional single-scenario DCF analysis to calculate fair
market value is not only more difficult to perform, but it is also far more
subject to criticism by parties with different interests. Short of using
Monte Carlo simulation—a complex approach requiring specialized soft-
ware that is warranted only in a limited number of assignments with
very sophisticated clients—it is virtually impossible to portray the cash
flows accurately in a single scenario. Instead, the best solution is to use
a multi-scenario approach known as the First Chicago approach. I name
the typical scenarios: very optimistic (the grand slam home run), opti-
mistic (the home run), conservative (the single), and pessimistic (the
strikeout).

According to James Plummer (Plummer 1987), Stanley C. Golder
(Golder 1986) was the originator of the First Chicago approach, named
after First Chicago Ventures, a spinoff of First Chicago Bank’s Equity
Group. In 1980 he founded the venture firm Golder, Thoma, and Cressey.
James Plummer actually gave the name to the First Chicago approach.
Bradley Fowler wrote the original literature on the First Chicago approach
(Fowler 1989, 1990, 1996).

Discounting Cash Flow Is Preferable to Net Income

While discounting forecast cash flow is always preferable to discounting
forecast net income, it is even more important to use cash flow in valuing
startups than it is in mature firms. This is because cash is far more likely
to run out in a startup than in a mature firm. When that happens, the
firm is forced either to take on new investment, which dilutes existing
shareholders’ ownership in the company, or go out of business. In both
cases, using a discounted future net income approach will lead to a se-
rious overvaluation.

When budget is a consideration, it is possible to discount forecast
net income instead of cash flow. However, it is critical that the appraiser
at least do some due diligence to ascertain that the subject company will
not run out of cash.

Capital Structure Changes

Startups tend to have somewhat frequent changes in capital structure.
Investment often occurs in several traunches. These changes can involve
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replacing debt with common or preferred equity and new investment in
equity. This complicates the value calculations because one must be very
careful about whose equity he or she is measuring. Each round of in-
vestment dilutes existing equity, and it is easy to measure the wrong
equity portion if one is not careful.

Venture Capital Rates of Return

Venture capitalists price companies by determining the present value of
cash flow or future earnings. One method of valuation is to discount an
optimistic forecast of FMV at the required rate of return. Required rates
of return for VC vary directly with the stage of the company, with star-
tups being the riskiest, hence requiring rates of return of 50–75% (Plum-
mer 1987).

Fowler cites (Fowler 1990) a survey published by Venture Economics
covering 200 companies which indicated that 40% of VC investments lost
money, 30% proceeded sideways or were classified as ‘‘the living dead,’’
20% returned 2–5 times invested capital, 8% returned 5–10 times, and 2%
returned greater than 10 times the investment. In a follow-up article
(Fowler 1996) he refers to comments made by Professor Stewart Myers
of MIT in his November 1995 address to the American Society of Ap-
praisers confirming that 70–80% of VC investments are failures, whereas
20–30% are big winners. In addition, Professor Myers observed that the
overall IRR for successful VC partnerships was approximately 25%.4

The 25% rate of return is consistent with a more recent Wall Street
Journal article (Pacelle 1999) which cites Venture Economics as a source
that venture capital firms returned an average 27.4% over the past 5 years,
although they returned only 15.1% over the past 20 years. From this, we
can calculate the first 15 years’ (roughly 1979–1993) compound average
return as 11.27%.5 That is a very low return for VC firms. It is comparable
to NYSE decile #1 firm long-run returns. I would attribute that low return
to two factors. That period:

1. Was the infancy of the VC industry, and the early entrants faced
a steep learning curve.

2. Included two severe recessions.

It is not reasonable to expect VC investors to be happy with a 15% return
long run. The five-year average of 27.4% is more in line with the risk
undertaken.

As to batting averages, a reasonable synthesis of this information is
that 2% of VC investments are grand slams, 8% are home runs, 20% are
moderately successful, and 70% are worthless or close to it.

4 He also mentioned that the average VC project return was 1%. He said the difference in returns
is due to the skewness in the distribution that comes from the venture capitalists quickly
identifying and pulling the plug on the losers, i.e., they do not continue to fund the bad
projects. Thus, the bad projects have the least investment.

5 The equation is: (1 � r15)(1.274)5 � 1.15120, which solves to r15 � 11.27%.
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T A B L E 12-1

First Chicago Method

A B C D

5 Conditional FMV [1] Probability [2] Wtd FMV

6 Very optimistic scenario $130,000,000 2% $2,600,000
7 Optimistic scenario 50,000,000 8% 4,000,000
8 Conservative scenario 10,000,000 20% 2,000,000
9 Pessimistic scenario [1] 0 70% —
10 Weighted average FMV 100% $8,600,000

Notes:
[1] Individual discounted cash flow analyses are the source for the numbers in this column
[2] Based on the VC rates discussed in the chapter

Table 12-1: Example of the First Chicago Approach

In Table 12-1 we use these percentages for weighting the four different
scenarios, very optimistic, optimistic, conservative, and pessimistic, re-
spectively.

Initially we perform discounted cash flow calculations to determine
the conditional FMV of the subject company under the different scenarios.
Typical venture capital rates of return include the discount for lack of
marketability (DLOM) and discount for lack of control (DLOC). This
tends to obscure the discount rate, DLOM, and DLOC. The appropriate
discount rate using the First Chicago approach begins with the average
success rate of approximately 25% reported by Professor Myers.

The 25%, however, is a geometric average rate of return. We should
estimate an increment to add in order to estimate the arithmetic rate of
return.6 In Table 5-4 we show arithmetic and geometric mean rates of
return from log size model regressions of the 1938–1997 New York Stock
Exchange data for different size firms.

For a firm of $1 million FMV, the regression forecast arithmetic and
geometric returns, rounded to the nearest percent, are 25% and 18%, re-
spectively, for a differential of 7%. For a firm of $25 million FMV, the
regression forecast arithmetic and geometric returns, rounded to the near-
est percent, are 21% and 16%, respectively, for a differential of 5%. We
can add the size-based differential to estimate the arithmetic average rate
of return to use for our discount rate. For most size ranges the result
comes to approximately 30%.7

Column B of Table 12-1 lists the conditional FMVs obtained from
discounted cash flow analyses using different sets of assumptions. In the
very optimistic scenario we forecast outstanding performance of the com-
pany, with a resulting FMV of $130,000,000 (B6). Cells B7 and B8 display
the FMVs arising from optimistic and conservative forecasts, respectively.
In the pessimistic scenario we assume the company fails completely, re-
sulting in zero value. When valuing a general partnership interest, which

6 I confirmed this in a telephone conversation with Professor Myers.
7 Fowler’s article did not address this adjustment.
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has unlimited liability, the appraiser should consider the possibility of
negative value.

Column C lists the probability associated with each scenario. These
are derived directly from the empirical probabilities of VC success dis-
cussed above. We calculate the weighted FMV in column D by multiply-
ing the conditional FMV in column B by its associated probability in
column C and summing the results. Thus, in this example the weighted
average FMV is $8,600,000 (D10).

Advantages of the First Chicago Approach

The major advantages of the First Chicago approach are:

1. It reduces the uncertainty associated with a single FMV by
allowing for several scenarios representing differing levels of
success of the company.

2. It breaks down the huge range of potential outcomes into ‘‘bite-
size’’ chunks, i.e., the individual scenarios, that are credible and
plausible when performed carefully.

3. It makes the appraiser’s probability distribution of outcomes
explicit. In doing so, it has two additional advantages: (a) If the
client agrees with the conditional FMVs of each scenario but for
some reason feels the probabilities are not representative of the
subject company’s chances, it is an easy exercise for the client to
weight the probabilities differently and adjust the valuation him
or herself. This is particularly important when the assignment is
to provide existing shareholders with information to negotiate
with funding sources. If both sides accept the scenario
valuations, it is usually easy for them to come to terms by
agreeing on the probabilities of the outcomes, which they can
easily do without the appraiser; and (b) it protects the appraiser.
When the appraiser shows a final weighting of the conditional
FMVs multiplied by their probabilities to calculate the FMV and
the appraiser shows the probability of total failure as, say, 70%,
it can protect the appraiser from a disgruntled investor in the
event the company fails. The appraiser has clearly
communicated the high probability of investors losing all their
money, despite the fact that the FMV may be very high—and,
we hope, is—due to the large values in the upper 30% of
probable outcomes.

Therefore, the First Chicago approach is normally the preferred
method of valuation of startups. It is also useful in valuing existing firms
that are facing radically different outcomes that are hard to forecast. For
example, I used it recently to assist warring shareholders who wanted
one side to buy out the other in a four-year-old company. The firm was
profitable and had grown rapidly, but there were several major uncer-
tainties that were impossible to credibly consider with accuracy in a single
DCF scenario. The uncertainties were as follows:

1. There was much customer turnover in the prior year, despite
healthy growth.
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T A B L E 12-2

VC Pricing Approach [1]

A B

5 Assumed cash out-5 yrs @ 12 � earnings $23,200,000
6 Present value factor-5 years @ 45% ROI 0.1560
7 Present value-rounded $ 3,619,000

[1] Source: Bradley Fowler, What Do Venture Capital ‘‘Pricing Methods Tell About Valuation of Closely Held Firms?’’ Business Valua-
tion Review, June 1989, page 77.

2. If one of the shareholders left, sales might suffer greatly for two
or three years and even endanger the company.

3. There were regulatory issues that could have had a dramatic
impact on the company.

4. Profit margins were highly variable in the past four years and
could have been affected by regulation.

Collectively, these uncertainties made a single scenario forecast of
sales growth and profitability very difficult. Despite considerable parti-
sanship by the shareholders, who often actively lobbied for changes in
the DCF analyses, the First Chicago approach enabled us to credibly
model the different paths the Company could take and quantify the val-
uation implications of that. Ultimately, we presented them with the val-
uation of the different scenarios and our estimates of the probabilities,
and the weighted average of the product of the two constituted our es-
timate of FMV. We also explained that they could change their subjective
weighting of probabilities of outcomes, thus changing the FMV. Ulti-
mately, they worked out an arrangement without any further need for
our help.

Discounts for Lack of Marketability and Control

Finally, venture capitalists typically have more control and possibly mar-
ketability than most other investors. When valuing the interests of other
investors, the appraiser must add the incremental discounts for lack of
control and marketability that apply to the specific interests, i.e., an arm’s-
length investor would typically require a higher rate of return on smaller
interests than the 30% that the VC expects.

VENTURE CAPITAL VALUATION APPROACH

In this approach the appraiser estimates net earnings at cash-out time,
often at Year 5 or 6. He or she then estimates a P/E multiple and mul-
tiplies the two to estimate the cash out.

In Table 12-2 we use Fowler’s (Fowler 1989) numbers, with minor
changes in the presentation. Fowler assumed Year 5 net income of
$1,936,167 and multiplied it by a P/E multiple of 12 to calculate the Year
5 cash out at $23.2 million (B5), rounded.
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He then used a 45% rate of return to discount cash flows, based on
industry statistics he presented in the article, which we repeat below in
the next section. The present value factor at 45% for five years is 0.156,
and the present value of the Company is then $3,619,000 (B7, rounded).

Venture Capital Rates of Return

Fowler (1989) cited rates of return from two different studies. Plummer
(1990) found that the required rates of return (ROR), which included dis-
counts for lack of control (DLOC) and discounts for lack of marketability
(DLOM), were:

Stage of Development of Co. Required Rate of Return

Seed capital stage 50–75%
1st stage 40%–60%
2nd stage 35%–50%
3rd stage 30%–50%
4th stage 30%–40%

Morris (1988, p. 55) writes that VCs are looking for the following
rates of return:

Stage of Development of Co. Required Rate of Return

Seed capital stage 50%�
2nd stage 30–40%

Summary of the VC Approach

The VC approach is a valid valuation approach, though certainly less
analytically precise than the First Chicago approach. Nevertheless, it is
used by venture capitalists, and it serves as a ‘‘quick-and-dirty’’ valuation
method, on the one hand, and as a useful alternative approach, on the
other.

This concludes Part 1 of this chapter. Part 2 is a complex decision
tree analysis combined with multiscenario valuation.

DEBT RESTRUCTURING STUDY

Early-stage technology-based companies often find themselves in finan-
cial hot water. They incur large expenses for years during the develop-
ment of a new product. Consequently, they run short of funds and often
require the infusion of venture capital, which may or may not occur. In
the following example—which is based on an actual assignment, with
names and numbers changed—the Subject Company has several possible
events that can impact the probability of obtaining venture capital as well
as surviving as a firm without venture capital, i.e., bootstrapping to
success.
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Background

The Company and its former parent (‘‘the parent’’) share a nearly iden-
tical set of shareholders—well over 100. The president is the major share-
holder of the firm, with effective, but not absolute control. The parent had
lent the Company $1 million to get started as a spinoff, but the debt
would be coming due in four years, and the Company has no way of
paying it off.

The parent proposed the following restructuring of the debt:

1. The parent would convert the debt into $400,000 of convertible
preferred stock—and part of the valuation exercise was to
determine how many shares of preferred stock that would be.
There would be no preferred dividends, but the parent would
have a liquidation preference.

2. The president would have to relinquish a certain number of his
shares in the parent back to the parent, which had a ready
buyer for the shares.

In return for relinquishing his shares to the parent, the president
wants the Company to issue 1.3 million new shares to him. The board of
directors wants an independent appraisal to determine whether the trans-
action is favorable to the other shareholders. This example, however, is
typical of the types of decisions faced by startup firms in their quest for
adequate funding. More importantly, the statistical approach we use in
this valuation is applicable to the valuation of many startups, regardless
of industry.

Key Events

The company president, Mr. Smith, has identified a sequence of four key
events that could occur, and each one of them increases the Company’s
ability to obtain venture capital financing as well as to successfully boot-
strap the firm without VC financing. The events are sequentially depen-
dent, i.e., event #1 is necessary, but not sufficient for event #2 to occur.
Events #1, #2, and #3 must occur in order for #4 to occur. These events
are:

1. Event #1: The Company sells its product to company #1. The
conditional probability of this event occurring is 75% (Table
12-3, cell B11).

2. Event #2: The Company sells its product to company #2. The
conditional probability of this happening, assuming event #1
occurs, is 90% (B12).

3. Event #3: The Company sells its product to company #3, which
has a 60% (B13) conditional probability, i.e., assuming event #2
occurs.

4. Event #4: The Company sells its product to company #4. If the
Company sells its product to company #3, then it has an 80%
(B14) probability of selling it to company #4.

While these four events are all potential sales, the statistical process
involved in this analysis is generic. The four events could just as easily
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be a mixture of technology milestones, rounds of financing, regulatory,
sales, and other events.

Decision Trees and Spreadsheet Calculations

Our analysis begins as decision trees, which appear in Figures 12-1 and
12-2. However, careful analysis leads to our being able to generalize the
decision tree calculations mathematically and transform them into ex-
pressions that we can calculate in a spreadsheet. This has tremendous
computational advantage, which is not very apparent in a four-milestone
analysis. Increase the number of milestones to 20, and the decision tree
becomes very unwieldy to present, let alone to calculate, while the
spreadsheet is easy. The discussions over the next few pages ultimately
culminate in the development of equations (12-3) through (12-6). The
equations provide the blueprint for the structure of the calculations in
Table 12-3.

Table 12-3: Statistical Calculation of FMV

Table 12-3 is a statistical calculation of the FMV of the common shares of
the Company owned by the existing minority shareholders, based on the
probabilities of the different events occurring and the results of DCF anal-
yses of several different scenario outcomes.

Organization
The table is divided into three sections. In the first two sections, 1A and
1B, the Company does restructure its debt with the parent. Section 1A is
the calculation of the probability-weighted contribution to the FMV of the
current shareholders’ shares when the Company is successful in obtaining
venture capital. Several possible combinations of events can lead to this
outcome, and we identify the probabilities and payoffs of each combi-
nation in order to calculate the FMV of the common stock owned by the
existing minority shareholders. Section 1B is the probability-weighted
equivalent of section 1Awhen the Company is not successful in obtaining
venture capital and instead attempts to bootstrap its way to success. The
total of sections 1A and 1B is the FMV of current shareholders’ shares,
assuming the Company restructures the debt.

Section 2 is an analysis of the combination of events in which the
Company does not restructure its debt with the parent. Section 3 is a
summary of the FMVs under the different scenarios and contains calcu-
lations of the per share values. This is the bottom line of the valuation
assignment.

Section 1A: Venture Capital Scenario
In section 1A the primary task is to determine the probability of receiving
venture capital funding. Once we have accomplished that, it is simple to
determine the contribution to FMV from the VC scenario.

Figure 12-1 is a diagram of the decision tree for section 1A. We begin
by noting that there is a 75% probability of making sale #1 and a 25%
probability of not making sale #1, in which case the Company fails. We
denote the former as P(1) � 75% and the latter as P(�1) � 25%. We
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T A B L E 12-3

Statistical Calculation of Fair Market Value

A B C D E F G H I J K

4 Section 1A: Weighted Average Values Assuming Venture Capital Scenario & Debt Restructure With Parent

6
7

Cum. Product [B] [1 � [D] Cumulative
Product [E]

[C] � [D]
� [Fn�1] 1 � VC%

[G] � B18 �

[H] [1 � Min] � [I]

8
9
10

Event Conditional
Probability
of Sale

Cumulative
Joint

Probability
of Sale

Venture
Cap

Conditional
Probability

Prob No VC �

1 � VC Cond.
Probability Cum. no VC Prob of VC

Current
Shareholders

% Own

Current
Shareholders
FMV � Control

Current
Shareholders
FMV � Minor

11 #1: Company makes sale #1 75.000% 75.000% 50.000% 50.000% 50.000% 37.500% 50.000% $18,750,000 $14,062,500
12 #3: Company makes sale #2 90.000% 67.500% 60.000% 40.000% 20.000% 20.250% 60.000% $12,150,000 $9,112,500
13 #3: Company makes sale #3 60.000% 40.500% 70.000% 30.000% 6.000% 5.670% 70.000% $3,969,000 $2,976,750
14 #4: Company makes sale #4 80.000% 32.400% 100.000% 0.000% 0.000% 1.944% 85.000% $1,652,400 $1,239,300
15 Totals 63.364% $36,521,400 $27,391,050

Assumptions

18 FMV � VC scenario $100,000,000
19 Minority interest discount

(assumed)
25%

21 Section 1B: Bootstrap Scenario Assuming Debt Restructuring With Parent

23 Cum. Product [B] 1 � [D] Cum. Prod.
[E]

P[Si�i,
�(i � 1)]

[C] � [F]
� {1 � [Bt�1]}*[G]

Note [1] [H] � [I] [1 � Min] � [J]

26
27
28 Event

Conditional
Probability

Cumulative
Joint

Probability

Venture
Cap

Conditional
Probability

Prob No VC �

1 � VC Cond.
Probability Cum. No VC

Bootstrap
Conditional
Probability

Prob of Survival/
No � VC

Conditional
FMV

Wtd Avg
FMV �

FMV �

Control

Current
Shareholders
FMV � Minor

29 #1: Company makes sale #1 75.000% 75.000% 50.000% 50.000% 50.000% 30.000% 1.125% 15,286,460 $171,973 $128,980
30 #3: Company makes sale #2 90.000% 67.500% 60.000% 40.000% 20.000% 35.000% 1.890% 15,464,845 292,286 219,214
31 #3: Company makes sale #3 60.000% 40.500% 70.000% 30.000% 6.000% 75.000% 0.365% 15,732,422 57,345 43,009
32 #4: Company makes sale #4 80.000% 32.400% 100.000% 0.000% 0.000% 90.000% 0.000% 16,000,000 0 0
33 Totals 3.380% $521,603 $391,202
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35 Section 2: No Debt Restructure With Parent

37 #1: Company makes sale #1 75.000% 75.000% 0.000% 100.000% 100.000% 30.000% 2.250% 7,286,460 $163,945 $122,959
38 #3: Company makes sale #2 90.000% 67.500% 0.000% 100.000% 100.000% 35.000% 9.450% 7,464,845 705,428 529,071
39 #3: Company makes sale #3 60.000% 40.500% 0.000% 100.000% 100.000% 75.000% 6.075% 7,732,422 469,745 352,308
40 #4: Company makes sale #4 80.000% 32.400% 0.000% 100.000% 100.000% 90.000% 29.160% 8,000,000 2,332,800 1,749,600
41 Totals 46.935% $3,671,918 $2,753,938

43
Assumptions Restructure

No
Restructure

44 � Adjusted FMV �
bootstrap

$16,000,000 $8,000,000

45 Minority interest discount
(assumed)

25.0%

49 Section 3: Calculation of FMV per Share

50
51

52

Restructure

Venture
Capital Bootstrap Total

No
Restructure:
Investor % �

33.33%

53 Sec 1: venture capital
scenario

$27,391,050 $391,202 $27,782,252 $2,753,938

54 Calculation of fully diluted
shares:

55 Original shares 1,000,000 1,000,000 1,000,000
56 Options:
57 200,000 @ $0.50 per share

[2]
200,000 200,000 200,000

58 66,667shares @ $0.75 per
share

66,667 0 0

59 100,000 shares @ $1.00 per
share

100,000 0 0

60 Preferred stock conversion
[3]

9,624 0 0

61 Total option shares 376,290 200,000 200,000
62 Original shares plus options 1,376,290 1,200,000 1,200,000
63 Proposed issuance to

president
1,300,000 1,300,000 0

64 Shares to outside investors
[4]

0 0 600,000

65 Fully-diluted shares [5] 2,676,290 2,500,000 1,800,000
66 Fully-diluted FMV/share-

post transaction
$10.235 $0.156 $10.391 $1.530
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T A B L E 12-3 (continued)

Statistical Calculation of Fair Market Value

A B C D E F G H I J K

68 Section 4: 2000 Investor Percentage Taken

70 Control
FMVs

71 t2000 FMV-40% disc rate—
control basis

$8,000,000

72 Less: minority interest
discount-% (assumed)

�25.0%

73 Less: minority interest
discount-$

($2,000,000)

74 2000 FMV-40% discount
rate—minority basis

$6,000,000

75 Percentage required for $2
million investment

33.3%

Notes:
[1] Column I Calculations: Beginning with FMV for Event #4, we subtract $750,000 for not reaching each of Events #4 and #3 and $500,000 for not reaching Event #2. All previous numbers are tax effected and present valued.
[2] Only the 200,000 shares are applicable in all scenarios. The remaining options apply only to the V.C. Scenario
[3] Assume 4 to 1 Preferred-to-Common conversion ratio, per CFO, as follows:

Preferred stock-stated value $400,000
FMV per share of common $10.391
Multiply by 4 $41.56
Convert to # common shares 9,624

[4] In the Bootstrap-No Restructure Scenario, the Company falls $1 million short of cash and owes $1 million to the parent. We assume it will have to take on $2M investment for 33% of the stock. See Section 4.
[5] Actually, fully-diluted shares will be more, as will FMV when VC shares are included. In Section 1A, Columns H and I, we calculated the FMV of the current shareholders’ shares, which is simpler than using actual FMV and wtd avg shares
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F I G U R E 12-1

Decision Tree for Venture Capital Funding

 P(VC2|2)=0.6

      P(VC1|1)=0.5                P(3|2)=0.6
       P(2|1)=0.9

         P(1)=0.75
     P(-VC2|2)=0.4

START
     P(-VC1|1)=0.5

          P(-1)=0.25                                    P(-2|1)=0.1                    P(-3|2)=0.4

            P(VC4|4)=1.0

        P(VC3|3)=0.7

             P(4|3)=0.8

           P(-VC4|4)=0.0

       P(-VC3|3)=0.3                             P(-4|3)=0.2

Many of the probabilities in this figure appear in Table 12-3, Section 1A, Columns B, D, and G.
Also P(-VC1|1) is equivalent to [1-P(VC1|1)] in the text and P(-2|1)=[1-P(2|1)] etc.

Make Sale 1

No Sale 1
Company Fails

VC Found
P(VC1)=0.375

No VC Found
P(-VC1)=0.375

Make Sale 2
P(2)=0.3375

No Sale 2
P(-2)=0.0375

VC Found
P(VC2)=0.2025

No VC Found
P(-VC2)=0.135

Make Sale 3
P(3)=0.081

No Sale 3
P(-3)=0.054

Make Sale 3
P(3)=0.081

VC Found
P(VC3)=0.0567

No VC Found
P(-VC3)=0.0243

Make Sale 4
P(4)=0.01944

No Sale 4
P(-4)=0.00486

VC Found
P(VC4)=0.01944

No VC Found
P(-VC4)=0.0

denote the conditional probabilities of subsequent sales as P( j � j � 1),
where j is the sale number. For example, P(2�1) is the conditional proba-
bility of making sale #2, given that the Company already made sale #1.
The probability of making sale #2 is the probability of making sale #1
multiplied by the conditional probability of making sale #2, given that
the Company makes sale #1, or: P(2) � P(1) � P(2�1) � 0.75 � 0.9 �
0.675. Also note that P(1) is the same as P(1�0) since there is no sale zero.

Probability of VC Financing After Sale #1. If the Company makes
sale #1, there is a 50% conditional probability of receiving VC funding at
that time. We denote that event as VC1, which means receiving VC fund-
ing after sale #1 but before sale #2 is attempted,8 and we denote its con-
ditional probability of occurrence as P(VC1�1), i.e., the probability of VC
funding after sale #1, given that sale #1 occurs. The probability of receiv-
ing VC funding after the first sale is the conditional probability of the
first sale occurring times the conditional probability of VC funding, given
the sale.9 The statistical statement is: P(VC1) � P(1) � P(VC1�1), where
P(1) is the probability of making sale #1. Thus P(VC1) � 0.75 � 0.5 �
0.375.

We denote the conditional probability of failure to obtain VC funding
after sale #1 as P(�VC1�1) � 1 � P(VC1�1) � 0.5. Thus the absolute prob-

8 From now on, when we say ‘‘after sale i,’’ we also mean ‘‘but before the Company attempts sale
i � 1.’’

9 For the first sale, the conditional probability and the absolute probabilities are identical.
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ability of not receiving VC financing after sale #1 is P(�VC1) � P(1) �
P(�VC1�1) � 0.75 � 0.5 � 0.375, which is the same result as P(VC1). This
occurs because the conditional probability of obtaining venture capital,
given that the Company makes the first sale, is 50%. At any other prob-
ability, P(VC1�1) � P(�VC1�1). These statements generalize for sale i, i �
1, 2, 3, 4.

Probability of VC Financing after Sale #2. Let’s move on to the
next step in our analysis: sale #2 and the probability of VC funding after
it. If the Company receives VC after sale #1, we have already quantified
that above. Our task in this iteration is to quantify the probability of VC
funding if it did not come after sale #1 but does come after sale #2. Thus,
the chain of events we are quantifying in this round is: sale #1 → �VC1

→ sale #2 → VC2, i.e., the Company makes sale #1, doesn’t receive venture
capital, makes sale #2, then receives venture capital.

The probability of obtaining VC funding after sale #2 is:

P(VC ) � P(1) � [1 � P(VC �1)] � P(2�1) � P(VC �2)2 1 2

� 0.75 � (1 � 0.5) � 0.9 � 0.6 � 0.2025 (12-1)

Note that the conditional probability of VC financing, given that the Com-
pany makes sale #2, P(VC2�2) � 0.6, compared to 0.5 after sale #1. In
general, it makes sense that the conditional probability of receiving VC
financing rises with each new key sale.

We can rearrange equation (12-1) as:

P(VC ) � P(1) � P(2�1) � [1 � P(VC �1)] � P(VC �2) (12-2)2 1 2

In other words, the probability of obtaining VC financing after sale #2 is
the cumulative joint probability of making both sale #1 and sale #2 times
the conditional probability of not obtaining VC funding after sale #1 times
the conditional probability of obtaining VC funding after sale #2.

Generalizing to Probability of VC Financing after Sale #k. We can
generalize the probability of obtaining VC funding after sale #k as:10

k k�1

P(VC ) � P(i�i � 1) [1 � P(VC � j)] P(VC �k) (12-3)� �� �k j k
i�1 j�0

Equation (12-3) states that the probability of obtaining venture capital
financing after sale #k is the cumulative joint probability of sale #k oc-
curring times the cumulative joint probability of having been refused VC
financing through sale #(k � 1) times the conditional probability of re-
ceiving VC financing after sale #k.

Finally, the total probability of obtaining VC financing is the sum of
equation (12-3) across all n sales, where n � 4 in this example:

10 Of course, P(1�0) 
 P(1), as the former has no meaning. Also, in the first iteration of equation
(12-3), i.e., when j � 0, the term P(VCj� j ) is the cumulative probability of receiving VC
financing from sale #0, which is a zero probability. Thus 1 � P(VCj� j ) goes to 1.0, as it
should.
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n k k�1

P(VC) � P(i�i � 1) [1 � P(VC � j)] P(VC �k) (12-4)� � �� �j k
k�1 i�1 j�0

Explanation of Table 12-3, Section 1A. Column A lists the sales
events described above, and column B lists their associated conditional
probabilities in cells B11–B14, i.e., P(1) � 75% (B11), P(2�1) � 90% (B12),
etc. Column C is the cumulative joint probability, which is just the cu-
mulation of the conditional probabilities. For example, the cumulative
joint probability of making sale #4 is P(1) � P(2�1) � P(3�2) � P(4�3) �
75% � 90% � 60% � 80% � 32.4% (C14), where the conditional proba-
bilities we multiply by each other are in cells B11–B14. Cells C11–C14

represent the term P(i�i � 1) in equations (12-3) and (12-4).
n

�
i�1

Column D is the president’s forecast of the conditional probability of
obtaining venture capital financing. Each conditional probability is
P(VCj� j), i.e., the probability of obtaining VC financing after sale #j, given
that the Company makes sale #j, but before attempting sale #j � 1. Every
subsequent sale increases the probability of obtaining venture capital be-
yond the level of the previous event. The conditional probability of VC
financing rises from 50% (D11) after sale #1 to 60%, 70%, and 100% for
sales #2, #3, and #4, respectively (D12–D14).

Column E, the conditional probability of not receiving VC financing
after each sale, is one minus column D. Column F is the cumulative prod-

uct of column E. It is the [1 � P(VCj/ j )] in equation (12-3) when we
k�1

�
j�0

use the cumulation of the previous sale. For example, the probability of
obtaining VC financing after the sale to company #4 is the cumulative
joint probability of making sale #4, which is 32.4% (C14) � the cumulative
joint probability of not having obtained VC financing after the first three
sales, which is 6% (F13) � the conditional probability of making sale #4,
which is 100% (D14) � 1.944% (G14).

Finally, the probability of obtaining VC financing, according to equa-
tion (12-4), is 65.364% (G15), the sum of column G. The FMV of the com-
pany, if it obtains VC financing, is $100 million (B18), which we deter-
mined with a DCF analysis.

Column H is one minus the percentage that Mr. Smith estimates the
venture capital firm would take in the company’s stock. After sale #1, he
estimates the venture capitalist would take 50%, leaving 50% (H11) to the
existing shareholders after the conditional transaction. If the Company
makes the sale to company #2, it will be in a stronger bargaining position,
and Mr. Smith estimates the venture capitalist would take 40% of the
Company, leaving 60% (H12) to existing shareholders after the transac-
tion. If the Company makes the sale to company #3, then he estimates
the venture capitalist would take 30% of the Company, leaving 70% (H13)
to the existing shareholders after the transaction. Finally, if the Company
makes the sale to company #4, then he estimates the venture capitalist
would take 15% of the Company, leaving 85% (H14) to the existing share-
holders after the transaction.

Columns I and J are the FMVs of the current shareholders’ shares on
a control and minority basis resulting from obtaining venture capital fi-
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nancing. Later on, we will add in the current shareholders’ FMV from
bootstrapping the Company to come to a total current shareholders’ FMV
for the debt restructure option. Column I is the control value FMV and
is obtained by multiplying the probability of obtaining VC financing in
column G times the $100 million FMV of the Company if it receives VC
financing (B18) times column H, the current shareholder ownership per-
centages. Column J is the FMV on a minority interest basis, which is
column I times one minus the minority interest discount of 25.0% (B19),
the magnitude of which is an arbitrary assumption in this analysis. The
total FMVs of current shareholder shares are $36,521,400 (I15) and
$27,391,050 (J15) on a control and minority basis, respectively.

The final equation describing the FMV is:11

n k k�1

FMV (VC) � P(i�i � 1) [1 � P(VC/j)]� � �
 � �j
k�1 i�1 j�0

P(VC �k) � SH% � $100 million (12-5)�k k

In words, the contribution to FMV from the VC scenario is the sum of
the probabilities of obtaining VC, which we quantified in equation
(12-4), times the $100 million FMV of the company, assuming it is VC
financed.

Section 1B: The Bootstrap Scenario Assuming Debt
Restructuring with Parent
Bootstrapping occurs when the Company fails to attract venture capital
but still manages to stay in business. The bootstrap scenario includes both
success and failure at its attempts to bootstrap. Figure 12-2 shows the
decision tree for the bootstrap scenario.

The pattern of events is that in each iteration, the Company can make
the sale or not make the sale. After each sale, it might get VC financing
or it might not. In section 1B we are not interested in the nodes on the
decision tree where the Company receives VC financing, as we have al-
ready quantified that in section 1A. Thus, we do not show those nodes.
Nevertheless, it is important to account for the probabilities of obtaining
VC financing because if we don’t, we will be double-counting that portion
of the time that the Company could finance through a VC or bootstrap
successfully. The Company can’t do both at the same time. Thus, we
remove the statistical probability of overlap. We accomplish that by mul-
tiplying all probabilities by [1 � P(VCi�i)] for all relevant i, where i is the
sale number (also the iteration number).

If the Company does not make the sale, then it has a probability of
survival and failure. We denote the survival after its last sale as Sj , where
j is the sale number. The conditional probability of survival after its last
sale is P[Sj � j, � ( j � 1)]. For example, if the company makes sale #3, does
not make sale #4, and survives, we denote that as S3, and its conditional

11 The term SH% is the percentage ownership of the current shareholders after VC financing.
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F I G U R E 12-2

Decision Tree for Bootstrapping Assuming Debt Restructure and No Venture Capital
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probability of occurrence is P(S3�3, � 4), which reads, ‘‘the probability of
Company long-term survival, given that it made sale #3, but does not
make sale #4.’’ If the Company makes the next sale, then we repeat the
iteration, incrementing the sale number.

Without going through all of the step-by-step analysis we did for the
VC scenario, the FMV of the bootstrap scenario is:

jn

FMV (Bootstrap) � P(i�i � 1)[1 � P(VC �i)]� �� �i
j�1 i�1 (12-6)
(1 � P( j � 1� j)P[Sj � j, �( j � 1)]FMV (Sj)

Let’s use the first iteration as an example. The probability of making
sale #1 is 0.75. There is a 0.5 probability of obtaining VC financing if the
company makes sale #1, so there is also a 0.5 probability of not obtaining
VC financing, i.e., [1 � P(VCi�i)] � 0.5. In order to terminate at S1, the
company must make sale #1 and fail to make sale #2, which means we
multiply by [1 � P(2�1)], which is equal to one minus the conditional
probability of making sale #2 � 1 � 0.9 (B30) � 0.1. The probability of
survival if the Company makes sale #1 but stops there is 0.30 (G29). Thus,
P(S1) � P(1) � [1 � P(VC1�1)] � [1 � P(2�1)] � P(S1�1, �2) � 0.75 � (1
� 0.5) � (1 � 0.9) � 0.3 � 1.125% (H29).12

Column I is the conditional FMV of the company at each respective
event level. This is different than in section 1, where the FMV is the same

12 Note that for the last milestone, 1 � P(n � 1�n) must be equal to 1, since the probability of
making the (n � 1)st sale is zero.
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regardless of stage. The reason is that in section 1 the sole objective is
obtaining venture capital funding, which will enable the Company to sell
to the world. The lost profits on the key sales not made is immaterial
compared to the $100 million FMV. In contrast, in section 1B each sale is
significant relative to the total value and adds to the value of the com-
pany.13

In section 1B we begin with a conditional FMV of $16,000,000 (B44,
repeated in I32). That value contains an implicit assumption that the
Company makes it to event #4, the sale to Company #4. At each level
before that, we subtract the net present value of the after-tax profits14 from
the sale that does not occur, i.e., we work our way backwards up this
column. We assume pretax profits of $750,000 for the sales in events #3
and #4 and $500,000 for event #2. The numbers are then tax effected and
discounted to present value. If the Company does not make it to event
#1, this model assumes the Company fails entirely and has a zero value.

Column J is the contribution to the FMV of the Company on a control
basis coming from the bootstrap scenario and is simply column H times
column I, which totals $521,603 (J33).

Column K is the same value as column J, except that it is a minority
interest conditional FMV. The discount for minority interest is 25%, which
appears in B45. On a minority interest basis, the bootstrap scenario FMV
is $391,202 (K33).

Section 2: No Restructure Scenario
The final scenario is the no-restructure with parent scenario. Section 2 is
identical to section 1B, except:

1. Column F, the probability of not obtaining venture capital
financing, is 100% by definition for all four events in section 2,
since the president informs us that a VC will not finance the
Company as long as it still has the parent’s debt on the books.

2. Column I is calculated identically to section 1B, except that the
baseline FMV as calculated by DCF analysis is $8 million (C44,
repeated in I40) for the no-restructure scenario instead of $16
million (B44, repeated in I32).

Columns J and K in section 2B are the same as in Section 2A, except
that there are no values originating from the venture capital scenario that
have to be removed.

Section 3: FMVs per Share under Various Restructure
Scenarios
In section 3 we calculate the fully diluted FMV per share post-transaction
under the various scenarios.

13 The sales actually do affect the values in section 1, but their impact is immaterial relative to the
much larger total value, which is not true in the bootstrap scenarios.

14 To be more precise, we would also include the related cash flow effects.
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Venture Capital Scenario. The conditional FMV of the Company on
a minority interest basis from the venture capital scenario is $27,391,050
(B53, transferred from J15). The Company currently has 1,000,000 shares
of common stock outstanding, as appears in B55, C55, and F55. Rows 57–
59 show employee stock options. Row 57 shows outstanding options for
200,000 shares at $0.50 per share. These options are in the money, and we
assume they will be exercised. That would result in $100,000 being paid
to the Company, which is included in the DCF analysis and is therefore
already incorporated into the $27,391,050 value. These 200,000 additional
shares are taken into account in all of the valuation scenarios.

Rows 58 and 59, however, are for options that are granted but could
only be exercised if the Company does the restructure and obtains VC
financing.15 Mr. Johnson says that if the Company does obtain VC fi-
nancing, it will issue 66,667 options with a $0.75 exercise price this year
(B58) and 100,000 options (B59) at a $1.00 per share exercise price next
year. Again, the cash inflows from exercise of the options are already
included in the DCF analysis.

In the restructure scenario the parent receives $400,000 of preferred
stock, which can be converted to common if the Company goes public or
gets acquired. Otherwise, it only serves to increase the liquidation pref-
erence, as preferred dividends will never be paid. Therefore, the divi-
dends, which are not tax deductible, do not appear in any of the cash
flows. We presume in the venture capital scenario that the probability of
going public or being acquired is significant and that preferred will con-
vert. According to Mr. Johnson, a reasonable conversion ratio is 4 to 1. In
note 3 to section 3 the $400,000 is divided by four times the fully diluted
FMV of $10.391 per share (D66, repeated in footnote [3]) or $41.56 per
share, resulting in an estimated conversion to common shares of 9,624
(footnote [3], transferred to B60). This calculation is a simultaneous equa-
tion and requires the use of multiple iterations on the spreadsheet. The
number of converted shares depends on the fair market value per com-
mon share, but the FMV per common share depends on the number of
preferred shares.

The total option shares are 376,290 (B61), including the assumed con-
version of preferred in the venture capital scenario. In B63 we show the
proposed issuance of 1.3 million shares to the president. Adding the
1,000,000 original shares, 376,290 option granted shares, and the 1.3 mil-
lion new shares, we come to 2,676,290 (B65) fully diluted shares in the
venture capital scenario. Dividing the $27,391,050 FMV by 2,676,290
shares, we arrive at the FMV per share of $10.235 (B66) for the venture
capital scenario.

Next we consider the bootstrap portion of the restructure scenario.
We begin with the $391,202 (K33) FMV as calculated in section 1B and
repeat it in C53. Again, this is the portion of bootstrap value from which
venture capital is excluded.

In this scenario the fully diluted shares are the same as in the venture
capital scenario, except that the 66,667, 100,000 and 9,624 shares in rows

15 The Company cannot obtain VC financing without restructuring its debt.
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58–60 are zero in this case. There are 1,200,000 shares (C62) in this sce-
nario before issuing the 1.3 million, and 2,500,000 (C65) shares after doing
so. Dividing $391,202 by 2,500,000 shares, we come to a FMV of this
scenario of $0.156 (C66) per share. Adding the per share values together,
we come to $10.235 � $0.156 � $10.391 (B66 � C66 � D66) as the
weighted average conditional FMV of the restructure scenario.

No-Restructure Scenario. The name of this scenario is somewhat of
a misnomer. It means that the Company does not restructure its debt with
the parent. At the onset of this assignment there was no way to know
this, but restructuring of debt would eventually be required. The dis-
counted cash flow analysis leads to the conclusion that the Company is
unlikely to be able to generate enough cash to pay off the parent’s note
by its due date of December 31, 200016—even though the forecast shows
profits. Therefore, the Company has two choices: become insolvent and
undergo liquidation or restructure later, and undergo a distress sale of
equity approximately one year before the note becomes due.

The second choice obviously leads to a higher value for the share-
holders, as it preserves the cash flows, even though some of them will
be diverted to the new investor. Accordingly, we ran a DCF analysis to
the fiscal year ending closest to the due date of the note. That value is
$8,000,000 and appears in C44.

The subtotal number of shares is 1,200,000 (F62) before the new in-
vestor. Since there is no restructure with the parent in this scenario, the
shares issued to the president is zero here (F63). In section 4 we calculate
that the new investor will demand one-third of the Company post-
transaction (see description below). That implies the investor will demand
600,000 shares (F64), which will bring the total shares to 1,800,000 (F65).
Dividing $2,753,938 (K41, repeated in F53) by 1,800,000 shares leads to a
value of $1.530 (F66) per share for the no-restructure scenario (this should
more appropriately be called ‘‘restructure later’’).

Conclusion

Thus, the restructure is preferable by a FMV per share of $10.391 � $1.530
� $8.861 per share (� D66 � F66).

Section 4: Year 2000 Investor Percentage
A future restructure would be a more distressed one than the current one.
The discounted cash flow analysis indicates that the Company would be
short of cash to pay off the note. With two years gone by, the Company
is more likely to lose the possibility of becoming the market leader and
more likely to be an also ran. Also, it would be a far more highly lever-
aged firm without the restructure. Therefore, it would be a higher-risk
firm in the year 2000, which dictates using a higher discount rate than
the other scenarios. The result is a value of $8,000,000 (C44, repeated as
B71) before the minority interest discount.

16 The analysis was done in 1996.
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Subtracting the $2 million (B73) minority interest discount leaves us
with an FMV of $6 million (B74). In the DCF we determined the Company
would need a $2 million investment by a new investor, who would re-
quire taking one-third (B75) of the Company. This percentage is used in
section 3, F52 in the no-restructure calculations, as discussed above.

EXPONENTIALLY DECLINING SALES GROWTH MODEL

When forecasting yearly sales for a startup, the appraiser ideally has a
bottom-up forecast based on a combination of market data and reasonable
assumptions. Sometimes those data are not available to us, and even
when they are available, it is often beneficial to use a top-down approach
based on reasonable assumptions of sales growth rates. In this section we
present a model for forecasting sales of a startup or early-stage company
that semiautomates the process of forecasting sales and can easily be ma-
nipulated for sensitivity analysis. The other choice is to insert sales
growth rates manually for, say, 10 years, print out the spreadsheet with
that scenario, change all 10 growth rates, and repeat the process for val-
uation of multiple scenarios. Life is too short.

One such sales model that has intuitive appeal is the exponentially
declining sales growth rate model, presented in Table 12-4. In the model
we have a peak growth rate (P), which decays with a decay rate constant
(k) to a final growth rate (G). The mathematics may look a little difficult,
but it is not necessary to understand the math in order to benefit from
using the model.

The top of Table 12-4 is a list of the parameters of the model. In the
example the final sales growth rate (G) is set at 6% (E6), and the addi-
tional growth rate (A) is calculated to be 294% (E7). The additional growth
rate (A) is the difference between the peak growth rate (P), which is set
at 300% (E8), and the final sales growth rate of 6%. Next we have the
decay rate constant (k), which is set at 0.50 (E9). The larger the decay rate
constant, the faster the sales growth rate will decline to the final growth
rate. Finally, we have Year 1 forecast sales of 100 (E10). All the variables
are specified by the model user with the exception of the additional
growth rate (A), which depends on P and G.

Example #1 shows the forecast sales growth rates (row 17) and sales
(row 18) using the previously specified variables for a case where the
sales growth rate declines after Year 2. We have no sales growth rate in
Year 1 because we assume there are no prior year sales. The expression
for the sales growth rate � G � Ae�k(t�2), for all t greater than or equal
to 2, where t is expressed in years. For Year 2 the sales growth rate is G
� Ae�k(2�2) � G � A � 6% � 294% � 300% (C17), which is our specified
peak growth rate P. Year 3 growth is G � Ae�k(3�2) � 6% � (294% �
e�0.5�1) � 184% (D17). Year 4 growth is G � Ae�k(4�2) � 6% � 294% �
e�0.5 � 2 � 114% (E17), etc. To calculate yearly sales, we simply multiply
the previous year sales by one plus the forecast growth rate.

Example #1A is identical to example #1, except that we have changed
the decay rate constant (k) from 0.50 to 0.30. Notice how reducing k slows
the decay in the sales growth rate. In example #2 we present a case of
the peak growth rate (P) occurring in a general future year f, where we
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T A B L E 12-4

Sales Model with Exponentially Declining Growth Rate Assumption

A B C D E F G H I J K

5 Variable Name Symbol Value Specified/Calculated

6 Final growth rate G 6% Specified
7 Additional growth rate A 294% Calculated
8 Peak growth rate P 300% Specified
9 Decay rate k 0.50 Specified
10 First year’s sales Sales1 100 Specified

13 Example # 1 - Sales growth rate declines after year 2

14 Yearly growth � G � Ae�k(t�2) for all t greater than or equal to 2

16 Year 1 2 3 4 5 6 7 8 9 10

17 Growth N/A 300% 184% 114% 72% 46% 30% 21% 15% 11%
18 Sales 100 400 1,137 2,436 4,179 6,093 7,929 9,566 10,989 12,240

21 Example # 1A - Changing the decay rate (k) from 0.50 to 0.30 slows the decline in the sales growth rate

23 Year 1 2 3 4 5 6 7 8 9 10

24 Growth N/A 300% 224% 167% 126% 95% 72% 55% 42% 33%
25 Sales 100 400 1,295 3,463 7,810 15,194 26,072 40,307 57,237 75,937

28 Example # 2 - Sales growth rate declines after future year f

29
30
31

Sales growth rate � G � Ae�k(t�f), for all t greater than or equal to f, where sales growth rate declines after future year f and
the peak sales growth (P) occurs in year f. Growth through year f is to be specified by model user. The following is an
example with year f � 4, and decay rate k � 0.5

33 Year 1 2 3 4 5 6 7 8 9 10

34 Growth N/A 100% 200% 300% 184% 114% 72% 46% 30% 21%
35 Sales 100 200 600 2,400 6,824 14,613 25,077 36,559 47,575 57,393

Formula in Cell C17: � G � A*EXP(�k*(C16 � 2))

F I G U R E 12-3

Sales Forecast (Decay Rate � 0.5)
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F I G U R E 12-3A

Sales Forecast (Decay Rate � 0.3)
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have chosen the future year to be Year 4. The model user specifies the
growth rates prior to Year f (we have chosen 100% and 200% in Years 2
and 3, respectively). The growth rates for year f and later are G � Ae�k(t�f).
As you can see, the growth rates from Years 4 through 10 in this example
are identical to the growth rates from Years 2 through 8 in example #1.

Figures 12-3 and 12-3A are graphs that show the sales forecasts from
examples #1 and #1A extended to 28 years. The slower decay rate of 0.3
in Figure 12-3A (versus 0.5 in Figure 12-3) leads to much faster growth.
After 28 years, sales are close to $450,000 versus $38,000. Changing one
single parameter can give the analyst a great deal of control over the sales
forecast. When sensitivity analysis is important, we can control the de-
cline in sales growth simply by using different numbers in cell E9, the
decay rate. This is not only a nice time saver, but it can lead to more
accurate forecasts, as many phenomena in life have exponential decay (or
growth), e.g., the decay of radiation, population of bacteria, etc.
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1. Adapted and reprinted with permission from Valuation (June 1997): 3–25 and (January 1993): 76–
103, American Society of Appraisers, Herndon, Virginia.
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This chapter is the result of further thought and research on my treatment
of valuing ESOPs (Abrams 1993 and 1997). It not only simplifies those
articles, but it goes far beyond them. Reading them is not necessary for
understanding this chapter.

INTRODUCTION

Leveraged ESOPs have confused many firms due to their failure to un-
derstand the phenomenon of dilution and inability to quantify it. Many
ESOPs have soured because employees paid appraised fair market value
of the stock being sold to the ESOP, only to watch the fair market value
significantly decline at the next valuation because the ESOP loan was not
included in the pre-transaction fair market value. As a result, employees
have felt cheated. Lawsuits have sometimes followed, further lowering
the value of the firm and the ESOP.

There are several types of problems relating to the dilution phenom-
enon:

1. The technical problem of defining and measuring the dilution in
value to the ESOP before it happens.

2. The business problem of getting the ESOP Trustee, participants,
and selling owner(s) to agree on how to share the dilution.

3. The technical problem of how to engineer the price to
accomplish the desired goals in 2.

4. The problem of how to communicate each of the foregoing to all
of the participants so that all parties can enter the transaction
with both eyes open and come away feeling the transaction was
win–win instead of win–lose.

This chapter provides the analytical solutions to problems 1 and 3
that are necessary for resolving the business and communication prob-
lems of 2 and 4. The appraiser will be able to include the dilution in his
or her initial valuation report so that employees will not be negatively
surprised when the value drops at the next annual valuation. Addition-
ally, the appraiser can provide the technical expertise to enable the parties
to share the dilution, solving problem 3. Both parties will then be fully
informed beforehand, facilitating a win–win transaction.

What Can Be Skipped

This chapter contains much tedious algebra. For readers who wish to skip
all of the mathematics and optional sections and simply get the bottom
line can read the ‘‘quick-and-dirty’’ version of this chapter in Appendix
B. The section on the iterative approach can be safely skipped, as it en-
hances the understanding of dilution but contains no additional formulas
of practical significance.

DEFINITIONS OF DILUTION

Two potential parties can experience dilution in stock values in ESOP
transactions: the ESOP and the owner. The dilution that each experiences
differs and can be easily confused.
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Additionally, each party can experience two types of dilution: abso-
lute and relative. Absolute dilution is defined in the section immediately
below. Relative dilution is more complicated because we can calculate
dilution relative to more than one base. Several formulas can be devel-
oped to calculate relative dilution, but they are beyond the scope of this
book. Thus, for the remainder of this chapter, dilution will mean absolute
dilution.

Dilution to the ESOP (Type 1 Dilution)

We define type 1 dilution as the payment to the selling owner less the
post-transaction fair market value of the ESOP. This can be stated either
in dollars or as a percentage of the pre-transaction value of the firm. By
law, the ESOP may not pay more than fair market value to the company
or to a large shareholder, though it is nowhere defined in the applicable
statute whether this is pre- or post-transaction value. Case law and De-
partment of Labor proposed regulations indicate that the pre-transaction
value should be used.2

Dilution to the Selling Owner (Type 2 Dilution)

We define Type 2 dilution as the difference in the pre-transaction fair
market value of the shares sold and the price paid to the seller. Again,
this can be in dollars or as a percentage of the firm’s pre-transaction value.
Since it is standard industry practice for the ESOP to pay the owner the
pre-transaction price, Type 2 Dilution is virtually unknown. Those sellers
who wish to reduce or eliminate dilution to the ESOP can choose to sell
for less than the pre-transaction fair market value.

When the ESOP bears all of the dilution, we have only type 1 dilu-
tion. When the owner removes all dilution from the ESOP by absorbing
it himself, then the selling price and post-transaction values are equal and
we have only type 2 dilution. If the owner absorbs only part of the di-
lution from the ESOP, then the dilution is shared, and we have both type
1 and type 2 dilution.

As we will show in Table 13-3B and the Mathematical Appendix,
when the seller takes on a specific level of type 2 dilution, the decrease
in type 1 dilution is greater than the corresponding increase in type 2
dilution.

The seller also should consider the effects of dilution on his or her
remaining stock in the firm, but that is beyond the scope of this book.

Defining Terms

We first define some of terms appearing in the various equations.
Let:

p � percentage of firm sold to the ESOP, assumed at 30%
t � combined federal and state corporate income tax rate, assumed
at 40%

2. Donovan v. Cunningham, 716 F.2d 1467. 29 CFR 2510.3-18(b).
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r � the annual loan interest rate, assumed at 10%
i � the monthly loan interest rate � r/12 � 0.8333% monthly
V1B � the pre-transaction value of 100% of the stock of the firm
after discounts and premiums at the firm level but before those at
the ESOP level,3 assumed at $1,000,000, as shown in Table 13-2.
The B subscript means before considering the lifetime cost of
initiating and maintaining the ESOP (see E, e, and VjA below). V1B

does not consider the cost of the loan. This differs from VjB, as
described below.
V1A � Same as V1B, except this is the pre-transaction value after
deducting the lifetime cost of initiating and maintaining the ESOP
(see E, e, and VjA below) but before considering the loan. Note this
differs from VjA, where j � 1, where we do subtract the cost of the
ESOP loan as of iteration j � 1.
VjB � the value of the firm at the jth iteration before deducting the
lifetime ESOP costs (see E below) but after subtracting the net
present value of the ESOP loan (see NPLV) as calculated in
iteration j � 1 (for j � 1).
VjA � the value of the firm at the jth iteration after deducting the
lifetime ESOP costs (see immediately below) and the ESOP loan as
of the ( j � 1)st iteration.
Vn � the final post-transaction value of the firm, i.e., at the nth
iteration
E � the lifetime costs of initiating and running the ESOP. These
are generally legal fees, appraisal fees, ESOP administration fees,
and internal administration costs. We assume initial costs of
$20,000 and annual costs of $10,000 growing at 6% each year. Table
13-1 shows a sample calculation of the lifetime costs of the ESOP
as $40,000.4

e � lifetime ESOP costs as a percentage of the pre-transaction
value � E/V1B � $40,000/$1 million � 4%.
DE � one minus net Discounts (or plus net premiums) at the ESOP
level. This factor converts the fair market value of the entire firm
on an illiquid control level (V1B) to a fair market value (on a 100%
basis) at the ESOP’s level of marketability and control (DEV1B). If
we assume that the ESOP provides complete marketability (which
normally one should not, but we are doing so here for didactic
purposes), then to calculate DE we must merely reverse out the
control premium that was applied to the entire firm (in the
calculation of V1B), which we will assume was 43%, and reverse
out the discount for lack of marketability that was applied, which
we will assume was 29%.5 The result is: DE � [1/(1 � 43%)] �
[1/(1 � 29%)] � 0.7 � 1.4 � 0.98. In other words, the net effect
of reversing out the assumed discount and premium is a 2% net

3. In Abrams (1993) the discounts and premiums at the firm level are a separate variable. This
treatment is equally as accurate and is simpler.

4. How to calculate the pre-transaction value of the firm is outside the scope of this article.
5. These are arbitrary assumptions chosen for mathematical ease.
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T A B L E 13-1

Calculation of Lifetime ESOP Costs

A B

5 Pre-tax annual ESOP costs $10,000
6 After-tax annual ESOP costs � (1 � t) * pre-tax 6,000
7 Required rate of return � r 25%
8 Perpetual growth of ESOP costs � g 5%
9 Gordon model multiple (end year) � 1/(r � g) 5.000
10 Capitalized annual costs 30,000
11 Initial outlay-pre-tax 20,000
12 Initial outlay-after-tax � (1 � t) * pre-tax 12,000
13 Lifetime ESOP costs 42,000
14 Lifetime ESOP costs-rounded to (used in Table 13-2, B9) $40,000

discount. It could also be a net premium if the minority discount
were less or the premium for marketability were higher. Also, if
we were to assume that the ESOP shares were not at a marketable
minority level, other adjustments would be required.
Lj � the amount of the ESOP Loan in iteration j, which equals the
payment to the owner. That equals the FMV of the firm in
iteration j multiplied by pDE, the percentage of the firm being sold
to the ESOP, multiplied again by the factor for discounts or
premiums at the ESOP level. Mathematically, Lj � pDE VjA. Note:
this definition only applies in the Iterative Approach where we are
eliminating type 1 dilution.
NPVLj � the after-tax, net present value of the ESOP loan as
calculated in iteration j. The formula is NPVLj � (1 � t)Lj, as
explained below.
n � The number of iterations
D1 � type 1 dilution (dilution to the ESOP)
D2 � type 2 dilution (dilution to the seller)
FMV � fair market value

TABLE 13-1: CALCULATION OF LIFETIME ESOP COSTS

We begin by calculating the lifetime cost of the ESOP, including the legal,
appraisal, and administration costs, which are collectively referred to
throughout this chapter as the administration costs or as the lifetime
ESOP costs.

The estimated annual operating costs of the ESOP in Table 13-1 are
$10,000 pretax (B5), or $6,000 after-tax (B6). We assume an annual re-
quired rate of return of 25% (B7). Let’s further assume ESOP administra-
tion costs will rise by 5% a year (B8). We can then calculate the lifetime
value of the annual cost by multiplying the first year’s cost by a Gordon
Model multiple (GM) using an end-of-year assumption. The GM formula
is 1/(r � g), or 1/(0.25 � 0.05) � 5.000 (B9). Multiplying 5.000 by $6,000,
we obtain a value of $30,000 (B10).
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We next calculate the immediate costs of initiating the ESOP at time
zero, which we will assume are $20,000 (B11), or $12,000 after-tax (B12).
Adding $30,000 plus 12,000, we arrive at a lifetime cost of $42,000 for
running the ESOP (B13), which for simplicity we round off to $40,000
(B14), or 4% of the pre-transaction value of $1 million.6 Adopting the
previous definitions, E � $40,000 and e � 4%.

The previous example presumes that the ESOP is not replacing an-
other pension plan. If the ESOP is replacing another pension plan, then
it is only the incremental lifetime cost of the ESOP that we would cal-
culate here.

THE DIRECT APPROACH

Using the direct approach, we calculate all valuation formulas directly
through algebraic substitution. We will develop post-transaction valua-
tion formulas for the following situations:

1. All dilution remains with the ESOP.
2. All dilution goes to the owner.
3. The ESOP and the owner share the dilution.

We will begin with 1. The owner will be paid pre-transaction price, leav-
ing the ESOP with all of the dilution in value. The following series of
equations will enable us to quantify the dilution. All values are stated as
a fraction of each $1 of pre-transaction value.

FMV Equations—All Dilution to the ESOP
(Type 1 Dilution; No Type 2 Dilution)

1 pre-transaction value (13-1)

We pay the owner the p% he or she sells to the ESOP reduced or increased
by DE, the net discounts or premiums at the ESOP level. For every $1 of
pre-transaction value, the payment to the owner is thus:

pD paid to owner in cash � ESOP loan (13-1a)E

tpD tax savings on ESOP loan (13-1b)E

The after-tax cost of the loan is the amount paid to the owner less the tax
savings of the loan, or equations (13-1a) and (13-1b).

(1 � t)pD after-tax cost of the ESOP loan (13-1c)E

e after-tax lifetime cost of the ESOP (13-1d)

When we subtract (13-1c) plus (13-1d) from (13-1), we obtain the
remaining value of the firm:

6. For simplicity, we do not add a control premium and deduct a discount for lack of marketability
at the firm level and then reverse that procedure at the ESOP level, as I did in Abrams
(1993).
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1 � (1 � t)pD � e post-transaction value of the firm (13-1e)E

Since the ESOP owns p% of the firm, the post-transaction value of the
ESOP is p � DE � (13-1e):

2 2pD � (1 � t)p D � pD e post-transaction value of the ESOPE E E

(13-1f)

The dilution to the ESOP (type 1 dilution) is the amount paid to
the owner minus the value of the ESOP’s p% of the firm, or (13-1a) �
(13-1f):

2 2pD � [pD � (1 � t)p D � pD e]E E E E

2 2� (1 � t)p D � pD e dilution to ESOP (13-1g)E E

Table 13-2, Sections 1 and 2: Post-transaction FMV with
All Dilution to the ESOP

Now that we have established the formulas for calculating the FMV of
the firm when all dilution goes to the ESOP, let’s look at a concrete ex-
ample in Table 13-2. The table consists of three sections. Section 1, rows
5–10, is the operating parameters of the model. Section 2 shows the cal-
culation of the post-transaction values of the firm, ESOP, and the dilution
to the ESOP according to equations (13-1e), (13-1f), and (13-1g), respec-
tively, in rows 12–18. Rows 21–26 prove the accuracy of the results, as
explained below.

Section 3 shows the calculation of the post-transaction values of the
firm and the ESOP when there is no dilution to the ESOP. We will cover
that part of the table later. In the meantime, let’s review the numerical
example in section 2.

B13 contains the results of applying equation (13-1e) using section 1
parameters to calculate the post-transaction value of the firm, which is
$0.783600 per $1 of pre-transaction value. We multiply the $0.783600 by
the $1 million pre-transaction value (B5) to calculate the post-transaction
value of the firm � $783,100 (B14). The post-transaction value of the ESOP
according to equation (13-1f) is $0.2303787 (B15) � $1 million pre-
transaction value (B5) � $230,378 (B16).

We calculate dilution to the ESOP according to equation (13-1g) as
(1 � 0.4) � 0.32 � 0.982 � 0.3 � 0.98 � 0.04 � 0.063622 (B17). When we
multiply the dilution as a percentage by the pre-transaction value of $1
million, we get dilution of $63,622 (B18, B26).

We now prove these results and the formulas in rows 21–26. The
payment to the owner is $300,000 � 0.98 (net of ESOP discounts/pre-
miums) � $294,000 (B22). The ESOP takes out a $294,000 loan to pay the
owner, which the company will have to pay. The after-tax cost of the loan
is (1 � t) multiplied by the amount of the loan, or 0.6 � $294,000 �
$176,400 (B23). Subtracting the after tax cost of the loan and the $40,000
lifetime ESOP costs from the pre-transaction value, we come to a post-

7. Which itself is equal to pDE � the post-transaction value of the firm, or B6 � B7 � B14.
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T A B L E 13-2

FMV Calculations: Firm, ESOP, and Dilution

A B C

4 Section 1: Parameters

5 V1B � pre-transaction value $1,000,000
6 p � percentage of stock sold to ESOP 30%
7 DE � net ESOP discounts/premiums 98%
8 t � tax rate 40%
9 E � ESOP costs (lifetime costs capitalized; Table 13-1, B14 ) $40,000
10 e � ESOP costs/pre-transaction value � E/V1B 4%

12 Section 2: All Dilution To ESOP

13 (1 � e) � (1 � t) pDE � post-trans FMV-firm (equation [13-1e]) 0.783600
14 Multiply by pre-trans FMV � B5*B13 � B24 $783,600
15 pDE � (1 � t)p2 � pDEe � post-trans FMV-ESOP (equation [13-1f])2DE 0.230378
16 Multiply by pre-trans FMV � B5*B15 � B25 $230,378
17 (1 � t)p2 � pDEe � dilution to the ESOP (equation [13-1g])2DE 0.063622
18 Multiply by pre-trans FMV � B5*B17 � B26 $63,622

20 Proof of Section 2 Calculations:

21 Pre-trans FMV � B5 $1,000,000
22 Payment to owner � B6*B7*B21 294,000
23 After tax cost of loan � (1 � B8) * B22 176,400
24 Post-trans FMV-firm � B21 � B23 � B9 � B14 783,600
25 Post-transaction FMV of ESOP � B6*B7*B24 � B16 230,378
26 Dilution to the ESOP � B22 � B25 � B18 $63,622

28 Section 3: All Dilution To Seller Multiple � V1B � FMV

29 Vn � (1 � e)/[1 � (1 � t)pDE] � post-trans FMV—firm � B40 (equation [13-3n]) 0.816049 $816,049
30 Ln � p * DE * Vn � post-trans FMV-ESOP (equation [13-3j]) 0.239918 $239,918
31 Dilution to seller � (B6*B7) � B30 � (equation [13-3o]) 5.4082%
32 Dilution to seller � B5*C31 $54,082
33 Dilution to seller � B22 � C30 $54,082

35 Proof of Calculation in C29:

36 Pre-trans FMV � B5 $1,000,000
37 Payment to owner � C30 239,918
38 Tax shield � t * B37 95,967
39 After tax cost of ESOP loan � B37 � B38 143,951
40 Post-trans FMV-firm � B36 � B39 � B9 � C29 $816,049

transaction value of the firm of $783,600 (B24), which is identical to the
value obtained by direct calculation using formula (13-1e) in B14. The
post-transaction value of the ESOP is pDE � post-transaction FMV—firm,
or 0.3 � 0.98 � $783,600 � $230,378 (B25, B16). The dilution to the ESOP
is the payment to the owner minus the post-transaction value of the ESOP,
or $294,000 (B22) � $230,378 (B25) � $63,622 (B26, B18). We have now
proved the direct calculations in rows 14, 16, and 18.

The Post-Transaction Value is a Parabola

Equation (13-1f), the formula for the post-transaction value of the ESOP,
is a parabola. We can see this more easily by rewriting (13-1f) as
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F I G U R E 13-1

Post-Transaction Value of the ESOP Vs. % Sold

2 2V � �D (1 � t)p � D (1 � e)pE E

where V is the post-transaction value of the ESOP. Figure 13-1 shows this
function graphically. The straight line, pDE, is a slight modification of a
simple 45� line y � x (or in this case V � p), except multiplied by DE �
98%. This line is the payment to the owner when the ESOP bears all of
the dilution. The vertical distance of the parabola (equation [13-1f]) from
the straight line is the dilution of the ESOP, defined by equation (13-1g),
which is itself a parabola. Figure 13-1 should actually stop where p �
100%, but it has been extended merely to show the completion of the
parabola, since there is no economic meaning for p � 100%.

We can calculate the high point of the parabola, which is the maxi-
mum post-transaction value of the ESOP, by taking the first partial deriv-
ative of equation (13-1f) with respect to p and setting the equation to zero:

	V 2� �2(1 � t)D p � D (1 � e) � 0 (13-2)E E	p

This solves to

(1 � e)
p � (13-1f)

2(1 � t)DE

or p � 81.63265%. Substituting this number into equation (13-1f) gives us
the maximum value of the ESOP of V � 38.4%.8 This means that if the
owner sells any greater portion than 81.63265% of the firm to the ESOP,

8. We can verify this is a maximum rather than minimum value by taking the second partial
derivative, 	2V/	p 2 � �2(1 � t) � 0, which confirms the maximum.2DE
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he actually decreases the value of the ESOP, assuming a 40% tax rate and
no outside capital infusions into the sale. The lower the tax rate, the more
the parabola shifts to the left of the vertical line, until at t � 0, where
most of the parabola is completed before the line.9

FMV Equations—All Dilution to the Owner (Type 2 Dilution)

Let’s now assume that instead of paying the owner pDE, the ESOP pays
him some unspecified amount, x. Accordingly, we rederive (13-1)–(13-1g)
with that single change and label our new equations (13-3)–(13-3j).

1 pre-transaction value (13-3)

x paid to owner in cash � ESOP loan (13-3a)

tx tax savings on ESOP loan (13-3b)

(1 � t)x after-tax cost of the ESOP loan (13-3c)

e after-tax ESOP cost (13-3d)

When we subtract (13-3c) plus (13-3d) from (13-3), we come to the re-
maining value of the firm of:

(1 � e) � (1 � t)x post-transaction value of the firm (13-3e)

Since the ESOP owns p% of the firm and the ESOP bears its net
discount, the post-transaction value of the ESOP is p � DE � (13-3e), or:

pD (1 � e) � (1 � t)pD x post-transaction value of the ESOP (13-3f)E E

We can eliminate dilution to the ESOP entirely by specifying that the
payment to the owner, x, equals the post-transaction value of the ESOP
(13-3f), or:

x � pD (1 � e) � (1 � t)pD x (13-3g)E E

Moving the right term to the left side,

x � (1 � t)pD x � pD (1 � e) (13-3h)E E

Factoring out x,

x[1 � (1 � t)pD ] � pD (1 � e) (13-3i)E E

Dividing through by 1 � (1 � t)pDE,

pD (1 � e)Ex �
1 � (1 � t)pDE

post-transaction FMV of ESOP, all dilution to owner (13-3j)

9. This is because equation (13-1f) becomes V � � p 2 � DE(1 � e)p. Given our DE and e, V is2DE

then approximately equal to �0.92 (p 2 � p). If t � 0, e � 0, and there were no discounts
and premiums at the ESOP level, i.e., DE � 1, then the owner would be paid p, the post-
transaction value of the firm would be 1 � p, and the post-transaction value of the ESOP
would be p(1 � p), or �p 2 � p. This parabola would finish at p � 1. The maximum post-
transaction ESOP value would be 25% at p � 50%.
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Substituting equation (13-3j) into the x term in (13-3e), the post-
transaction value of the firm is:

pD (1 � e)E(1 � e) � (1 � t) (13-3k)
1 � (1 � t)pDE

Factoring out the (1 � e) from both terms, we get:

(1 � t)pDE(1 � e) 1 � (13-3l)� �1 � (1 � tpDE

Rewriting the 1 in the brackets as

1 � (1 � t)pDE

1 � (1 � t)pDE

we obtain:

1 � (1 � t)pD � (1 � t)pDE E(1 � e) (13-3m)
1 � (1 � t)pDE

The numerator simplifies to 1, which enables us to simplify the entire
expression to:

1 � e
post-transaction value of the firm—

1 � (1 � t)pDE

type 1 dilution � 0 (13-3n)

The dilution to the seller is the pre-transaction FMV of shares sold minus
the price paid, or:

1 � e
pD � (13-3o)E 1 � (1 � t)pDE

Table 13-2, Section 3: FMV Calculations—
All Dilution to the Seller

In section 3 we quantify the engineered price that eliminates all dilution
to the ESOP, which according to equation (13-3n) is:

(1 � 0.04)
$1 million �

[1 � (0.6) � (0.3) � (0.98)]

� $1 million � 0.816049 (B29) � $816,049 (C29)

Similarly, the value of the ESOP is: 0.3 � 0.98 � 0.816049 � $1,000,000
� $239,918 (C30) which is also the same amount that the owner is paid
in cash. We can prove this correct as follows:

1. The ESOP borrows $239,918 (B37) to pay the owner and takes
out a loan for the same amount, which the firm pays.

2. The firm gets a tax deduction, which has a net present value of
its marginal tax rate multiplied by the principal of the ESOP
loan, or 40% � $239,918, or $95,967 (B38), which after being
subtracted from the payment to the owner leaves an after-tax
cost of the payment to the owner (which is the identical to the
after-tax cost of the ESOP loan) of $143,951 (B39).
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3. We subtract the after-tax cost of the ESOP loan of $143,951 and
the $40,000 lifetime ESOP costs from the pre-transaction value of
$1 million to arrive at the final value of the firm of $816,049
(B40). This is the same result as the direct calculation by formula
in B29, which proves (13-3n). Multiplying by pDE (0.3 � 0.98 �
0.297) would lead to the same result as in B30, which proves the
accuracy of (13-3j).

We can also prove the dilution formulas in section 3. The seller ex-
periences dilution equal to the normative price he or she would have
received if he or she were not willing to reduce the sales price, i.e.,
$294,000 (B22) less the engineered selling price of $239,918 (C30), or
$54,082 (C33). This is the same result as using a direct calculation from
equation (13-3o) of 5.4082% (C31) � the pre-transaction price of $1 million
� $54,082 (C32).

The net result of this approach is that the owner has shifted the entire
dilution from the ESOP to himself. Thus, the ESOP no longer experiences
any dilution in value. While this action is very noble on the part of the
owner, in reality few owners are willing and able to do so.

Sharing the Dilution

The direct approach also allows us to address the question of how to
share the dilution. If the owner does not wish to place all the dilution on
the ESOP or absorb it personally, he or she can assign a portion to both
parties. By subtracting the post-transaction value of the ESOP (13-3f) from
the cash to the owner (13-3a), we obtain the amount of dilution. We can
then specify that this dilution should be equal to a fraction k of the default
dilution, i.e., the dilution to the ESOP when the ESOP bears all of the
dilution. In our nomenclature, the post-transaction value of the ESOP �
dilution to the ESOP � k � (default dilution to the ESOP). Therefore,

Actual Dilution to ESOP
k � , or

Default Dilution to ESOP

k � the % dilution remaining with the ESOP

The reduction in dilution to the ESOP is (1 � k). For example, if k �
33%, the ESOP bears 33% of the dilution; the reduction in the amount of
dilution borne by ESOP is 67% (from the default figure of 100%).

The formula used to calculate the payment to the owner when di-
lution is shared by both parties is:

2 2x � [pD (1 � e) � (1 � t)pD x] � k[(1 � t)p D � pD e] (13-4)E E E E

Collecting terms, we get:
2 2x[1 � (1 � t)pD ] � pD (1 � e) � k[(1 � t)p D � pD e]E E E E

Dividing both sides by [1 � (1 � t)pDE], we solve to:
2 2pD (1 � e) � k[(1 � t)p D � pD e]E E Ex � (13-4a)

1 � (1 � t)pDE

In other words, equation (13-4a) is the formula for the amount of
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T A B L E 13-3

Adjusting Dilution to Desired Levels

A B

5 p � percentage sold to ESOP 30.00%
6 DE � net discounts at the ESOP level 98.00%
7 k � Arbitrary fraction of remaining dilution to ESOP 66.67%
8 t � tax rate 40.00%
9 e � % ESOP costs 4.00%
10 x � % to owner � pDE(1 � e) � k[(1 � t)(p2 � pDEe)]/[1 � (1 � t)pDE] (equation [13-4a])2DE 27.60%
11 ESOP post-trans � pDE[1 � e � (1 � t)x] (equation [13-3f]) 23.36%
12 Actual dilution to ESOP � B10 � B11 4.24%
13 Default dilution to ESOP : (1 � t) p2 � pDEe (equation [13-1g])2DE 6.36%
14 Actual/default dilution: [12]/[13] � k � [7] 66.67%
15 Dilution to owner � (B5*B6) � B10 1.80%
16 Dilution to owner � p* ((p*DE)*(1 � e) � k*((1 � t)* *p2 � p*DE*e))/(1 � (1 � t)*p*DE)

2D � DE E 1.80%

payment to the owner when the ESOP retains the fraction k of the default
dilution. If we let k � 0, (13-4a) reduces to (13-3j), the post-transaction
FMV of the ESOP when all dilution goes to the owner. When k � 1,
(13-4a) reduces to (13-1a), the payment to the owner when all dilution
goes to the ESOP.

Equation to Calculate Type 2 Dilution

Type 2 dilution is equal to pDE, the pre-transaction selling price adjusted
for control and marketability, minus the engineered selling price, x. Sub-
stituting equation (13-4a) for x, we get:

2 2pD (1 � e) � k[(1 � t)p D � pD e]E E ED � pD � (13-4b)2 E 1 � (1 � t)pDE

Tables 13-3 and 13-3A:
Adjusting Dilution to Desired Levels

Table 13-3 is a numerical example using equation (13-4a). We let p � 30%
(B5), DE � 98% (B6), k � 2/3 (B7), t � 40% (B8), and e � 4% (B9). B10 is
the calculation of x, the payment to the seller—as in equation (13-4a)—
which is 27.6%. B11 is the value of the ESOP post-transaction, which we
calculate according to equation (13-3f),10 at 23.36%. Subtracting the post-
transaction value of the ESOP from the payment to the owner (27.60% �
23.36%) � 4.24% (B12) gives us the amount of type 1 dilution.

The default type 1 dilution, where the ESOP bears all of the dilution,
would be (1 � t)p2D � pDEe, according to equation (13-1g), or 6.36%2

E

(B13). Finally, we calculate the actual dilution divided by the default di-
lution, or 4.24%/6.36% to arrive at a ratio of 66.67% (B14), or 2/3, which
is the same as k, which proves the accuracy of equation (13-4a). By des-

10. With pDE factored out.
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T A B L E 13-3A

Adjusting Dilution to Desired Levels—All Dilution to Owner

A B

5 p � percentage sold to ESOP 30.00%
6 DE � net discounts at the ESOP level 98.00%
7 k � Arbitrary fraction of remaining dilution to ESOP 0.00%
8 t � tax rate 40.00%
9 e � % ESOP costs 4.00%
10 x � % to owner � pDE(1 � e) � k[(1 � t)(p2 � pDEe)]/1 � (1 � t)pDE (equation [13-4a])2DE 23.99%
11 ESOP post-trans � pDE[1 � e � (1 � t)x] (equation [13-3f]) 23.99%
12 Actual dilution to ESOP � [10] � [11] 0.00%
13 Default dilution to ESOP : (1 � t) p2 � pDEe (equation [13-1g])2DE 6.36%
14 Actual/default dilution: [12]/[13] � k � [3] 0.00%
15 Dilution to owner � (B5*B6) � B10 5.41%
16 Dilution to owner � p* ((p*DE)*(1 � e) � k*((1 � t)* *p2 � p*DE*e))/(1 � (1 � t)*p*DE)

2D � DE E 5.41%

T A B L E 13-3B

Summary of Dilution Tradeoffs

A B C D E

5

6
7 Dilution Type

Scenario: Assignment of Dilution

100% to
ESOP

2/3 to
ESOP Difference

100% to
Owner

8 1 (ESOP) 6.36% 4.24% 2.12% 0.00%
9 2 (seller) 0.00% 1.80% �1.80% 5.41%
10 Source table 13-2 13-3 13-3A

ignating the desired level of dilution to be 2/3 of the original dilution,
we have reduced the dilution by 1/3, or (1 � k).

If we desire dilution to the ESOP to be zero, then we substitute k �
0 in (13-4a), and the equation reduces to

pD (1 � e)Ex �
[1 � (1 � t)pD ]E

which is identical to equation (13-3j), the post-transaction value of the
ESOP when the owner bears all of the dilution. You can see that in Table
13-3A, which is identical to Table 13-3 except that we have let k � 0 (B7),
which leads to the zero dilution, as seen in B14.

Type 2 dilution appears in Table 13-3, rows 15 and 16. The owner is
paid 27.6% (B10) of the pre-transaction value for 30% of the stock of the
company. He normally would have been paid 29.4% of the pre-transaction
value (B5 � B6 � 0.3 � 0.98 � 29.4%). Type 2 dilution is 29.4% � 27.60%
� 1.80% (B15). In B16 we calculate type 2 dilution directly using equation
(13-4b). Both calculations produce identical results, confirming the accu-
racy of (13-4b). In Table 13-3A, where we let k � 0, type 2 dilution is
5.41% (B15 and B16).
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Table 13-3B: Summary of Dilution Tradeoffs

In Table 13-3B we summarize the dilution options that we have seen in
Tables 13-2, 13-3, and 13-3A to get a feel for the tradeoffs between type
1 and type 2 dilution. In Table 13-2, where we allowed the ESOP to bear
all dilution, the ESOP experienced dilution of 6.36%. In Table 13-3, by
apportioning one-third of the dilution to him or herself, the seller reduced
type 1 dilution by 6.36% � 4.24% � 2.12% (Table 13-3B, D8) and under-
took type 2 dilution of 1.80% (D9). The result is that the ESOP bears
dilution of 4.24% (C8) and the owner bears 1.8% (C9). In Table 13-3A we
allowed the seller to bear all dilution rather than the ESOP. The seller
thereby eliminated the 6.36% type 1 dilution and accepted 5.41% type 2
dilution.

Judging by the results seen in Table 13-3B, it appears that when the
seller takes on a specific level of type 2 dilution, the decrease in type 1
dilution is greater than the corresponding increase in type 2 dilution. This
turns out to be correct in all cases, as proven in the Appendix A, the
Mathematical Appendix.

As mentioned in the introduction, the reader may wish to skip to the
conclusion section. The following material aids in understanding dilution,
but it does not contain any new formulas of practical significance.

THE ITERATIVE APPROACH

We now proceed to develop formulas to measure the engineered value
per share that, when paid by the ESOP, will eliminate dilution to the
ESOP. We accomplish this by performing several iterations of calculations.
Using iteration, we will calculate the payment to the owner, which be-
comes the ESOP loan, and the post-transaction fair market values of the
firm and the ESOP.

In our first iteration the seller pays the ESOP the pre-transaction FMV
without regard for the ESOP loan. The existence of the ESOP loan then
causes the post-transaction values of the firm and the ESOP to decline,
which means the post-transaction value of the ESOP is lower than the
pre-transaction value paid to the owner.

In our second iteration we calculate an engineered payment to the
owner that will attempt to equal the post-transaction value at the end of
the first iteration. In the second iteration the payment to the owner is less
than the pre-transaction price because we have considered the ESOP loan
from the first iteration in our second iteration valuation. Because the pay-
ment is lower in this iteration, the ESOP loan is lower than it is in the
first iteration. We follow through with several iterations until we arrive
at a steady-state value, where the engineered payment to the owner ex-
actly equals the post-transaction value of the ESOP. This enables us to
eliminate all type 1 dilution to the ESOP and shift it to the owner as type
2 dilution.

Iteration #1

We denote the pre-transaction value of the firm before considering the
lifetime ESOP administration cost as V1B.
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V � pre-transaction value (13-5)1B

The value of the firm after deducting the lifetime ESOP costs but before
considering the ESOP loan is:11

V � V � E � V � V e � V (1 � e) (13-5a)1A 1B 1B 1B 1B

The owner sells p% of the stock to the ESOP, so the ESOP would pay
p times the value of the firm. However, we also need to adjust the pay-
ment for the degree of marketability and control of the ESOP. Therefore,
the ESOP pays the owner V1A multiplied by p � DE , or:

L � pD V � pD V (1 � e) (13-5b)1 E 1A E 1B

Our next step is to compute the net present value of the loan. In this
chapter we greatly simplify this procedure over the more complex cal-
culation in my original article (Abrams 1993).12

The net present value of the payments of any loan discounted at the
loan rate is the principal of the loan. Since both the interest and principal
payments on ESOP loans are tax deductible, the after-tax cost of the ESOP
loan is simply the principal of the loan multiplied by one minus the tax
rate.13 Therefore:

NPVL � (1 � t)pD V (1 � e) (13-5c)1 E 1B

Iteration #2

We have now finished the first iteration and are ready to begin iteration
#2. We begin by subtracting equation (13-5c), the net present value of the
ESOP loan, from the pre-transaction value, or:

V � V � (1 � t)pD V (1 � e)2B 1B E 1B

� V [1 � pD (1 � t)(1 � e)] (13-6)1B E

We again subtract the lifetime ESOP costs to arrive at V2A.

V � V � E (13-6a)2A 2B

V � V [1 � pD (1 � t)(1 � e)] � V e (13-6b)2A 1B E 1B

Factoring out the V1B, we get:

11. V1A is the only iteration of VjA where we do not consider the cost of the loan. For j � 1, we do
consider the after-tax cost of the ESOP loan.

12. You do not need to read that article to understand this chapter.
13. One might speculate that perhaps the appraiser should discount the loan by a rate other than

the nominal rate of the loan. To do so would implicitly be saying that the firm is at a
suboptimal D/E (debt/equity) ratio before the ESOP loan and that increasing debt lowers
the overall cost of capital. This is closer to a matter of faith than science, as there are those
that argue on each side of the fence. The opposite side of the fence is covered by two Nobel
Prize winners, Merton Miller and Franco Modigliani (MM), in a seminal article (Miller and
Modigliani 1958). MM’s famous Proposition I states that in perfect capital markets, i.e., in
the absence of taxes and transactions costs, one cannot raise the value of the firm with debt.
They acknowledge a secondary tax effect of debt, which I use here literally and no further,
i.e., adding debt increases the value of the equity only to the extent of the tax shield. Also,
even if there is an optimal D/E ratio and the subject company is below it, it does not need
an ESOP to borrow to achieve the optimal ratio.
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V � V [(1 � e) � pD (1 � t)(1 � e)] (13-6c)2A 1B E

Factoring out the (1 � e), we then come to the post-transaction value
of the firm in iteration #2 of:

V � V (1 � e)[1 � pD (1 � t)] (13-6d)2A 1B E

It is important to recognize that we are not double-counting E, i.e.,
subtracting it twice. In equation (13-6) we calculate the value of the firm
as its pre-transaction value minus the net present value of the loan against
the firm. The latter is indirectly affected by E, but in each new iteration,
we must subtract E directly in order to count it in the post-transaction
value.

The post-transaction value of the ESOP loan in iteration #2 is p �
DE � (13-6d), or:

L � pD V (1 � e)[1 � pD (1 � t)] (13-6e)2 E 1B E

The net present value of the loan is:

NPVL � (1 � t)pD V (1 � e)[1 � (1 � t)pD ] (13-6f)2 E 1B E

Iteration #3

We now begin the third iteration of value. The third iteration FMV before
lifetime ESOP costs is V1B � NPVL2, or:

V � V � (1 � t)pD V (1 � e)[1 � (1 � t)pD ] (13-7)3B 1B E 1B E

Factoring out V1B, we have:

V � V {1 � pD (1 � t)(1 � e)[1 � (1 � t)pD ]} (13-7a)3B 1B E E

Multiplying terms, we get:
2 2 2V � V [1 � pD (1 � t)(1 � e) � p D (1 � t) (1 � e)] (13-7b)3B 1B E E

V � V � E (13-7c)3A 3B

2 2 2V � V [1 � pD (1 � t)(1 � e) � p D (1 � t) (1 � e) � e] (13-7d)3A 1B E E

Moving the e at the right immediately after the 1:

V � V [(1 � e) � pD (1 � t)(1 � e)3A 1B E (13-7e)
2 2 2� p D (1 � t) (1 � e)]E

Factoring out the (1 � e):
2 2V � V (1 � e)[1 � pD (1 � t) � p D (1 � t)] (13-7f)3A 1B E E

Note that the 1 in the square brackets � p0 (1 � t)00DE

Iteration #n

Continuing this pattern, it is clear that the nth iteration leads to the fol-
lowing formula:

n�1
j j j jV � V (1 � e) (� 1) p D (1 � t) (13-8)�nA 1B E

j�0
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This is an oscillating geometric sequence,14 which leads to the following
solutions. The ultimate post-transaction value of the firm is:

1 � e
V � VnA 1B 1 � [� pD (1 � t)]E

or, dropping the subscript A and simplifying: (13-8a)
post-transaction value of the firm—

15with type 1 dilution � 0

1 � e
V � V (13-9)n 1B 1 � (1 � t)pDE

Note that this is the same equation as (13-3n). We arrive at the same result
from two different approaches.

The post-transaction value of the ESOP is p � DE � the value of the
firm, or:

pD (1 � e)EL � Vn 1B 1 � (1 � t)pDE

post-transaction value of the ESOP—
with type 1 dilution � 0 (13-10)

This is the same solution as equation (13-3j), after multiplying by V1B. The
iterative approach solutions in equations (13-9) and (13-10) confirm the
direct approach solutions of equations (13-3n) and (13-3j).

SUMMARY

In this chapter we developed formulas to calculate the post-transaction
values of the firm, ESOP, and the payment to the owner, both pre-
transaction and post-transaction, as well as the related dilution. We also
derived formulas for eliminating the dilution in both scenarios, as well
as for specifying any desired level of dilution. Additionally, we explored
the trade-offs between type 1 and type 2 dilution.

Advantages of Results

The big advantages of these results are:

1. If the owner insists on being paid at the pre-transaction value,
as most will, the appraiser can now immediately calculate the
dilutive effects on the value of the ESOP and report that in the
initial valuation report.16 Therefore, the employees will be

14. For the geometric sequence to work, �pDE(1 � t) � 1� , which will almost always be the case.
15. The reason the e term is in the numerator and not the denominator like the other terms is that

the lifetime cost of the ESOP is fixed, i.e., it does not vary as a proportion of the value of
the firm (or the ESOP), as that changes in each iteration.

16. Many ESOP trustees prefer this information to remain as supplementary information outside of
the report.
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entering the transaction with both eyes open and will not be
disgruntled or suspicious as to why the value, on average,
declines at the next valuation. This will also provide a real
benchmark to assess the impact of the ESOP itself on
profitability.

2. For owners who are willing to eliminate the dilution to the
ESOP or at least reduce it, this chapter provides the formulas to
do so and the ability to calculate the trade-offs between type 1
and type 2 dilution.

Function of ESOP Loan

An important byproduct of this analysis is that it answers the question
of what is the function of the ESOP loan. Obviously it functions as a
financing vehicle, but suppose you were advising a very cash rich firm
that could fund the payment to the owner in cash. Is there any other
function of the ESOP loan? The answer is yes. The ESOP loan can increase
the value of the firm in two ways:

1. It can be used to shield income at the firm’s highest income tax
rate. To the extent that the ESOP payment is large enough to
cause pre-tax income to drop to lower tax brackets, that portion
shields income at lower than the marginal rate and lowers the
value of the firm and the ESOP.

2. If the ESOP payment in the first year is larger than pre-tax
income, the firm cannot make immediate use of the entire tax
deduction in the first year. The unused deduction will remain as
a carryover, but it will suffer from a present value effect.

Common Sense Is Required

A certain amount of common sense is required in applying these for-
mulas. In extreme transactions such as those approaching a 100% sale to
the ESOP, we need to realize that not only can tax rates change, but
payments on the ESOP loan may entirely eliminate net income and reduce
the present value of the tax benefit of the ESOP loan payments. In ad-
dition, the viability of the firm itself may be seriously in question, and it
is likely that the appraiser will have to increase the discount rate for a
post-transaction valuation. Therefore, one must use these formulas with
at least two dashes of common sense.

To Whom Should the Dilution Belong?

Appraisers almost unanimously consider the pre-transaction value ap-
propriate, yet there has been considerable controversy on this topic. The
problem is the apparent financial sleight of hand that occurs when the
post-transaction value of the firm and the ESOP precipitously declines
immediately after doing the transaction. On the surface, it somehow
seems unfair to the ESOP. In this section we will explore that question.

Definitions
Let’s begin to address this issue by assessing the post-transaction fair
market value balance sheet. We will use the following definitions:
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Pre-Transaction Post-Transaction

A1 � assets A2 � assets � A1 (assets have not changed)
L1 � liabilities L2 � liabilities
C1 � capital C2 � capital

Note that the subscript 1 refers to pre-transaction and the subscript 2
refers to post-transaction.

The Mathematics of the Post-Transaction Fair Market Value
Balance Sheet
The nonmathematical reader may wish to skip or skim this section. It is
more theoretical and does not result in any usable formulas.

The fundamental accounting equation representing the pre-
transaction balance sheet is:

A � L � C pre-transaction FMV balance sheet (13-11)1 1 1

Assuming the ESOP bears all of the dilution, after the sale liabilities
increase and capital decreases by the sum of the after-tax cost of the ESOP
loan and the lifetime ESOP costs,17 or:

C � [(13-1c) � (13-1d)]1

increase in liabilities and decrease in debt (13-12)

As noted in the definitions, assets have not changed. Only liabilities
and capital have changed.18 Thus the post-transaction balance sheet is:

A � {L � C [(1 � t)pD � e]} � {C � C [(1 � t)pD � e]} (13-13)2 1 1 E 1 1 E

The first term in braces equals L2, the post-transaction liabilities, and the
second term in braces equals C2, the post-transaction capital. Note that
A2 � A1. Equation (13-13) simplifies to:

A � {L � C [(1 � t)pD � e]} � {C [1 � (1 � t)pD � e]}2 1 1 E 1 E

post-transaction balance sheet (13-14)

Equation (13-14) gives us an algebraic expression for the post-
transaction fair market value balance sheet when the ESOP bears all of
the dilution.

Analyzing a Simple Sale
Only two aspects relevant to this discussion are unique about a sale to
an ESOP: (1) tax deductibility of the loan principal, and (2) forgiveness
of the ESOP’s debt. Let’s analyze a simple sale to a non-ESOP buyer and
later to an ESOP buyer. For simplicity we will ignore tax benefits of all
loans throughout this example.

17. Again, these should only be the incremental costs if the ESOP is replacing another pension
plan.

18. For simplicity, we are assuming the company hasn’t yet paid any of the ESOP’s lifetime costs.
If it has, then that amount is a reduction in assets rather than an increase in liabilities.
Additionally, the tax shield on the ESOP loan could have been treated as an asset rather
than a contraliability, as we have done for simplicity. This is not intended to be an
exhaustive treatise on ESOP accounting.
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Suppose the fair market value of all assets is $10 million before and
after the sale. Pre-transaction liabilities are zero, so capital is worth $10
million, pre-transaction. If a buyer pays the seller personally $5 million
for one-half of the capital stock of the Company, the transaction does not
impact the value of the firm—ignoring adjustments for control and mar-
ketability. If the buyer takes out a personal loan for the $5 million and
pays the seller, there is also no impact on the value of the company. In
both cases the buyer owns one-half of a $10 million firm, and it was a
fair transaction.

If the corporation takes out the loan on behalf of the buyer but the
buyer ultimately has to repay the corporation, then the real liability is to
the buyer, not the corporation, and there is no impact on the value of the
stock—it is still worth $5 million. The corporation is a mere conduit for
the loan to the buyer.

What happens to the firm’s value if the corporation takes out and
eventually repays the loan? The assets are still worth $10 million post-
transaction.19 Now there are $5 million in liabilities, so the equity is worth
$5 million. The buyer owns one-half of a firm worth $5 million, so his or
her stock is only worth $2.5 million. Was the buyer hoodwinked?

The possible confusion over value clearly arises because it is the cor-
poration itself that is taking out the loan to fund the buyer’s purchase of
stock, and the corporation—not the buyer—ultimately repays the loan.
By having the corporation repay the loan, the other shareholder is for-
giving his or her half of a $5 million loan and thus gifting $2.5 million
to the buyer.20 Thus, the ‘‘buyer’’ ultimately receives a gift of $2.5 million
in the form of company stock. This is true whether the buyer is an in-
dividual or an ESOP.21

Dilution to Non-Selling Owners
When there are additional business owners who do not sell to the ESOP,
they experience dilution of their interests without the benefit of getting
paid. Conceptually, these owners have participated in giving the ESOP a
gift by having the Company repay the debt on behalf of the ESOP.

To calculate the dilution to other owners, we begin with the post-
transaction value of the firm in equation (13-1e) and repeat the equation
as (13-1e*). Then we will calculate the equivalent equations for the non-
selling owner as we did for the ESOP in equations (13-1f) and (13-1g),
and we will relabel those equations by adding an asterisk.

1 � (1 � t)pD � eE

post-transaction value of the firm (repeated) (13-1e*)

If the nonselling shareholder owns the fraction q of the outstanding stock,
then his or her post-transaction value is:

19. There is a second-order effect of the firm being more highly leveraged and thus riskier that
may affect value (and which we are ignoring here). See Chapter 14.

20. The other half of the forgiveness is a wash—the buyer forgiving it to himself or herself.
21. This does not mean that an ESOP brings nothing to the table in a transaction. It does bring tax

deductibility of the loan principal as well as the Section 1042 rollover.
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q � q(1 � t)pD � qeE

post-transaction value of nonselling shareholder’s stock (13-1f*)

Finally, we calculate dilution to the nonselling shareholder as his or her
pre-transaction value of q minus the pre-transaction value in equation
(13-1f*), or:

q[(1 � t)pD � e]E

22dilution to nonselling shareholder’s stock (13-1g*)

The dilution formula (13-1g*) tells us that the dilution to the non-
selling shareholder is simply his or her ownership, q, multiplied by the
dilution in value to the firm itself, which is the sum of the after-tax cost
of the ESOP loan and the lifetime costs. Here, because we are not mul-
tiplying by the ESOP’s ownership modified for its unique marketability
and control attributes, we do not get the squared terms that we did in
equation (13-1f) and (13-1g).

It is also important to note that equations (13-1f*) and (13-1g*) do
not account for any possible increase in value the owner might experience
as a result of having greater relative control of the firm. For example, if
there were two 50% owners pre-transaction and one sells 30% to the
ESOP, post-transaction the remaining 50% owner has relatively more con-
trol than he or she had before the transaction. To the extent that we might
ascribe additional value to that increase in relative control, we would
adjust the valuation formulas. This would mitigate the dilution in equa-
tion (13-1g*).

Legal Issues
As mentioned above, appraisers almost unanimously consider the pre-
transaction value appropriate. Also mentioned earlier in the chapter, case
law and Department of Labor proposed regulations indicate the pre-
transaction value is the one to be used. Nevertheless, there is ongoing
controversy going back to Farnum, a case in which the Department of
Labor withdrew before going to court, that the post-transaction value may
the most appropriate price to pay the seller.

In the previous section we demonstrated that the ESOP is receiving
a gift, not really paying anything for its stock. Therefore, there is no ec-
onomic justification for reducing the payment to the owner below the
pre-transaction fair market value, which is the price that the seller would
receive from any other buyer. If the ESOP (or any party on its behalf)
demands that it ‘‘pay’’ no more than post-transaction value, it is tanta-
mount to saying, ‘‘The gift you are giving me is not big enough.’’

While the dilution may belong to the ESOP, it is nevertheless an
important consideration in determining the fairness of the transaction for

22. One would also need to consider adjusting for each nonselling shareholder’s control and
marketability attributes. To do so, we would have to add a term in equation (13-1g*)
immediately after the q. The term would be the owner’s equivalent of DE, except
customized for his or her ownership attributes. The details of such a calculation are beyond
the scope of this chapter.
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purposes of a fairness opinion. If a bank loans $10 million to the ESOP
for a 100% sale, with no recourse or personal guarantees of the owner,
we may likely decide it is not a fair transaction to the ESOP and its
participants. We would have serious questions about the ESOP’s proba-
bility of becoming a long-range retirement program, given the huge debt
load of the Company post-transaction.

Charity
While the dilution technically belongs to the ESOP, I consider it my duty
to inform the seller of the dilution phenomenon and how it works. While
affirming the seller’s right to receive fair market value undiminished by
dilution, I do mention that if the seller has any charitable motivations to
his or her employees—which a minority do—then voluntarily accepting
some of the dilution will leave the Company and the ESOP in better
shape. Of course, in a partial sale it also leaves the remainder of the
owner’s stock at a higher value than it would have had with the ESOP
bearing all of the dilution.
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APPENDIX A: MATHEMATICAL APPENDIX

The purpose of this appendix is to perform comparative static analysis,
as is commonly done in economics, on the equations for dilution in the
body of the chapter in order to understand the tradeoffs between type 1
and type 2 dilution.

We use the same definitions in the appendix as in the chapter. Type
1 dilution is equal to the payment to the owner less the post-transaction
value of the ESOP, or x � (13-3f):

D � x � [pD (1 � e) � (1 � t)pD x] (A13-1)1 E E

Factoring out the x,

D � x[1 � (1 � t)pD ] � pD (1 � e) (A13-2)1 E E

We can investigate the impact on type 1 dilution for each $1 change
in payment to the owner by taking the partial derivative of (A13-2) with
respect to x.

	D1 � 1 � (1 � t)pD � 1 (A13-3)E	x

Equation (A13-3) tells us that each additional dollar paid to the owner
increases dilution to the ESOP by more than $1.

A full payment to the owner (the default payment) is pDE for $1 of
pre-transaction value. We pay the owner x, and the difference of the two
is D2, the type 2 dilution.
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D � pD � x (A13-4)2 E

We can investigate the impact on type 2 for each $1 change in payment
to the owner by taking the partial derivative of (A13-4) with respect
to x.

	D2 � �1 (A13-5)
	x

Type 2 dilution moves in an equal but opposite direction from the amount
paid to the owner, which must be the case to make any sense. Together,
equations (A13-3) and (A13-5) tell us that each additional dollar paid the
owner increases the dilution to the ESOP more than it reduces the dilution
to the owner. We can also see this by taking the absolute value of the
ratio of the partial derivatives:

�	D /	x� 12 � � 1 (A13-6)
�	D /	x� 1 � (1 � t)pD1 E

Significance of the Results

Equation (A13-6) demonstrates that for every $1 of payment forgone by
the owner, the dilution incurred by the owner will always be less than
the dilution eliminated to the ESOP. The reason for this is that every $1
the owner forgoes in payment costs him $1 in type 2 dilution, yet it saves
the ESOP:

1. The $1, plus
2. It reduces the ESOP loan by pDE and saves the ESOP the after-

tax cost of the lowered amount of the loan, or (1 � t)pDE.

There appears to be some charity factor inherent in the mathematics.
Finally, we have not dealt with the fact that by the owner taking on

some or all of the dilution from the ESOP loan, he or she increases the
value of his or her (1 � p) share of the remaining stock by reducing the
dilution to it. Such an analysis has no impact on the valuation of the
ESOP, but it should be considered in the decision to initiate an ESOP.

APPENDIX B: SHORTER VERSION OF CHAPTER 13

This appendix provides a bare-bones version of Chapter 13, removing all
mathematical analysis and optional sections of the iterative approach and
all of the second part of the chapter. The reader can then see the bottom
line of the chapter without struggling through the voluminous mathe-
matics. It will also serve as a refresher for those who have already read
the chapter.

INTRODUCTION

Leveraged ESOPs have confused many firms due to their failure to un-
derstand the phenomenon of dilution and inability to quantify it. Many
ESOPs have soured because employees paid appraised fair market value
of the stock being sold to the ESOP, only to watch the fair market value
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significantly decline at the next valuation because the ESOP loan was not
included in the pre-transaction fair market value. As a result, employees
have felt cheated. Lawsuits have sometimes followed, further lowering
the value of the firm and the ESOP.

There are several types of problems relating to the dilution phenom-
enon:

1. The technical problem of defining and measuring the dilution in
value to the ESOP before it happens.

2. The business problem of getting the ESOP Trustee, participants,
and selling owner(s) to agree on how to share the dilution.

3. The technical problem of how to engineer the price to
accomplish the desired goals in 2.

4. The problem of how to communicate each of the foregoing to all
of the participants so that all parties can enter the transaction
with both eyes open and come away feeling the transaction was
win–win instead of win–lose.

This chapter provides the analytical solutions to problems 1 and 3
that are necessary for resolving the business and communication prob-
lems of 2 and 4. The appraiser will be able to include the dilution in his
or her initial valuation report so that employees will not be negatively
surprised when the value drops at the next annual valuation. Addition-
ally, the appraiser can provide the technical expertise to enable the parties
to share the dilution, solving problem 3. Both parties will then be fully
informed beforehand, facilitating a win–win transaction.

DEFINITIONS OF DILUTION

Two potential parties can experience dilution in stock values in ESOP
transactions: the ESOP and the owner. The dilution that each experiences
differs and can be easily confused.

Additionally, each party can experience two types of dilution: abso-
lute and relative. Absolute dilution is defined in the section immediately
below. Relative dilution is more complicated because we can calculate
dilution relative to more than one base. Several formulas can be devel-
oped to calculate relative dilution, but they are beyond the scope of this
book. Thus, for the remainder of this chapter, dilution will mean absolute
dilution.

Dilution to the ESOP (Type 1 Dilution)

We define type 1 dilution as the payment to the selling owner less the
post-transaction fair market value of the ESOP. This can be stated either
in dollars or as a percentage of the pre-transaction value of the firm. By
law, the ESOP may not pay more than fair market value to the company
or to a large shareholder, though it is nowhere defined in the applicable
statute whether this is pre- or post-transaction value. Case law and De-
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partment of Labor proposed regulations indicate that the pre-transaction
value should be used.23

Dilution to the Selling Owner (Type 2 Dilution)

We define Type 2 dilution as the difference in the pre-transaction fair
market value of the shares sold and the price paid to the seller. Again,
this can be in dollars or as a percentage of the firm’s pre-transaction value.
Since it is standard industry practice for the ESOP to pay the owner the
pre-transaction price, Type 2 Dilution is virtually unknown. Those sellers
who wish to reduce or eliminate dilution to the ESOP can choose to sell
for less than the pre-transaction fair market value.

When the ESOP bears all of the dilution, we have only type 1 dilu-
tion. When the owner removes all dilution from the ESOP by absorbing
it himself, then the selling price and post-transaction values are equal and
we have only type 2 dilution. If the owner absorbs only part of the di-
lution from the ESOP, then the dilution is shared, and we have both type
1 and type 2 dilution.

As we will show in Table 13-3B and the Mathematical Appendix,
when the seller takes on a specific level of type 2 dilution, the decrease
in type 1 dilution is greater than the corresponding increase in type 2
dilution.

The seller also should consider the effects of dilution on his or her
remaining stock in the firm, but that is beyond the scope of this book.

Defining Terms

We first define some of terms appearing in the various equations.
Let:

p � percentage of firm sold to the ESOP, assumed at 30%
t � combined federal and state corporate income tax rate, assumed
at 40%
r � the annual loan interest rate, assumed at 10%
i � the monthly loan interest rate � r/12 � 0.8333% monthly
E � the lifetime costs of initiating and running the ESOP. These
are generally legal fees, appraisal fees, ESOP administration fees,
and internal administration costs. We assume initial costs of
$20,000 and annual costs of $10,000 growing at 6% each year. Table
13-1 shows a sample calculation of the lifetime costs of the ESOP
as $40,000.24

e � lifetime ESOP costs as a percentage of the pre-transaction
value � E/V1B � $40,000/$1 million � 4%.
DE � one minus net Discounts (or plus net premiums) at the ESOP
level. This factor converts the fair market value of the entire firm

23. Donovan v. Cunningham, 716 F.2d 1467. 29 CFR 2510.3-18(b).
24. How to calculate the pre-transaction value of the firm is outside the scope of this article.
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on an illiquid control level (V1B) to a fair market value (on a 100%
basis) at the ESOP’s level of marketability and control (DEV1B). If
we assume that the ESOP provides complete marketability (which
normally one should not, but we are doing so here for didactic
purposes), then to calculate DE we must merely reverse out the
control premium that was applied to the entire firm (in the
calculation of V1B), which we will assume was 43%, and reverse
out the discount for lack of marketability that was applied, which
we will assume was 29%.25 The result is: DE � [1/(1 � 43%)] �
[1/(1 � 29%)] � 0.7 � 1.4 � 0.98. In other words, the net effect of
reversing out the assumed discount and premium is a 2% net
discount. It could also be a net premium if the minority discount
were less or the premium for marketability were higher. Also, if
we were to assume that the ESOP shares were not at a marketable
minority level, other adjustments would be required.
D1 � type 1 dilution (dilution to the ESOP)
D2 � type 2 dilution (dilution to the seller)
FMV � fair market value

TABLE 13-1: CALCULATION OF LIFETIME ESOP COSTS

We begin by calculating the lifetime cost of the ESOP, including the legal,
appraisal, and administration costs, which are collectively referred to
throughout this chapter as the administration costs or as the lifetime
ESOP costs.

The estimated annual operating costs of the ESOP in Table 13-1 are
$10,000 pretax (B5), or $6,000 after-tax (B6). We assume an annual re-
quired rate of return of 25% (B7). Let’s further assume ESOP administra-
tion costs will rise by 5% a year (B8). We can then calculate the lifetime
value of the annual cost by multiplying the first year’s cost by a Gordon
model multiple (GM) using an end-of-year assumption. The GM formula
is 1/(r � g), or 1/(0.25 � 0.05) � 5.000 (B9). Multiplying 5.000 by $6,000,
we obtain a value of $30,000 (B10).

We next calculate the immediate costs of initiating the ESOP at time
zero, which we will assume are $20,000 (B11), or $12,000 after-tax (B12).
Adding $30,000 plus 12,000, we arrive at a lifetime cost of $42,000 for
running the ESOP (B13), which for simplicity we round off to $40,000
(B14), or 4% of the pre-transaction value of $1 million.26 Adopting the
previous definitions, E � $40,000 and e � 4%.

The previous example presumes that the ESOP is not replacing an-
other pension plan. If the ESOP is replacing another pension plan, then
it is only the incremental lifetime cost of the ESOP that we would cal-
culate here.

25. These are arbitrary assumptions chosen for mathematical ease.
26. For simplicity, we do not add a control premium and deduct a discount for lack of

marketability at the firm level and then reverse that procedure at the ESOP level, as I did in
Abrams (1993).
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THE DIRECT APPROACH

Using the direct approach, we calculate all valuation formulas directly
through algebraic substitution. We will develop post-transaction valua-
tion formulas for the following situations:

1. All dilution remains with the ESOP.
2. All dilution goes to the owner.
3. The ESOP and the owner share the dilution.

We will begin with 1. The owner will be paid pre-transaction price, leav-
ing the ESOP with all of the dilution in value. The following series of
equations will enable us to quantify the dilution. All values are stated as
a fraction of each $1 of pre-transaction value.

FMV Equations—All Dilution to the ESOP
(Type 1 Dilution; No Type 2 Dilution)

1 pre-transaction value (A13-7)

We pay the owner the p% he or she sells to the ESOP reduced or increased
by DE, the net discounts or premiums at the ESOP level. For every $1 of
pre-transaction value, the payment to the owner is thus:

pD paid to owner in cash � ESOP loan (A13-7a)E

tpD tax savings on ESOP loan (A13-7b)E

The after-tax cost of the loan is the amount paid to the owner less the tax
savings of the loan, or equations (A13-7a) and (A13-7b).

(1 � t)pD after-tax cost of the ESOP loan (A13-7c)E

e after-tax lifetime cost of the ESOP (A13-7d)

When we subtract (A13-7c) plus (A13-7d) from (A13-7), we obtain
the remaining value of the firm:

1 � (1 � t)pD � e post-transaction value of the firm (A13-7e)E

Since the ESOP owns p% of the firm, the post-transaction value of the
ESOP is p � DE � (A13-7e):

2 2pD � (1 � t)p D � pD eE E E

post-transaction value of the ESOP (A13-7f)

The dilution to the ESOP (type 1 dilution) is the amount paid to
the owner minus the value of the ESOP’s p% of the firm, or (A13-7a) �
(A13-7f):

2 2pD � [pD � (1 � t)p D � pD e]E E E E

2 2� (1 � t)p D � pD e dilution to ESOP (A13-7g)E E
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Table 13-2, Sections 1 and 2: Post-transaction FMV with
All Dilution to the ESOP

Now that we have established the formulas for calculating the FMV of
the firm when all dilution goes to the ESOP, let’s look at a concrete ex-
ample in Table 13-2. The table consists of three sections. Section 1, rows
5–10, is the operating parameters of the model. Section 2 shows the cal-
culation of the post-transaction values of the firm, ESOP, and the dilution
to the ESOP according to equations (A13-7e), (A13-7f), and (A13-7g), re-
spectively, in rows 12–18. Rows 21–26 prove the accuracy of the results,
as explained below.

Section 3 shows the calculation of the post-transaction values of the
firm and the ESOP when there is no dilution to the ESOP. We will cover
that part of the table later. In the meantime, let’s review the numerical
example in section 2.

B13 contains the results of applying equation (A13-7e) using section
1 parameters to calculate the post-transaction value of the firm, which is
$0.783600 per $1 of pre-transaction value. We multiply the $0.783600 by
the $1 million pre-transaction value (B5) to calculate the post-transaction
value of the firm � $783,100 (B14). The post-transaction value of the ESOP
according to equation (A13-7f) is $0.23037827 (B15) � $1 million pre-
transaction value (B5) � $230,378 (B16).

We calculate dilution to the ESOP according to equation (A13-7g) as
(1 � 0.4) � 0.32 � 0.982 � 0.3 � 0.98 � 0.04 � 0.063622 (B17). When we
multiply the dilution as a percentage by the pre-transaction value of $1
million, we get dilution of $63,622 (B18, B26).

We now prove these results and the formulas in rows 21–26. The
payment to the owner is $1 million � 30% � 0.98 (net of ESOP discounts/
premiums) � $294,000 (B22). The ESOP takes out a $294,000 loan to pay
the owner, which the company will have to pay. The after-tax cost of the
loan is (1 � t) multiplied by the amount of the loan, or 0.6 � $294,000 �
$176,400 (B23). Subtracting the after tax cost of the loan and the $40,000
lifetime ESOP costs from the pre-transaction value, we come to a post-
transaction value of the firm of $783,600 (B24), which is identical to the
value obtained by direct calculation using formula (A13-7e) in B14. The
post-transaction value of the ESOP is pDE � post-transaction FMV—firm,
or 0.3 � 0.98 � $783,600 � $230,378 (B25, B16). The dilution to the ESOP
is the payment to the owner minus the post-transaction value of the ESOP,
or $294,000 (B22) � $230,378 (B25) � $63,622 (B26, B18). We have now
proved the direct calculations in rows 14, 16, and 18.

The Post-transaction Value Is a Parabola

Equation (A13-7f), the formula for the post-transaction value of the ESOP,
is a parabola. We can see this more easily by rewriting (A13-7f) as

2 2V � �D (1 � t)p � D (1 � e)pE E

where V is the post-transaction value of the ESOP. Figure 13-1 shows this

27. Which itself is equal to pDE � the post-transaction value of the firm, or B6 � B7 � B14.
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(1 � e) � (1 � t)x post-transaction value of the firm (A13-8e)

Since the ESOP owns p% of the firm and the ESOP bears its net
discount, the post-transaction value of the ESOP is p � DEx (A13-8e), or:

pD (1 � e) � (1 � t)pD xE E

post-transaction value of the ESOP (A13-8f)

We can eliminate dilution to the ESOP entirely by specifying that the
payment to the owner, x, equals the post-transaction value of the ESOP
(A13-8f), or:

x � pD (1 � e) � (1 � t)pD x (A13-8g)E E

which solves to:

pD (1 � e)Ex �
1 � (1 � t)pDE

post-transaction FMV of ESOP, all dilution to owner (A13-8j)

Substituting equation (A13-8j) into the x term in equation (A13-8e), the
post-transaction value of the firm is:

1 � e
post-transaction value of the firm—

1 � (1 � t)pDE

type 1 dilution � 0 (A13-8n)

The dilution to the seller is the pre-transaction FMV of shares sold minus
the price paid, or:

1 � e
pD � (A13-8o)E 1 � (1 � t)pDE

Table 13-2, Section 3: FMV Calculations—All Dilution to
the Seller

In section 3 we quantify the engineered price that eliminates all dilution
to the ESOP, which according to equation (A13-8n) is:

(1 � 0.04)
$1 million �

[1 � (0.6) � (0.3) � (0.98)]

� $1 million � 0.816049 (B29) � $816,049 (C29)

Similarly, the value of the ESOP is: 0.3 � 0.98 � 0.816049 � $1,000,000
� $239,918 (C30) which is also the same amount that the owner is paid
in cash. We can prove this correct as follows:

1. The ESOP borrows $239,918 (B37) to pay the owner and takes
out a loan for the same amount, which the firm pays.

2. The firm gets a tax deduction, which has a net present value of
its marginal tax rate multiplied by the principal of the ESOP
loan, or 40% � $239,918, or $95,967 (B38), which after being
subtracted from the payment to the owner leaves an after-tax
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cost of the payment to the owner (which is identical to the after-
tax cost of the ESOP loan) of $143,951 (B39).

3. We subtract the after-tax cost of the ESOP loan of $143,951 and
the $40,000 lifetime ESOP costs from the pre-transaction value of
$1 million to arrive at the final value of the firm of $816,049
(B40). This is the same result as the direct calculation by formula
in B29, which proves (A13-8n). Multiplying by pDE (0.3 � 0.98 �
0.297) would lead to the same result as in B30, which proves the
accuracy of (A13-8j).

We can also prove the dilution formulas in section 3. The seller ex-
periences dilution equal to the normative price he or she would have
received if he or she were not willing to reduce the sales price, i.e.,
$294,000 (B22) less the engineered selling price of $239,918 (C30), or
$54,082 (C33). This is the same result as using a direct calculation from
equation (A13-8o) of 5.4082% (C31) � the pre-transaction price of $1 mil-
lion � $54,082 (C32).

The net result of this approach is that the owner has shifted the entire
dilution from the ESOP to himself. Thus, the ESOP no longer experiences
any dilution in value. While this action is very noble on the part of the
owner, in reality few owners are willing and able to do so.

Sharing the Dilution

The direct approach also allows us to address the question of how to
share the dilution. If the owner does not wish to place all the dilution on
the ESOP or absorb it personally, he or she can assign a portion to both
parties. By subtracting the post-transaction value of the ESOP (A13-8f)
from the cash to the owner (A13-8a), we obtain the amount of dilution.
We can then specify that this dilution should be equal to a fraction k of
the default dilution, i.e., the dilution to the ESOP when the ESOP bears
all of the dilution. In our nomenclature, the post-transaction value of the
ESOP � dilution to the ESOP � k � (default dilution to the ESOP). There-
fore,

Actual Dilution to ESOP
k � ,

Default Dilution to ESOP

or k � the % dilution remaining with the ESOP

The reduction in dilution to the ESOP is (1 � k). For example, if k �
33%, the ESOP bears 33% of the dilution; the reduction in the amount of
dilution borne by ESOP is 67% (from the default figure of 100%).

The formula used to calculate the payment to the owner when di-
lution is shared by both parties is:

2 2x � [pD (1 � e) � (1 � t)pD x] � k[(1 � t)p D � pD e] (A13-9)E E E E

which solves to:
2 2pD (1 � e) � k[(1 � t)p D � pD e]E E Ex � (A13-9a)

1 � (1 � t)pDE

In other words, equation (A13-8a) is the formula for the amount of
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payment to the owner when the ESOP retains the fraction k of the default
dilution. If we let k � 0, (A13-8a) reduces to (A13-8j), the post-transaction
FMV of the ESOP when all dilution goes to the owner. When k � 1, (A13-
9a) reduces to (A13-7a), the payment to the owner when all dilution goes
to the ESOP.

Equation to Calculate Type 2 Dilution

Type 2 dilution is equal to pDE, the pre-transaction selling price adjusted
for control and marketability, minus the engineered selling price, x. Sub-
stituting equation (A13-9a) for x, we get:

2 2pD (1 � e) � k[(1 � t)p D � pD e]E E ED � pD � (A13-9b)2 E 1 � (1 � t)pDE

Tables 13-3 and 13-3A: Adjusting Dilution to
Desired Levels

Table 13-3 is a numerical example using equation (A13-9a). We let p �
30% (B5), DE � 98% (B6), k � 2/3 (B7), t � 40% (B8), and e � 4% (B9).
B10 is the calculation of x, the payment to the seller—as in equation (A13-
9a)—which is 27.6%. B11 is the value of the ESOP post-transaction, which
we calculate according to equation (A13-8f),30 at 23.36%. Subtracting the
post-transaction value of the ESOP from the payment to the owner
(27.60% � 23.36%) � 4.24% (B12) gives us the amount of type 1 dilution.

The default type 1 dilution, where the ESOP bears all of the dilution,
would be (1 � t)p2D � pDEe, according to equation (A13-7g), or 6.36%2

E

(B13). Finally, we calculate the actual dilution divided by the default di-
lution, or 4.24%/6.36% to arrive at a ratio of 66.67% (B14), or 2/3, which
is the same as k, which proves the accuracy of equation (A13-9a). By
designating the desired level of dilution to be 2/3 of the original dilution,
we have reduced the dilution by 1/3, or (1 � k).

If we desire dilution to the ESOP to be zero, then we substitute k �
0 in equation (A13-9a), and the equation reduces to

pD (1 � e)Ex �
[1 � (1 � t)pD ]E

which is identical to equation (A13-8j), the post-transaction value of the
ESOP when the owner bears all of the dilution. You can see that in Table
13-3A, which is identical to Table 13-3 except that we have let k � 0 (B7),
which leads to the zero dilution, as seen in B14.

Type 2 dilution appears in Table 13-3, rows 15 and 16. The owner is
paid 27.6% (B10) of the pre-transaction value for 30% of the stock of the
company. He normally would have been paid 29.4% of the pre-transaction
value (B5 � B6 � 0.3 � 0.98 � 29.4%). Type 2 dilution is 29.4% � 27.60%
� 1.80% (B15). In B16 we calculate type 2 dilution directly using equation

30. With pDE factored out.
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(A13-9b). Both calculations produce identical results, confirming the ac-
curacy of (A13-9b). In Table 13-3A, where we let k � 0, type 2 dilution is
5.41% (B15 and B16).

Table 13-3B: Summary of Dilution Tradeoffs

In Table 13-3B we summarize the dilution options that we have seen in
Tables 13-2, 13-3, and 13-3A to get a feel for the tradeoffs between type
1 and type 2 dilution. In Table 13-2, where we allowed the ESOP to bear
all dilution, the ESOP experienced dilution of 6.36%. In Table 13-3, by
apportioning one-third of the dilution to him or herself, the seller reduced
type 1 dilution by 6.36% � 4.24% � 2.12% (Table 13-3B, D8) and under-
took type 2 dilution of 1.80% (D9). The result is that the ESOP bears
dilution of 4.24% (C8) and the owner bears 1.8% (C9). In Table 13-3A we
allowed the seller to bear all dilution rather than the ESOP. The seller
thereby eliminated the 6.36% Type 1 dilution and accepted 5.41% type 2
dilution.

Judging by the results seen in Table 13-3B, it appears that when the
seller takes on a specific level of type 2 dilution, the decrease in type 1
dilution is greater than the corresponding increase in type 2 dilution. This
turns out to be correct in all cases, as proven in Appendix A, the Math-
ematical Appendix.

SUMMARY

In this mini-chapter we developed formulas to calculate the post-
transaction values of the firm, ESOP, and the payment to the owner, both
pre-transaction and post-transaction, as well as the related dilution. We
also derived formulas for eliminating the dilution as well as for specifying
any desired level of dilution. Additionally, we explored the trade-offs
between type 1 and type 2 dilution.

Advantages of Results

The big advantages of these results are:

1. If the owner insists on being paid at the pre-transaction value,
as most will, the appraiser can now immediately calculate the
dilutive effects on the value of the ESOP and report that in the
initial valuation report.31 Therefore, the employees will be
entering the transaction with both eyes open and will not be
disgruntled and/or suspicious as to why the value, on average,
declines at the next valuation. This will also provide a real
benchmark to assess the impact of the ESOP itself on
profitability.

31. Many ESOP trustees prefer this information to remain as supplementary information outside of
the report.
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2. For owners who are willing to eliminate the dilution to the
ESOP or at least reduce it, this chapter provides the formulas to
do so and the ability to calculate the trade-offs between type 1
and type 2 dilution.

Function of ESOP Loan

An important byproduct of this analysis is that it answers the question
of what is the function of the ESOP loan. Obviously it functions as a
financing vehicle, but suppose you were advising a very cash rich firm
that could fund the payment to the owner in cash. Is there any other
function of the ESOP loan? The answer is yes. The ESOP loan can increase
the value of the firm in two ways:

1. It can be used to shield income at the firm’s highest income tax
rate. To the extent that the ESOP payment is large enough to
cause pre-tax income to drop to lower tax brackets, then that
portion shields income at lower than the marginal rate and
lowers the value of the firm and the ESOP.

2. If the ESOP payment in the first year is larger than pre-tax
income, the firm cannot make immediate use of the entire tax
deduction in the first year. The unused deduction will remain as
a carryover, but it will suffer from a present value effect.

Common Sense Is Required

A certain amount of common sense is required in applying these for-
mulas. In extreme transactions such as those approaching a 100% sale to
the ESOP, we need to realize that not only can tax rates change, but
payments on the ESOP loan may entirely eliminate net income and reduce
the present value of the tax benefit of the ESOP loan payments. In ad-
dition, the viability of the firm itself may be seriously in question, and it
is likely that the appraiser will have to increase the discount rate for a
post-transaction valuation. Therefore, one must use these formulas with
at least two dashes of common sense.

To Whom Should the Dilution Belong?

Appraisers almost unanimously consider the pre-transaction value ap-
propriate, yet there has been considerable controversy on this topic. The
problem is the apparent financial sleight of hand that occurs when the
post-transaction value of the firm and the ESOP precipitously declines
immediately after doing the transaction. On the surface, it somehow
seems unfair to the ESOP. In this section we will explore that question.

Analyzing a Simple Sale
Only two aspects relevant to this discussion are unique about a sale to
an ESOP: (1) tax deductibility of the loan principal, and (2) forgiveness
of the ESOP’s debt. Let’s analyze a simple sale to a non-ESOP buyer and
later to an ESOP buyer. For simplicity we will ignore tax benefits of all
loans throughout this example.
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Suppose the fair market value of all assets is $10 million before and
after the sale. Pre-transaction liabilities are zero, so capital is worth $10
million, pre-transaction. If a buyer pays the seller personally $5 million
for one-half of the capital stock of the Company, the transaction does not
impact the value of the firm—ignoring adjustments for control and mar-
ketability. If the buyer takes out a personal loan for the $5 million and
pays the seller, there is also no impact on the value of the company. In
both cases the buyer owns one-half of a $10 million firm, and it was a
fair transaction.

If the corporation takes out the loan on behalf of the buyer but the
buyer ultimately has to repay the corporation, then the real liability is to
the buyer, not the corporation, and there is no impact on the value of the
stock—it is still worth $5 million. The corporation is a mere conduit for
the loan to the buyer.

What happens to the firm’s value if the corporation takes out and
eventually repays the loan? The assets are still worth $10 million post-
transaction.32 Now there are $5 million in liabilities, so the equity is worth
$5 million. The buyer owns one-half of a firm worth $5 million, so his or
her stock is only worth $2.5 million. Was the buyer hoodwinked?

The possible confusion over value clearly arises because it is the cor-
poration itself that is taking out the loan to fund the buyer’s purchase of
stock, and the corporation—not the buyer—ultimately repays the loan.
By having the corporation repay the loan, the other shareholder is for-
giving his or her half of a $5 million loan and thus gifting $2.5 million
to the buyer.33 Thus, the ‘‘buyer’’ ultimately receives a gift of $2.5 million
in the form of company stock. This is true whether the buyer is an in-
dividual or an ESOP.34

Dilution to Nonselling Owners
When there are additional business owners who do not sell to the ESOP,
they experience dilution of their interests without the benefit of getting
paid. Conceptually, these owners have participated in giving the ESOP a
gift by having the Company repay the debt on behalf of the ESOP.

Assuming the nonselling owner has the fraction q of the outstanding
stock of the firm, his or her dilution is equal to:

q[(1 � t) pD � e]E
35dilution to nonselling shareholder’s stock (A13-1g*)

The dilution formula (A13-1g*) tells us that the dilution to the non-
selling shareholder is simply his or her ownership, q, multiplied by the

32. There is a second-order effect of the firm being more highly leveraged and thus riskier that
may affect value (and which we are ignoring here). See Chapter 14.

33. The other half of the forgiveness is a wash—the buyer forgiving it to himself or herself.
34. This does not mean that an ESOP brings nothing to the table in a transaction. It does bring tax

deductibility of the loan principal as well as the Section 1042 rollover.
35. One would also need to consider adjusting for each nonselling shareholder’s control and

marketability attributes. To do so, we would have to add a term in equation (13-1g*)
immediately after the q. The term would be the owner’s equivalent of DE, except
customized for his or her ownership attributes. The details of such a calculation are beyond
the scope of this chapter.
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dilution in value to the firm itself, which is the sum of the after-tax cost
of the ESOP loan and the lifetime costs.

It is also important to note that equation (A13-1g*) does not account
for any possible increase in value the owner might experience as a result
of having greater relative control of the firm. For example, if there were
two 50% owners pre-transaction and one sells 30% to the ESOP, post-
transaction the remaining 50% owner has relatively more control than he
or she had before the transaction. To the extent that we might ascribe
additional value to that increase in relative control, we would adjust the
valuation formulas. This would mitigate the dilution in equation (A13-
1g*).

Legal Issues
As mentioned above, appraisers almost unanimously consider the pre-
transaction value appropriate. Also mentioned earlier in the chapter, case
law and Department of Labor proposed regulations indicate the pre-
transaction value is the one to be used. Nevertheless, there is ongoing
controversy going back to Farnum, a case in which the Department of
Labor withdrew before going to court, that the post-transaction value may
be the most appropriate price to pay the seller.

In the previous section we demonstrated that the ESOP is receiving
a gift, not really paying anything for its stock. Therefore, there is no ec-
onomic justification for reducing the payment to the owner below the
pre-transaction fair market value, which is the price that the seller would
receive from any other buyer. If the ESOP (or any party on its behalf)
demands that it ‘‘pay’’ no more than post-transaction value, it is tanta-
mount to saying, ‘‘The gift you are giving me is not big enough.’’

While the dilution may belong to the ESOP, it is nevertheless an
important consideration in determining the fairness of the transaction for
purposes of a fairness opinion. If a bank loans $10 million to the ESOP
for a 100% sale, with no recourse or personal guarantees of the owner,
we may likely decide it is not a fair transaction to the ESOP and its
participants. We would have serious questions about the ESOP’s proba-
bility of becoming a long-range retirement program, given the huge debt
load of the Company post-transaction.

Charity
While the dilution technically belongs to the ESOP, I consider it my duty
to inform the seller of the dilution phenomenon and how it works. While
affirming the seller’s right to receive fair market value undiminished by
dilution, I do mention that if the seller has any charitable motivations to
his or her employees—which a minority do—then voluntarily accepting
some of the dilution will leave the Company and the ESOP in better
shape. Of course, in a partial sale it also leaves the remainder of the
owner’s stock at a higher value than it would have had with the ESOP
bearing all of the dilution.
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INTRODUCTION

Buying out a partner or shareholder is intellectually related to the prob-
lem of measuring dilution in employee stock ownership plans (ESOPs),
which is covered in the previous chapter. There is no substantive differ-
ence in the post-transaction effects of buying out partners versus share-
holders, so for ease of exposition we will use the term partners to cover
both situations.

AN EXAMPLE OF A BUYOUT

Suppose you have already valued the drapery manufacturer owned by
the Roth family, the Drapes of Roth. Its FMV on an illiquid minority
interest basis is $1 million pre-buyout. There are four partners, each with
a 25% share of the business: I. M. Roth, U. R. Roth, Izzy Roth, and B.
Roth. There are 1 million shares issued and outstanding, so the per share
FMV is $1 million FMV/1 million shares � $1.00 per share. The problem
is the impact on the post-transaction FMV if the three other Roths become
wroth with Izzy Roth and want to buy him out.

The Solution

The solution to the problem first depends whether the three Roths have
enough money to buy out Izzy with their personal assets. If so, then there
is no impact on the value of the firm. If not then the firm typically will
take out a loan to buy out Izzy.1

First-Order Impact of Buyout on Post-transaction Valuation
To a first approximation, there should be no impact on the FMV per share.
For simplicity of discussion, we ignore the subtleties of differentials in
the discount for lack of control of 25% versus 33 1/3% interests, although
in actuality the appraiser must consider that issue. The FMV of the firm
has declined by the amount of the loan to $750,000. The shareholders
bought 250,000 shares, leaving $750,000 shares. Our first approximation
of the post-transaction value is $750,000/750,000 shares � $1.00 per share,
or no change.

Secondary Impact of Buyout on Post-transaction Valuation
The $250,000 has increased the debt-to-equity ratio of the firm. The firm
has increased its financial risk, which raises the overall risk of the firm.2

It is probably appropriate to raise the discount rate 1–2% to reflect the
additional risk and rerun the pre-transaction discounted cash flows to
come to a potential post-transaction valuation. Suppose that value is $0.92

1. It is possible for the shareholders to take out the loan individually and the firm would pay it
indirectly by bonusing out sufficiently large salaries to cover the personally loans above and
beyond their normal draw. This has no impact on the solution, as both the direct and
indirect approaches will come to the same result.

2. In the context of the capital asset pricing model, the stock beta rises with additional financial
leverage.



CHAPTER 14 Buyouts of Partners and Shareholders 473

per share. Is that reasonable? What if the tentative post-transaction value
were $0.78 per share? Is that reasonable?

ESOP Dilution Formula as a Benchmark
A benchmark would be very helpful to determine reasonability. Let’s set
up a hypothetical ESOP with tax attributes similar to the partner to be
bought out. A loan to fund this purchase would have no tax advantages.
While the interest is tax deductible, the firm does not need to engage in
this buyout transaction in order to achieve its optimal debt to equity ratio
in order to have the minimum possible weighted average cost of capital
(WACC). The firm can borrow optimally without a buyout. Therefore, it
is reasonable to consider the after-tax cost of the loan to be the same as
its pre-tax amount, which is the payment to the partner.

The following is a listing and calculation of the various values per-
tinent to this transaction. All values are a fraction of a starting pre-
transaction value of $1.

1 pre-buyout FMV (14-1)

x payment to the partner (14-2)

1 � x post-transaction FMV—Firm (14-3)

The hypothetical ESOP owns p% of the firm, where p is the portion
of the partnership bought from the selling partner. Its post-transaction
value is:

p(1 � x) post-transaction FMV—Hypothetical ESOP (14-4)

The first four formulas tell us that for every $1 of pre-transaction value,
the company pays the selling partner x, which leaves a post-transaction
value of the firm of 1 � x and post-transaction of the ESOP’s interest in
the partnership of p(1 � x).

The company should pay the partner the amount that equates the
payment to the partner with the post-transaction value of the hypothetical
ESOP, or:

x � p(1 � x) Payment � Post-Trans. FMV- Hypothetical ESOP (14-5)

Collecting terms,

x � px � p (14-5a)

x(1 � p) � p (14-5b)

Dividing through by 1 � p, we come to a final solution of:

p
x � (14-6)

1 � p

Note that equation (14-6) is identical to equation (13-3j) when e � 0,
t � 0, and DE � 1. This makes sense for the following reasons:

1. This is a buyout of a partner. The ESOP is hypothetical only.
There are no lifetime ESOP costs, which means e � 0.
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2. There are no tax benefits of the loan to buy out the partner.
Therefore, tax savings on the hypothetical ESOP loan are zero
and t � 0.

3. There are no ESOP level marketability attributes of marketability
and control in the buyout of the partner, therefore DE � 1.3

Substituting p � 25% into equation (14-6), x � 20%. Let’s check the re-
sults.

1. The Company pays 20% of the pre-transaction value to the
partner

2. The post-transaction value is the remaining 80%.
3. There are three real partners remaining plus the hypothetical

ESOP, for a total of four partners
4. Each remaining partner has a 1⁄4 share of the 80%, or 20%,

which is equal to the payment to the first partner. This
demonstrates that equation (14-6) works.

Thus, for every $1.00 of pre-transaction value, this hypothetical ESOP
benchmark leaves us with $0.80 per share post-transaction value.

EVALUATING THE BENCHMARKS

If the transaction would not increase financial risk, the post-transaction
value of the firm would be the same as the pre-transaction value, or $1.00
per share. Incorporating the leverage into the valuation, we have results
of $0.92 per share and $0.78 per share using two different additions to
the discount rate in our discounted cash flow analysis. Our hypothetical
ESOP benchmark value is $0.80 per share. What is reasonable?

It is clear that the post-transaction value cannot be more than the
pre-transaction value, so the latter is a ceiling value. It is also clear that
the hypothetical ESOP approach is a floor value, because the ESOP really
does not exist and the 250,000 shares are really not outstanding. The hy-
pothetical ESOP approach assumes the shares are outstanding. Therefore,
the post-transaction value must be higher than the hypothetical ESOP
value.

Now we know the post-transaction value of the firm should be less
than $1.00 per share and greater than $0.80 per share. The $0.92 per share
post-transaction value looks quite reasonable, while the $.78 per share
value is obviously wrong. If we had added 1% to the discount rate to
arrive at the $0.92 per share and 2% to the discount rate to produce the
$0.78 per share result, the 1% addition would appear to be the right one.

3. However, this is where the differences mentioned earlier, i.e., differences in the discount for lack
of control of a 25% partner versus a 1/3 partner, would come into play.
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Glossary

ADF (annuity discount factor) the present value of a finite stream of
cash flows for every beginning $1 of cash flow. See Chapter 3.
control premium the additional value inherent in the control interest as
contrasted to a minority interest, which reflects its power of control1

CARs (cumulative abnormal returns) a measure used in academic fi-
nance articles to measure the excess returns an investor would have re-
ceived over a particular time period if he or she were invested in a par-
ticular stock. This is typically used in control and takeover studies, where
stockholders are paid a premium for being taken over. Starting some time
period before the takeover (often five days before the first announced bid,
but sometimes a longer period), the researchers calculate the actual daily
stock returns for the target firm and subtract out the expected market
returns (usually calculated using the firm’s beta and applying it to overall
market movements during the time period under observation). The excess
actual return over the capital asset pricing model-determined expected
return market is called an ‘‘abnormal return.’’ The cumulation of the daily
abnormal returns over the time period under observation is the CAR. The
term CAR(�5, 0) means the CAR calculated from five days before the
announcement to the day of announcement. The CAR(�1, 0) is a control
premium, although Mergerstat generally uses the stock price five days
before announcement rather than one day before announcement as the
denominator in its control premium calculation. However, the CAR for
any period other than (�1, 0) is not mathematically equivalent to a con-
trol premium.
DLOC (discount for lack of control) an amount or percentage deducted
from a pro rata share of the value of 100% of an equity interest in a
business, to reflect the absence of some or all of the powers of control.2

DLOM (discount for lack of marketability) an amount or percentage
deducted from an equity interest to reflect lack of marketability.3

1. Business Valuation Standards, Definitions, American Society of Appraisers.
2. Ibid.
3. Ibid.
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economic components model Abrams’ model for calculating DLOM
based on the interaction of discounts from four economic components.
This model consists of four components: the measure of the economic
impact of the delay-to-sale, monopsony power to buyers, and incremental
transactions costs to both buyers and sellers. See the second half of Chap-
ter 7.
discount rate the rate of return on investment that would be required
by a prudent investor to invest in an asset with a specific level risk. Also,
a rate of return used to convert a monetary sum, payable or receivable
in the future, into present value.4

fractional interest discount the combined discounts for lack of control
and marketability.
g the constant growth rate in cash flows or net income used in the ADF,
Gordon model, or present value factor.
Gordon model present value of a perpetuity with growth. The end-of-
year Gordon model formula is 1/(r � g), and the midyear formula is

See Chapter 3.�1 � r/(r � g).
log size model Abrams’ model to calculate discount rates as a function
of the logarithm of the value of the firm. See Chapter 4.
markup the period after an announcement of a takeover bid in which
stock prices typically rise until a merger or acquisition is made (or until
it falls through).
Ordinary least squares (OLS) regression analysis a statistical technique
that minimizes the sum of the squared deviations between a dependent
variable and one or more independent variables and provides the user
with a y-intercept and x-coefficients, as well as feedback such as R2 (ex-
plained variation/total variation) t-statistics, p-values, etc. See Chapter 2.
NPV (net present value of cash flows) Same as PV, but usually includes
a subtraction for an initial cash outlay.
PPF (periodic perpetuity factor) a generalization formula invented by
Abrams that is the present value of regular but noncontiguous cash flows
that have constant growth to perpetuity. The end-of-year PPF is equal to:

b(1 � r)
PPF � j j(1 � r) � (1 � g)

and the midyear PPF is equal to
b�1 � r (1 � r)

PPF � j j(1 � r) � (1 � g)

where r is the discount rate, b is the number of years (before) since the
last occurrence of the cash flow, and j is the number of years between
cash flows. See Chapter 3.
PV (present value of cash flows) the value in today’s dollars of cash
flows that occur in different time periods.

4. Ibid.
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present value factor equal to the formula 1/(1 � r)n, where n is the
number of years from the valuation date to the cash flow and r is the
discount rate. For business valuation, n should usually be midyear, i.e.,
n � 0.5, 1.5, . . .
QMDM (quantitative marketability discount model) model for calcu-
lating DLOM for minority interests.5

r the discount rate
runup the period before a formal announcement of a takeover bid in
which one or more bidders are either preparing to make an announce-
ment or speculating that someone else will.

5. Z. Christopher, Mercer, Quantifying Marketability Discounts: Developing and Supporting Marketability
Discounts in the Appraisal of Closely Held Business Interests (Memphis, Tenn: Peabody, 1997)
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